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Introduction

Suppose $S^{1}=\{z\in C;|z|=1\}$ is the unit circle. Let us denote by
$L^{2}(S^{1})$ the Hilbert space of square integrable functions on $S^{1}$ equipped
with the inner product $(f, g)_{L^{2}(S^{1})}=(f,\overline{g})_{s^{1}}$ , where $(, )_{S^{1}}$ is the bilinear
form defined as follows:

(0.1) $(f, g)_{S^{1}}=\frac{1}{2\pi}\int_{0}^{2\pi}f(e^{i\theta})g(e^{l\theta})d\theta$ .

Let us denote by $c\mathscr{G}^{(m)}(S^{1})$ the one dimensional subspace of $L^{2}(S^{1})$ span-
ned by the exponential function $e^{im\theta}$ . Then we have the direct sum de-
composition:

(0.2)
$L^{2}(S^{1})=\bigoplus_{meZ}\mathscr{G}^{p(m)}(S^{1})$

and the orthogonal projection of $L^{2}(S^{1})$ onto $c\mathscr{G}^{(’ n)}(S^{1})$ is given by

(0.3) $f(e^{i\theta})\mapsto c_{m}e^{im\theta}$ ,
where

(0.4) $ c_{m}=\frac{1}{2\pi}\int_{0}^{2\pi}f(e^{i\theta})e^{-im\theta}d\theta$

is the m-th Fourier coefficient of $f$.
More generally, suppose $s-1$ is the $n-1$ dimensional unit sphere.

$d\Omega_{n}$ denotes the invariant measure on $S^{n-1}$ and $\Omega_{n}$ is the volume of $S^{-1}$ .
Denote by $L^{2}(S^{n-1})$ the Hilbert space of square integrable functions on
$S^{n-1}$ equipped with the inner product $(f, g)_{L^{2}(S^{n-1})}=(f, g)_{s^{n-1}}$ , where $(, )_{S^{n-1}}$

is the bilinear form defined as follows:

(0.5) $(f, g)_{S^{n-1}}=\frac{1}{\Omega_{n}}\int_{S^{n-1}}f(\omega)g(\omega)d\Omega,(\omega)$

If we denote by $\ovalbox{\tt\small REJECT}^{k}(S^{n-1})$ the space of spherical harmonics of degree $k$ ,
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we have the direct sum decomposition:

(0.6)
$L^{2}(S^{-1})=\bigoplus_{kez+}\ovalbox{\tt\small REJECT}^{k}(S^{-1})$ .

Let us remark that

$\mathscr{G}^{k}(S^{1})=\mathscr{G}^{(k)}(S^{1})\oplus\ovalbox{\tt\small REJECT}^{(-k)}(S^{1})$ for $k\neq 0$ .
The orthogonal projection of $L^{2}(S^{-1})$ onto $\ovalbox{\tt\small REJECT}^{k}(S^{n-1})$ is given by

(0.7) $f(\omega)-S_{k}(f;\omega)$ ,

where

(0.8) $S_{k}(f;\omega)=\frac{N(n,k)}{\Omega}\int_{S^{-1}},f(\tau)P_{k}(n;\langle\omega, \tau\rangle)d\Omega.(\tau)$ ,

where $P_{k}(n;t)$ is the Legendre polynomial of degree $k$ and of dimensio]
$n$ and $N(n, k)=\dim\ovalbox{\tt\small REJECT}^{k}(S^{n-1})$ .

In this paper, we will study the Lie sphere $\Sigma$“:

(0.9) $\Sigma=\{e^{\theta}\omega;\theta eR, \omega eS^{-1}\}$ .
Remark that $\Sigma^{1}=S^{1}$ and that $\Sigma^{2}$ is a polycircle: $\Sigma\approx S^{1}\times S^{1}$ . Let $u$

denote by $ L^{2}(\Sigma$“ $)$ the Hilbert space of square integral functions on $\Sigma$

equipped with the inner product $(f, g)_{L^{2}(\Sigma^{*})}=(f,\overline{g})_{\Sigma}$ , where $(, )_{\Sigma}$. is $th|$

bilinear form defined as follows:

(0.10) $(f, g)_{\Sigma l}=\frac{1}{\pi\Omega_{n}}\int_{0}^{l}\int_{S^{-1}}f(e^{i\theta}\omega)g(e^{i\theta}\omega)d\theta d\Omega.(\omega)$ .
Let us define the set $\Lambda$ by

(0.11) $A=\{(m, k)\in Z\times Z_{+};m\equiv k(mod 2)\}$ .
If we define, for $(m, k)\in\Lambda$ , the space

(0.12) $\ovalbox{\tt\small REJECT}^{n*.k}(\Sigma)=\dagger e^{i*\theta}S_{k}(\omega);S_{k}\in \mathscr{G}^{ek}(S^{-1})$},

we have the direct sum decomposition:

(0.13)
$L^{2}(\Sigma)=\bigoplus_{(n,k)e}\ovalbox{\tt\small REJECT}^{m,k}(\Sigma^{\iota})$

and the orthogonal projection of $ L^{2}(\Sigma$“ $)$ onto $\mathscr{G}^{Pn.k}(\Sigma)$ is given by

(0.14) $f\mapsto en\theta S_{n.k}(f;\omega)$ ,
where
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(0.15) $S_{m,k}(f;\omega)=\frac{N(n,k)}{\pi\Omega}\int_{0}^{\pi}\int_{s^{n-1}}f(e^{i\theta}\tau)e^{-im\theta}P_{k}(n;\langle\omega, \tau\rangle)d\theta d\Omega_{f}(\tau)$ .

The function $S_{m,k}(f;\omega)$ is called the $(m, k)$-component of the function $f$.
Put, for $R>1$ ,

(0.16) $K_{R,R}^{0}=\{zeC;R^{-1}<|z|<R\}$ .
Then $\{K_{R,R}^{0};R>1\}$ is a fundamental system of complex neighborhoods of
$S^{1}$ . Let us denote by $\tilde{S}^{n-1}$ the complex sphere:

(0.17) $\tilde{S}^{n-1}=\{z\in C^{n};z^{2}=1\}$ ,

where we put $z^{2}=\sum_{j=1}^{n}z_{j}^{2}$ . The Lie norm $L(z)$ on $C^{n}$ is defined as follows:

(0.18) $L(z)^{2}=||z||^{2}+[||z||^{4}-|z^{2}|^{2}]^{1/2}$ ,

$||z||$ being the Euclidean norm on $C^{n}$ . Put, for $R>1$ ,

(0.19) $\tilde{S}^{n-1}(R)=\{ze\tilde{S}^{n-1};L(z)<R\}$ .
Then it has been proved in our previous paper [7] that $\{\tilde{S}^{n-1}(R);R>1\}$

is a fundamental system of complex neighborhoods of the sphere $S^{n-1}$ .
Put, for $R>1$ ,

(0.20) $\tilde{V}(R, R;R)=\{zeC^{n};R^{-2}<|z^{2}|<R^{2}, L(z)^{2}<|z^{2}|R^{2}\}$ .
We shall prove in this paper that $\{\tilde{V}(R, R;R);R>1\}$ is a fundamental
system of complex neighborhoods of the Lie sphere $\Sigma$“.

Let us denote by $C^{\infty}(S^{1}),$ $C^{\infty}(S’-1)$ and $C^{\infty}(\Sigma)$ the spaces of $C^{\infty}$ func-
tions on $S^{1},$ $s-1$ and $\Sigma$“. Let us denote by $\ovalbox{\tt\small REJECT}(S^{1}),$ $\ovalbox{\tt\small REJECT}(S^{n-1})$ and $\mathscr{A}(\Sigma$

“
$)$

the spaces of real analytic functions on $S^{1},$ $S^{n-1}$ and $\Sigma$ . Let us denote
by $P(K_{R,R}^{0}),$ $P(\tilde{S}^{-1}(R))$ and $P(\tilde{V}(R, R;R))$ the spaces of holomorphic
functions on $K_{R,R}^{0},\tilde{S}^{n-1}(R)$ and $\tilde{V}(R, R;R)$ . Then we have the following
inclusion relations:

(0.21) $P(K_{R,R}^{0})\subset \mathscr{A}(S^{1})\subset C^{\infty}(S^{1})\subset L^{2}(S^{1})$ ,

(0.22) $P(\tilde{S}^{-1}(R))\subset \mathscr{A}(S^{n-1})\subset C^{\infty}(S^{n-1})\subset L^{2}(S^{n-1})$

and

(0.23) $P(\tilde{V}(R, R;R))\subset \mathscr{A}(\Sigma^{n})\subset C^{\infty}(\Sigma^{n})\subset L^{2}(\Sigma^{\iota})$ .
Let us denote by $\mathcal{D}^{\prime}(S^{1}),$ $\mathcal{D}^{\prime}(S^{n-1})$ and $\mathcal{D}’(\Sigma^{n})$ the spaces of distribu-
tions on $S^{1},$ $S^{n-1}$ and $\Sigma^{\prime}$ , i.e., the dual spaces of $C^{\infty}(S^{1}),$ $C^{\infty}(S^{n-1})$ and $ C^{\infty}(\Sigma$

“
$)$ .

We deonte by $\mathscr{G}(S^{1}),$ $\mathscr{B}(S^{-1})$ and $\mathscr{B}(\Sigma^{n})$ the spaces of hyperfunctions
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on $S^{1},$ $S^{n-1}$ and $\Sigma$“, i.e., the dual spaces of $\mathscr{A}(S^{1}),$ $cX(S^{-1})$ and $\mathscr{A}(\Sigma^{n})$

The dual spaces of $P(K_{R,R}^{\eta}),$ $P(\tilde{S}^{-1}(R))$ and $P(\tilde{V}(R, R;R))$ will be denote
by $P’(K_{R,R}^{0}),$ $P’(\tilde{S}^{-1}(R))$ and $P’(\tilde{V}(R, R;R))$ respectively, whose element
will be called generally analytic functionals. Then taking the dua
sequences of (0.21), (0.22) and (0.23), we get the following inclusion re
lations:

(0.24) $P’(K_{R,R}^{0})\supset\ovalbox{\tt\small REJECT}(S^{1})\supset \mathcal{D}(S^{1})\supset L^{2}(S^{1})$ ,

(0.25) $\angle^{r’(\tilde{S}^{-1}(R))\supset \mathscr{B}(S_{c}^{\iota-1})\supset \mathcal{D}^{\prime}(S^{-1})\supset L^{2}(S^{-1})}$

and

(0.26) $ P^{\prime}(\tilde{V}(R, R;R))\supset \mathscr{B}(\Sigma)\supset \mathcal{D}’(\Sigma)\supset L^{2}(\Sigma$“
$)$ .

We will show in this paper that, even for an analytic functional $f$

$P’(\tilde{V}(R, R;R))$ , we can define the $(m, k)$-component $S_{*,k}(f;\omega)$ and tha
we can characterize the spaces which appear in the sequences (0.23) an
(0.26) by the behavior of the $(rn, k)$-components: namely

(0.27) $f\in p(V(R, R;R))-\lim_{|m|}\sup_{+k\infty}[||S_{*,k}||]^{1\prime\langle|n|+k)}\leq R^{-1}$ ,

(0.28) $f\in\ovalbox{\tt\small REJECT}^{r}(\Sigma)-\lim_{|r*|+k}\sup_{\rightarrow\infty}[||S_{m,k}||]^{1/(|m|+k)}<1$ ,

(0.29) $f\in C^{\infty}(\Sigma)-||S_{n,k}||$ is rapidly decreasing on $\Lambda$ ,

(0.30) $feL^{2}(\Sigma^{*})-||S_{n,k}||e\swarrow^{2}(\Lambda)$ ,

(0.31) $f\in \mathcal{D}(\Sigma^{\prime*})-||S_{n,k}||$ is slowly increasing on $\Lambda$ .
(0.32) $f\in \mathscr{G}(\Sigma)-\lim_{|m|+}\sup_{k\rightarrow\infty}[||S_{n,k}||]^{1/(|n|+k)}\leq 1$ ,

(0.33) $f\in P^{\prime}(\tilde{V}(R, R;R))-\lim_{|m|+}\sup_{k\rightarrow\infty}[||S_{m,k}||]^{1/()n|+k)}<R$ ,

where we put $||S_{m,k}||=||S_{m,k}(f;\omega)||_{L^{2}(S^{n-1})}$ .
The analogous results for $S^{1}$ are classical and recalled in our pape

[6]. The case $S-1$ was treated in [7]. Using the same ideas as in [6] an
[7], we will prove the above equivalences.

Let us return to the case of unit circle $S^{1}$ . We know a holI
morphic function $f(z)$ defined in the unit disc $\tilde{B}^{1}=\{z\in C;|z|<1\}$ has th
hyperfunction trace $T(e^{i\theta})\in \mathscr{B}(S^{1})$ , whose Fourier coefficients

(0.34) $c_{n}=0$ for $m<0$ ,

i.e., the hyperfunction $T(e^{c\theta})$ is orthogonal to the spaces $\ovalbox{\tt\small REJECT}^{(n}(S^{1})$ fc



ANALYTIC FUNCTIONALS 5

$m>0$ with respect to the bilinear form $(, )_{S^{1}}$ . Conversely, if a hyperfunc-
tion $T(e^{i\theta})$ is given on . $S^{1}$ and satisfies the condition (0.34), then there
exists a unique holomorphic function $\tilde{f}(z)\in\beta(\tilde{B}^{\iota})$ in such.a way that
the hyperfunction trace of $\tilde{f}$ coincides with the given hyperfunction.
The holomorphic function $\tilde{f}(z)$ is represented by the Cauchy integral
formula:

(0.35) $\tilde{f}(z)=(T(e^{i\theta}), (1-e^{-i\theta}z)^{-1})$ ,

$(, )$ being the canonical bilinear form on $\mathscr{B}(S^{1})\times \mathscr{A}(S^{1})$ . By the trace
operator $\rho:P(\tilde{B}^{1})\rightarrow \mathscr{B}(S^{1})$ , we can consider $P(\tilde{B}^{1})$ as a subspace of
$\mathscr{B}(S^{1})$ .

Now let us consider the space $P(\tilde{B}^{1}[1])$ , where $\tilde{B}^{1}[1]$ is the closed
unit disc: $B^{1}[1]=\{zeC;z|\leq 1\}$ . Then the trace operator $\rho$ map8 $p(B^{1}[1])$

injectively into $ts\Psi(S^{1})$ . The mapping $\gamma:f\vdash\rightarrow\tilde{f}$ of $\ovalbox{\tt\small REJECT}(S^{1})$ onto $P(\tilde{B}^{\iota}[1])$

is a left inverse of the trace operator $\rho$ , where $\tilde{f}$ is defined by the
Cauchy integral formula (0.35). By the dual mapping $\gamma^{*}$ , we can identify
$P^{\prime}(\tilde{B}^{1}[1])$ with the subspace of $\mathscr{B}(S^{1})$ of the hyperfunctions on $S^{1}$ whose
Fourier coefficients $c_{m}$ vanish for $m>0$ .

We will show also in this paper that we can generalize these facts
to the Lie sphere case. We define the Lie ball $\tilde{B}=\tilde{B}^{n}$ as follows:
(0.36) $\tilde{B}=\tilde{B}^{n}=\{z\in C^{n};L(z)<1\}$ ,

where $L(z)$ is the Lie norm. The Lie ball is E. Cartan’s classical
domain of type 4. (See Hua [5].) We will prove that every holomorphic
function $f(z)$ on the Lie ball $\tilde{B}$ “ has the hyperfunction trace $ T(e^{i\theta}\omega)\in$

$\mathscr{B}(\Sigma$“ $)$ , whose $(m, k)$-coefficients

(0.37) $S_{m,k}(T;\omega)=0$ for $m<k$ ,

i.e., the hyperfunction $T(e^{i\theta}\omega)$ is orthogonal to the spaces $\mathscr{G}^{Pm,k}(\Sigma^{n})$ with
respect to the bilinear form $(, )_{\Sigma^{n}}$ for $m>-k$ . Conversely if a hyper-
function $T(e^{i\theta}\omega)$ is given on $\Sigma^{n}$ and satisfies the condition (0.37), then
there exists a unique holomorphic function $\tilde{f}(z)\in p(\tilde{B}$“

$)$ , the trace of
which coincides with the given hyperfunction $T(e^{l\theta}\omega)$ . The holo-
morphic function $\tilde{f}(z)$ can be represented by the Cauchy-Hua integral
formula:
(0.38) $\tilde{f}(z)=(T(e^{i\theta}\omega), ((\omega-e^{-i\theta}z)^{f})^{\leftarrow n/2})$ ,

where $(, )$ denotes the canonical bilinear form on $\mathscr{B}(\Sigma^{n})\times\ovalbox{\tt\small REJECT}(\Sigma$“ $)$ . In
this way, using the trace operator $\rho:P(\tilde{B}^{n})\rightarrow \mathscr{G}(\Sigma$“ $)$ , we can consider
$e(\tilde{B}^{n})$ as a subspace of $\mathscr{B}(\Sigma^{n})$ . Now let us consider the space $p(B\cdot[1])$ ,
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where $B[1]$ is the closed Lie ball: $B\cdot[1]=\{zeC‘‘; L(z)\leq 1\}$ . Then th $($

trace operator $\rho$ maps $p(B\cdot[1])$ injectively into $\ovalbox{\tt\small REJECT}(\Sigma$
“

$)$ . The mappin5
$\gamma:f\mapsto\tilde{f}$ of $\ovalbox{\tt\small REJECT}(\Sigma$

“
$)$ onto $p(B\#[1])$ is a left inverse of $\rho$ , where $\tilde{f}$ is de

fined by the Cauchy-Hua integral formula (0.38). The dual mapping 7:
being injective, we can identify, by $\gamma^{*}$ , the space $\beta^{\prime}(B\cdot[1])$ with $th_{l}$

subspace of $\mathscr{G}(\Sigma$
“

$)$ of the hyperfunctions on $\Sigma$“ whose $(m, k)$-compo
nents $S_{m,k}$ vanish for $m>-k$ .

The plan of this paper is as follows. In \S 1, we will recall somt
facts about the Lie norm, spherical harmonics and harmonic polynomials
introduce the Lie sphere $\Sigma$“ and define the complex neighborhooe
$\tilde{V}(A, B;R)$ of $\Sigma^{n}$ . In \S 2, we will consider the space $ L^{2}(\Sigma$“ $)$ , the spact

$ C^{\infty}(\Sigma$“ $)$ and the space $\ovalbox{\tt\small REJECT}(\Sigma)$ , and prove the equivalences (0.30) anc
(0.29). As for the equivalence (0.28), we mention it as Theorem 2.3
which will be proved in \S 3 as Corollary to Theorem 3.1. In \S 3, we
will study the space of holomorphic functions $P(\tilde{V}(A, B;R))$ and prove
the equivalence (0.27). We will study also the space of holomorphic
functions $p(B)$ . In \S 4, we mention the results on $\mathcal{D}(\Sigma)$ and $\mathscr{G}(\Sigma)$

In \S 5, we study the space of analytic functionals $P^{\prime}(\tilde{V}(A, B;R))$ and
prove the equivalence (0.33). We show also in \S 5 that $p(B)$ and
$P^{\prime}(B[1])$ can be considered as subspaces of $\mathscr{G}(\Sigma$“ $)$ by the trace operator
$\rho$ and the mapping $\gamma^{*}$ . We will give a characterization of these sub-
spaces.

\S 1. Preliminaries.

Let $Z=\{0, \pm 1, \pm 2, \cdots\},$ $Z_{+}=\{0,1,2, \cdots\}$ and $R$ be the real number
line. Let $C=R+iR$ be the complex number plane and $C^{*}=C\backslash \{0\}$ . For
$z=(z_{1}, z_{2}, \cdots, z_{n})\in C$ ’ and $w=(w_{1}, w_{2}, \cdots, w)\in C$“, we put

(1.1) $\langle z, w\rangle=z_{1}w_{1}+z_{2}w_{2}+\cdots+zw$

and

(1.2) $z^{2}=\langle z, z\rangle=z_{1}^{2}+z_{2}^{l}+\cdots+z^{2}$ .
$||z||=\langle z, \overline{z}\rangle^{1\prime 2}$ is the Euclidean norm of $z$ . For $x\in R$ , we have $||x||=$

$(x^{2})^{1/2}$ .
The Lie norm $L(z)$ on $C$“ is defined by the formula:

(1.3) $L(z)^{2}=||z||^{2}+[||z||^{4}-|z^{2}|^{2}]^{1J2}$ .
By the simple calculations, we get
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(1.4) $L(z)^{2}=\sum_{\dot{g}=1}^{n}|z_{j}|^{2}+[\sum_{j\backslash l}(2{\rm Im} z_{j}\overline{z}_{k})^{2}]^{1/2}$ ,

and

(1.5) $L(z)^{2}=||x||^{2}+||y||^{2}+2[||x||^{2}||y||^{2}-\langle x, y\rangle^{2}]^{1/2}$ ,

where $z=x+iy,$ $x,$ $yeR$ . Therefore we have

(1.6) $||x+iy||\leq L(x+iy)\leq||x||+|||y||$ ,

where the first equality holds if and only if $||z||^{2}=|z^{2}|$ and the second
equality holds if and only if $\langle x, y\rangle=0$ . It has been proved by Druzko-
wski [1] that $L(z)$ is the cross norm of the Euclidean norm $||x||$ on $R$ ,
\ddagger . $e.$ ,

(1.7) $L(z)=Inft\sum_{j=1}^{m}|\lambda_{j}|||x_{j}||;z=\sum_{\dot{g}=1}^{m}\lambda_{j}x_{j},$ $\lambda_{j}\in C,$ $x_{j}eR,$ $meZ_{+}$}.

$L(z)$ has been introduced by Harris [2] by a different method.
We call the complex sphere (of complex dimension $n-1$ ) the set

(1.8) $\tilde{S}^{n-1}=\{zeC^{f\iota};z^{2}=1\}$

$=\{z=x+iy;||x||^{2}-||y||^{2}=1, \langle x, y\rangle=0\}$ .
More generally we put, for $R>1$ ,

(1.9) $\tilde{S}^{-1}(R)=\{ze\tilde{S}^{n-1};L(z)<R\}$

$=\{z=x+iye\tilde{S}^{n-1};||y||<\frac{1}{2}(R-\frac{1}{R})\}$

and, for $R\geq 1$ ,

(1.10) $\tilde{S}^{-1}[R]=\{z\in\tilde{S}^{n-1};L(z)\leq R\}$

$=\{z=x+iye\tilde{S}^{-1};||y||\leq\frac{1}{2}(R-\frac{1}{R})\}$ .
$S^{n-1}=\tilde{S}^{-\iota}\cap R=\tilde{S}^{n-1}[1]$ is the (real unit) sphere. We will consider
$S^{n-1}=S^{-1}(\infty)$ .

The complex orthogonal group $0(n;C)$ is the group of complex non-
singular matrices $U$ such that

(1.11) $\langle Uz, Uw\rangle=\langle z, w\rangle$ for every $z$ and $w$ in $C$

The special complex orthogonal group

(1.12) $SO(n;C)=$ { $U\in O(n;C)$ ; det $U=1$}
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is the connected component of the identity of the group $0(n;C)$ . $O(n)=$
$O(n;C)\cap GL(n;R)$ is the othogonal group and $SO(n)=SO(n;C)\cap GL(n;R$
is the special orthogonal group. (See, for example, Helgason [4].)

LEMMA 1.1. (i) For $R>1,\tilde{S}^{-1}(R)$ is connected. (ii) For $R\geq 1$

$\tilde{S}’-1[R]$ is connected. (iii) The group $SO(n;C)$ acts transitively on th $($

complex sphere $\tilde{S}^{-1}$ .

PROOF. (i) Suppose $z=x+iy\in\tilde{S}^{-1}(R)$ . There exists a matrix $ U\in$

$SO(n)$ such that $x^{\prime}=Ux=||x||e_{1}$ , where

$e_{j}={}^{t}(0, \cdots, 0,1,0, \cdots, 0)$

is the j-th unit vector. Put $Uy=y^{\prime}={}^{t}(y_{1}^{\prime}, y_{\sim},, \cdots, y^{\prime})$ . Then $||y^{\prime}||=||y|$

and $||x||y_{1}=\langle x’, y’\rangle=\langle x, y\rangle=0$ . By (1.8), $||x||\neq 0$ . Therefore $y_{1}=0$ . Now
there exists $U’ eSO(n)$ such that $U^{\prime}e_{1}=e_{1}$ and $U^{\prime}y^{\prime}=||y||e_{2}$ . Put $x^{\prime\prime}=$

$U’ Ux=||x||e_{1}$ and $y’=U’ Uy=||y||e_{2}$ . As we have $||x||^{2}-||y||^{2}=1$ by (1.8)
there exists $s_{0}eR$ such that

$||x||=chs_{0}$ , Iyll $=shs_{0}$ .
Define

(1.13) $U.=[-i0$ sh $s$ $chs0ishs$ $00I_{*-2}]eSO(n;C)$ ,

where $L_{-2}$ is the identity matrix of order $n-2$ . Then we have

U. $U^{\prime}Uz=U^{t}(||x||, i||y||, 0, \cdots, 0)$

$={}^{t}(ch(s_{0}-s), ish(s_{0}-s),$ $0,$
$\cdots,$

$0$).

Now the set $\tilde{S}^{-1}(R)$ is invariant under the action of the group $SO(n)$

and $|sh(s_{0}-s)|\leq|shs_{0}|$ for $0\leq s\leq s_{0}$ . The group $SO(n)$ being connected,
$w_{I}e$ can find an arc joining the vector $z$ and the unit vector $e_{1}$ in $\tilde{S}^{n-1}(R)$ .
(ii) and (iii) are clear by the above proof. q.e. $d$ .

In this paper, we will study the set

(1.14) $\tilde{V}=\{zeC‘‘; z^{2}\neq 0\}$ .
The following lemma is clear:

LEMMA 1.2. The scalar product $\mu:(\alpha, z)\mapsto\alpha z$ is a holomorphic map-
ping of $C^{*}\times\tilde{S}^{-1}$ onto $\tilde{V}$. We have the diffeomorphism:
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(1.15) $(C^{*}\times\tilde{S}^{n-1})/\sim\cong\tilde{V}$ ,

$whe\gamma e\sim is$ the equivalence relation defined by

(1.16) $(\alpha, z)\sim(\alpha’, z’)$

$-\alpha=\alpha^{\prime},$ $z=z^{\prime}$ or $\alpha=-\alpha^{\prime},$ $z=-z^{\prime}$

We put further, for $A,$ $B>0$ with $AB>1$ and $R>1$ ,

(1.17) $\tilde{V}(A, B;R)=\{z\in\tilde{V};B^{-2}<|z^{2}|<A^{2}, L(z)^{2}<|z^{z}|R^{2}\}$ .
We will consider $\tilde{V}=-\tilde{V}(\infty, \infty;\infty)$ . We put, for $A,$ $B>0$ with $AB\geq 1$

and $R\geq 1$ ,

(1.18) $\tilde{V}[A, B;R]=\{z\in\tilde{V};B^{\leftrightarrow 2}\leq|z^{2}|\leq A^{2}, L(z)^{2}\leq|z^{2}|R^{2}\}$ .
LEMMA 1.3. (i) $\tilde{V}(A, B;R)$ is the image of the open set $K_{A,B}^{0}\times\tilde{S}^{n-1}(R)$

under the two-to-one diffeomorphism $\mu:C^{*}\times\tilde{S}^{n-1}\rightarrow\tilde{V}$, where
(1.19) $K_{A.B}^{0}=\{\alpha\in C^{*}; B^{-1}<|\alpha|<A\}$

and $\tilde{S}^{-1}(R)$ is defined by (1.9).
$(iI)$ $\tilde{V}(A, B;R)$ is a domain, $i.e.$ , a connected open set in $C^{n}$ .
(iii) $\tilde{V}[A, B, R]$ is the image of the compact set $K_{A,B}\times\tilde{S}^{n-1}[R]$ under

the two-to-one diffeomorphism $\mu:C^{*}\times\tilde{S}^{n-1}\rightarrow\tilde{V}$, where

(1.19’) $K_{A,B}=\{\alpha\in C^{*}; B^{-1}\leq|\alpha|\leq A\}$

and $\tilde{S}^{-1}[R]$ is defined by (1.10).
(iv) $\tilde{V}[A, B, R]$ is a connected compact $sqt$ in $C$“.

PROOF. (i) Suppose $z\in\tilde{V}$ and put $z=\alpha z^{\prime},$ $\alpha\in C^{*},$
$z^{\prime}e\tilde{S}^{-1}$ . Then

$z^{2}=\alpha^{2}$ and $L(z)=|\alpha|L(z^{\prime})$ . Therefore, $z\in\tilde{V}(A, B, R)$ if and only if
$B^{-1}<|\alpha|<A$ and $L(z^{\prime})<R$ .

(ii) Because the set $S^{n-1}(R)$ is connected (Lemma 1.1), we have (ii).
The proof of (iii) and (iv) is similar. q.e. $d$ .

We denote by $ d\Omega$ the invariant measure on the (real unit) sphere
$S^{-1}$ induced by the Lebesgue measure on $R^{n}$ . The volume $\Omega$ of $S^{-1}$

is given by:

(1.20) $\Omega=2\pi^{n/2}\Gamma(n/2)^{-1}$

$\mathscr{G}^{Pk}(S^{n-1})$ denotes the space of spherical harmonics of degree $k$ and put

(1.21) $N(n, k)=\dim\Sigma\ovalbox{\tt\small REJECT}^{ek}(S^{n-1})=\frac{(2k+n-2)(k+n-3)!}{k!(n-2)!}$ .
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For a spherical harmonic function $S_{k}(\omega)e\mathscr{G}^{pk}(S^{n-1})$ , there exists a unique
harmonic homogeneous polynomial $\tilde{S}_{k}(z)$ of degree $k$ such that $\tilde{S}_{k}(\omega)=$

$S_{k}(\omega)$ for $\omega eS^{\leftarrow 1}$ . $P_{k}(n;t)$ denotes the Legendre polynomial of degree $k$

and of dimension $n$ , namely

(1.22) $P_{k}(2;t)=\cos(k\cos^{-1}t)$

(the Tchebytchef polynomial) ,

(1.23) $P_{k}(n;t)=\frac{k!(n-3)!}{(k+n-3)!}C_{k}^{t-2)/2}(t)$ for $n\geqq 3$ ,

where $C_{k}^{(\cdot-2)/2}(t)$ is the Gegenbauer polynomial. (See for example C. Muller
[8].)

Let us denote by $L^{2}(S^{-1})$ the Hilbert space of square integrable
functions on $S^{-1}$ . The inner product of $L^{2}(S^{-1})$ is given by

(1.24) $(\varphi, \psi)_{L(s\cdot)}2-1=(\varphi,\overline{\psi})_{S}-1$

where $(, )_{S}-1$ is the following bilinear form:

(1.25) $(f, g)_{S^{n-1}}=\frac{1}{\Omega}\int_{S^{-1}}f(\omega)g(\omega)d\Omega_{n}(\omega)$ .

It is classical that the Hilbert space $L^{2}(S^{-1})$ can be decomposed into
the direct sum:

(1.26) $L^{2}(S^{n-1})=\bigoplus_{k=0}^{\infty}\ovalbox{\tt\small REJECT}^{k}(S^{-1})$

and the orthogonal projection of $L^{2}(S^{-1})$ onto $f\ovalbox{\tt\small REJECT}^{ek}(S^{-1}):f(\omega)\mapsto S_{k}(f;\omega)$ is
given by

(1.27) $S_{k}(f;\omega)=\frac{N(n,k)}{\Omega}\int_{s^{\iota-1}},f(\tau)P_{k}(n;\langle\tau, \omega\rangle)d\Omega,(\tau)$

$=N(n, k)(f(\tau), P_{k}(n;\langle\omega, \tau\rangle))_{S}.-1$ .
Therefore, for a spherical harmonic function $S_{k}(\omega)\in\ovalbox{\tt\small REJECT}^{k}(S^{-1})$ , we have
the reproducing property:

(1.28) $S_{k}(\omega)=\frac{N(n,k)}{\Omega}\int_{s^{n-\iota}}S_{k}(\tau)P_{k}(n;\langle\tau, \omega\rangle)d\Omega,(\tau)$ .

From (1.28), we can conclude

LEMMA 1.4. Suppose $S_{k}(\omega)\in\ovalbox{\tt\small REJECT}^{k}(S^{-1})$ . Then we have
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(1.29) $N(n, k)^{-1/2}||S_{k}(\omega)||_{L^{\infty}(S^{n-I})}\leq||S_{k}(\omega)||_{L^{2}(S^{n-1})}\leq||S_{k}(\omega)||_{L^{\infty}(S^{-i})}$ ,

where $||||_{L^{\infty}(S^{n-1})}$ denotes the supremum norm on $S^{n-1}$ .
We will put, for $f\in L^{2}(S^{n-1})$ ,

(1.30) $S_{k}(f;z)=\frac{N(n,k)}{\Omega}\int_{S^{\iota-1}},f(\tau)P_{k}(n;\langle\tau, z\rangle)d\Omega_{n}(\tau)$ ,

where $\langle\tau, z\rangle=\tau_{1}z_{1}+\tau_{2}z_{2}+\cdots+\tau z$ . $S_{k}(f;z)$ is a polynomial of degree $k$

and its restriction to the sphere $S^{-1}$ coincides with the spherical harmonic
function $S_{k}(f;\omega)$ . Put further

(1.31) $\tilde{S}_{k}(f;z)=(\sqrt{z^{2}})^{k}S_{k}(f;z/\sqrt{z^{2}})$ .
Then $\tilde{S}_{k}(f;z)is\sim$ the (unique) harmonic homogeneous polynomial of degree
$k$ such that $S_{k}(f;\omega)=S_{k}(f;\omega)$ for all $\omega\in S^{n-1}$ .

Now let us define the Lie $ sphe\gamma e\Sigma$“ to be the set
(1.32) $\Sigma^{n}=\{e^{i\theta}\omega\in C^{n};\theta\in R, \omega eS^{-1}\}$ .
The Lie sphere $\Sigma^{n}$ is a compact real-analytic manifold of dimension $n$ .

LEMMA 1.5. The scalar product $\mu:(e^{i\theta}, \omega)\mapsto e^{i\theta}\omega$ is a real-analytic
mapping of $S^{1}\times S^{n-1}$ onto the Lie sphere $\Sigma$“. We have the real-analytic
diffeomorphism:

(1.33) $(S^{1}\times S^{-1})/\sim=\Sigma^{n}$ ,

$where\sim is$ the equivalence relation defined by

(1.34) $(\theta, \omega)\sim(\theta^{\prime}, \omega^{\prime})-\theta=\theta(mod 2\pi)$ , $\omega=\omega$
’

$or$

$\theta=\theta^{\prime}+\pi(mod 2\pi)$ , $\omega=-\omega^{\prime}$

Proof is the same as that of Lemma 1.8.
The Laplace-Beltrami operator $\Delta_{\Sigma}$ on $\Sigma$“ is given by

(1.35) $\Delta_{\Sigma}=\frac{\partial^{2}}{\partial\theta^{2}}+\Delta_{s}$ ,

where $\Delta_{s}$ is the Laplace-Beltrami operator on $S^{n-1}$ . The measure $ d\theta d\Omega$,
is the invariant measure on $\Sigma$“ and the volume of $\Sigma^{n}$ is $\pi\Omega_{n}$ .

LEMMA 1.6. (i) We have the identity

(1.36) $\Sigma‘‘=\tilde{V}[1,1;1]$ .
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(ii) $\{\tilde{V}(A, B;R); A>1, B>1, R>1\}$ is a fundamental system of
complex neighborhoods of the Lie sphere $\Sigma$“.

PROOF. If $ z\in\Sigma$“, then $z=e^{:\theta}x,$ $\theta\in R,$ $x\in S^{-1}$ . Therefore $|z^{2}|=|e^{i2\theta}|=1$

and $L(z)=|e^{i\theta}|L(x)=||x||=1$ , i.e., $z\in\tilde{V}[1,1;1]$ .
Conversely, if $z\in\tilde{V}[1,1;1]$ and put $z=\alpha z’,$ $\alpha eC^{*},$ $z’ e\tilde{S}^{n-1}$ . Then

$z’\in\tilde{S}^{-1}isequivalentto|z^{2}|=|\alpha^{2}|=land|\alpha|=l$
. If we put $z’=x^{\prime}+iy’,$ $x’,$ $y’\in R$ , the condition

$||x’||^{2}-||y’||^{2}=1$ and $\langle x’, y^{\prime}\rangle=0$ .
Therefore we have by (1.6)

$1=L(z)=|\alpha|L(z^{\prime})=L(z’)=||x^{\prime}||+||y^{\prime}||=||x’||+[||x^{\prime}||^{2}-1]^{1/2}$ ,

from which results $||x’||=1$ and $y’=0$ . This proves $z^{\prime}$ belongs to the
real sphere $S^{n-1}$ and $ z=\alpha z’\in\Sigma$“. The second part of the lemma is clear
by Lemma 1.3. q.e. $d$ .

Suppose $r>0$ . The Lie ball $\tilde{B}(r)$ of radius $r$ is defined as follows:

(1.37) $\tilde{B}(r)=\{zeC^{n};L(z)<r\}$ .
We denote $B=\tilde{B}(1)$ .

We will use the following facts in the sequel:

PROPOSITION 1.1. Suppose $r>0$ . $\gamma\Sigma$“ is the \v{S}ilov boundary of the
Lie ball $\tilde{B}(r)$ .

For the proof of the proposition, see L. Hua [5], where $B$ is called
E. Cartan’s classical domain of type 4.

COROLLARY 1. If $f\in P(C$“
$)$ is a homogeneous polynomial of degree

$k$ , then we have

(1.38) $|f(z)|\leq L(z)^{k}\sup\{|f(\omega)|;\omega eS^{-1}\}$ .
PROOF. By Proposition 1.1,

$\sup\{|f(z)|;z\in\tilde{B}\}=\sup\{|f(e^{i\theta}\omega)|;\theta\in R, \omega eS^{-1}\}$ .
By the homogeneity of

$f,theea$
right hand side is equal to

$\sup\{|f(\omega)|;q.e.d$.$\omega eS^{n-1}\}$ . (1.38) is now clear.

COROLLARY 2. $P_{k}(n, t)$ denotes the Legendre polynomial of degree
$k$ and of dimension $n$ . Then

$F(z, w)=(\sqrt{z^{2}})^{k}(\sqrt{w^{2}})^{k}P_{k}(n;\langle z/\sqrt{z^{2}}, w/\sqrt{w^{2}}\rangle)$
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is a polynomial of $z$ and $w$ and we have the estimate

(1.89) $|(\sqrt{z^{2}}\rangle^{k})(\sqrt{w^{2}})^{k}P_{k}(n;\langle z/\sqrt{z^{2}}w/\sqrt{w^{2}}\rangle)|\leq L(z)^{k}L(w)^{k}$ for $z,$ $weC^{n}$

PROOF. $P_{k}(n;t)$ is a polynomial of degree $k$ and we have

$P_{k}(n;-t)=(-1)^{k}P_{k}(n;t)$ .
Therefore $F(z, w)$ is a polynomial of $z$ and $w$ . If we fix $weC^{n}$ , then
$F(z, w)$ is a homogeneous polynomial of degree $k$ in $z$ . By Corollary 1,

$|F(z, w)|\leq L(z)^{k}\sup\{|F(\omega, w)|;\omega eS^{n-1}\}$ .
If we fix $\omega\in S^{n-1}$ , then $F(\omega, w)$ is a homogeneous polynomial of degree
$k$ in $w$ . Again by Corollary 1,

$|F(\omega, w)|\leq L(w)^{k}\sup\{|F(\omega, \tau)|;\tau eS^{n-1}\}$ .
But, for $\omega,$ $\tau eS^{n-1}$ ,

$F(\omega, \tau)=P_{k}(n;\langle\omega, \tau\rangle)$

and we know

$-1\leq P_{k}(n;t)\leq 1$ for $-1\leq t\leq 1$ .
(See for example Muller [8].) Therefore we have (1.39). q.e. $d$ .

\S 2. Function spaces on the Lie sphere $\Sigma$“.

Let $L^{2}(\Sigma^{n})$ be the space of square integrable functions on the Lie
sphere $\Sigma$“. The inner product of the Hilbert space $ L^{2}(\Sigma$“ $)$ is given by

(2.1) $(\varphi, \psi)_{L^{2}(\Sigma^{n})}=(\varphi,\overline{\psi})_{\Sigma^{n}}$ ,

where $(, )_{\Sigma^{n}}$ is the following bilinear form:

(2.2) $(f, g)_{-}n=\frac{1}{\pi\Omega_{n}}\int_{0}^{\pi}\int_{S^{n-1}}f(e^{i\theta}\omega)g(e^{i\theta}\omega)d\theta d\Omega_{n}(\omega)$ .

For $S_{k}(\omega)\in\ovalbox{\tt\small REJECT}^{k}(S^{n-1})$ , the function $e^{im\theta}S_{k}(\omega)$ is defined on the Lie
sphere $\Sigma^{n}$ if and only if $m\equiv k(mod 2)$ . Put

(2.3) $\Lambda=\{(m, k);m\in Z, k\in Z_{+}, m\equiv k(mod 2)\}$ .
For $(m, k)\in\Lambda$ , we define

(2.4) $\ovalbox{\tt\small REJECT}^{m,k}(\Sigma^{n})=\{e^{im\theta}S_{k}(\omega);S_{k}e\ovalbox{\tt\small REJECT}^{k}(S^{n-1})\}$ .
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LEMMA 2.1. The spaces $\mathscr{G}^{e\cdot,k}(\Sigma$“ $)$ are mutually orthogonal with re-
spect to the scalar product (2.1). The space $\ovalbox{\tt\small REJECT}^{m,k}(\Sigma$“ $)$ is the eigen-space
of the Laplace-Beltrami operator $\Delta_{\Sigma}$ of eigen value $-[m^{2}+k(k+n-2)]$ .

PROOF. The orthogonality of the spaces $\ovalbox{\tt\small REJECT}^{n,k}(\Sigma$“ $)$ results from the
orthogonality of trigonometric functions and spherical harmonic functions.
In fact, we have

(2.5) $(e^{in\theta}S_{k}(\omega), e^{n^{\prime}\theta}S_{k^{\prime}}(\omega))_{L(\Sigma)}=\delta_{r\cdot.n^{\prime}}\delta_{k,k^{\prime}}||S_{k}(\omega)||_{L^{2}(S^{n-1})}^{2}$

for $e^{im\theta}S_{k}(\omega)\in \mathscr{G}^{p}nk(\Sigma)$ and $ e^{in^{\prime}\theta}S_{k^{\prime}}(\omega)\in \mathscr{G}^{en^{\prime},k^{\prime}}(\Sigma$“ $)$ , where $\delta_{*,n^{\prime}}$ and $\delta_{k.k^{\prime}}$

are Kronecker’s symbols.
It is known that

(2.6) $\left\{\begin{array}{l}\frac{\partial^{2}}{\partial\theta^{2}}e^{in\theta}=-m^{2}e^{n\theta}\\\Delta_{s}S_{k}(\omega)=-k(k+n-2)S_{k}(\omega)\end{array}\right.$

for $S_{k}(\omega)\in\ovalbox{\tt\small REJECT}^{k}(S^{-1})$ . Therefore we have the second part of the lemma.
q.e. $d$ .

For $ feL^{2}(\Sigma$“ $)$ , we will define the $(m, k)$-component $S_{n,k}(f;\omega)$ by the
following formula:

(2.7) $S_{n.k}(f;\omega)=\frac{1N(n,k)}{2\pi\Omega}\int_{0}^{2\pi}\int_{s}-1f(e^{i\theta}\tau)e^{-n\theta}P_{k}(n;\langle\omega, \tau\rangle)d\theta d\Omega.(\tau)$

$=\frac{N(n,k)}{\pi\Omega_{n}}\int_{0}^{\pi}\int_{S^{n-1}}f(e^{\theta}\tau)e^{-n\theta}P_{k}(n;\langle\omega, \tau\rangle)d\theta d\Omega.(\tau)$ .
$S.,k(f;\omega)$ is a spherical harmonic function of degree $k$ , i.e., $S.,k(f;\omega)e$

$\ovalbox{\tt\small REJECT}^{k}(S^{-1})$ . Remark that

$S_{*,k}(f;-\omega)=(-1)^{k}S_{r\cdot.k}(f;\omega)$

and that, by the definition formula (2.7),

$S_{n,k}(f;-\omega)=(-1)^{n}S_{\alpha*,k}(f;\omega)$ .
Therefore we must have

(2.8) $S_{n,k}(f;\omega)=0$ if $m\not\equiv k(mod 2)$ .
Similarly to (1.30) and (1.31), we define the polynomials

(2.9) $S_{n,k}(f;z)=\frac{N(n,k)}{\pi\Omega}\int_{0}^{l}\int_{S^{-1}},f(e^{\theta}\tau)e^{-n\theta}P_{k}(n;\langle z, \tau\rangle)d\theta d\Omega(\tau)$
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and

(2.10) $S_{n,k}(f;z)=(\sqrt{z^{2}})^{k}S_{n,k}(f;z/\sqrt{z^{2}})$ .
The polynomial $S_{m,k}(f;z)$ is the (unique) harmonic homogeneous polynomial
of degree $k$ such that

$\tilde{S}_{m,k}(f;\omega)=S_{m,k}(f;\omega)$ for every $\omega\in S^{-1}$ .
THEOREM 2.1. We have the direct sum decomposition of the Hilbert

space $L^{2}(\Sigma^{n})$ :

(2.11)
$L^{2}(\Sigma)=\bigoplus_{(m,k)e\Lambda}\ovalbox{\tt\small REJECT}^{m,k}(\Sigma)$ .

The orthogonal projection of $L^{2}(\Sigma^{n})$ onto $\ovalbox{\tt\small REJECT}^{m,k}(\Sigma)$ is given by $ f\mapsto$

$e^{im\theta}S_{l\hslash,k}(f;\omega)$ . We have the following identity in the $L^{2}$ sense for
$f\in L^{2}(\Sigma)$ :

(2.12)
$f(e^{i\theta}\omega)=\sum_{(m,k)e\Lambda}e^{im\theta}S_{m,k}(f;\omega)$ .

PROOF. By Lemma 1.4, the space $L^{2}(\Sigma^{\iota})$ can be identified with the
subspace of $L^{2}(S^{1}\times S^{n-1})$ of the functions satisfying the condition
$f(\theta+\pi, -\omega)=f(\theta, \omega)$ . Therefore it is clear by (1.26) that every function
$f(e^{:\theta}\omega)eL^{2}(\Sigma^{r\iota})$ can be expanded in the $L^{2}$ sense:
(2.13)

$f(e^{i\theta}\omega)=(m,k)e\Lambda\sum e^{im\theta}S_{k}(\omega)$

with some $S_{k}\in \mathscr{G}^{k}(S^{n-1})$ . By the orthogonality of trigonometric functions
and the reproducing property (1.28) of the Legendre polynomial, $S_{k}(\omega)$

must be equal to $S_{m,k}(f;\omega)$ . q.e.d.

COBOLLARY 1 (Bessel’s equality). For $ f\in L^{2}(\Sigma$“ $)$ , we have
(2.14)

$||f||_{L^{2}(\ddagger^{n})}^{2}=\sum_{(m,k)\in\Lambda}||S_{m,k}(f;\omega)||_{L^{2}(S^{\prime\prime-1})}^{2}$ .

COROLLARY 2. If we have a sequence $\{S_{m.k};(m, k)\in\Lambda\},$ $S_{m,k}e\ovalbox{\tt\small REJECT}^{k}(S^{n-1})$

such that $||S_{m,k}||_{L^{2_{(S}-1}}$
) $\in\swarrow^{2}(\Lambda)$ , then the function $f(e^{i\theta}w)=\sum_{(’ n.k)\in A}e^{im\theta}S_{rn,k}(\omega)$

belongs to $L^{2}(\Sigma^{n})$ and $S_{m,k}(f;\omega)=S_{m,k}(\omega)$ for every $(m, k)\in\Lambda$ .
Let us denote by $C^{\infty}(\Sigma^{n})$ (resp. $\ovalbox{\tt\small REJECT}$( $\Sigma$“)) the space of $C^{\infty}$ (resp. real

analytic) functions on the compact real analytic manifold $\Sigma$“. We endow
$C^{\infty}(\Sigma^{n})$ and $\ovalbox{\tt\small REJECT}(\Sigma$

“
$)$ with the usual locally convex linear topology.

THEOREM 2.2. A function
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(2.12) $f(e^{i\theta}\omega)=\sum_{(n*,k)\in\Lambda}e^{im\theta}S_{m,k}(f;\omega)\in L^{2}(\Sigma)$

belongs to $ C^{\infty}(\Sigma$“ $)$ if and only if the sequence $\{||S_{n,k}(f;\omega)||_{L^{2}(S^{n-1})} ; (m, k)\in\Lambda\}$

is rapidly decreasing on $\Lambda$ , i.e., $\{(|m|+k)^{p}||S_{n,k}(f;\omega)||_{L^{2}1S^{n-1})}\}$ is bounded
on $\Lambda$ for every $p\in Z_{+}$ . For $ f\in C^{\infty}(\Sigma$“ $)$ , the convergence of the series
(2.12) is in the topology of $ C^{\infty}(\Sigma$“ $)$ .

PROOF. It is known that $f\in C^{\infty}(\Sigma^{n})$ if and only if $(\Delta_{\Sigma})^{p}f\in L^{2}(\Sigma$
“

$)$ for
every $p\in Z_{+}$ . Because of Lemma 2.1,

(2.15) $(-\Delta_{\Sigma})^{p}f(e^{i\theta}\omega)=\sum_{(m,k)e4}(m^{2}+k(k+n-2))^{p}e^{im\theta}S_{n,k}(f;\omega)$ ,

from which results the theorem. q.e. $d$ .
THEOREM 2.3. A function

(2.12) $ f(e^{i\theta}\omega)=\sum_{(m,k)e4}e^{im\theta}S_{m,k}(f;\omega)eL^{2}(\Sigma$
“

$)$

belongs to $\mathscr{A}(\Sigma$
“

$)$ if and only if
(2.16) $\lim_{|n|+k}\sup_{\rightarrow\infty}[||S_{n,k}(f;\omega)||_{L^{2}tS)}-1]^{1/(||*|+k)}<1$ .

For $ f\in \mathscr{A}(\Sigma$“ $)$ , the series (2.12) converges in the topology of $\mathscr{A}(\Sigma)$ .
REMARK. Hashizume-Minemura-Okamoto [3] has proved this theorem

in more general context using the following fact: $ f\in\ovalbox{\tt\small REJECT}(\Sigma$
“

$)$ if and only
if

(2.17) $sup\{\frac{1}{p!h^{p}}||(-\Delta_{\Sigma})^{pJ2}f||_{L^{2}(\Sigma)}$ ; $ p\in z_{+}\}<\infty$

for some $h>0$ , where

(2.18) $(-\Delta_{\Sigma})^{p/2}f(e^{i\theta}\omega)=\sum_{(m,k)e1}(m^{2}+k(k+n-2))^{p/2}e^{im\theta}S_{m,k}(f;\omega)$ .

We do not reproduce here their proof. We will give a new proof to
Theorem 2.3 in the following section (Corollary 2 (ii) to Theorem 3.1).

\S 3. Some spaces of holomorphic functions.

For an open set $\Omega$ of $C$ , we. denote by tl $(\Omega)$ the space of holo-
morphic functions on $\Omega$ . We endow 4 $(\Omega)$ with the topology of uniform
convergence on every compact set of $\Omega$ . $p(\Omega)$ is a Fr\’echet space.

LEMMA 3.1. Suppose $A>1,$ $B>1$ and $R>1$ and defne the open sets
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$\tilde{V}$ and $\tilde{V}(A, B;R)$ by (1.14) and (l..t7). Then me have the following
continuous inclusions:

(3.1) $ P(\tilde{V})=P(\tilde{V}(A, B;R))=\rightarrow \mathscr{A}(\Sigma^{n})=C^{\infty}(\Sigma^{n})=\rightarrow L^{2}(\Sigma$“
$)$ ,

where the first and the second mappings are restrictions.
$PR\infty F$ . The continuity of the mappings is clear. The injectivity of

the first mapping results from the uniqueness of analytic continuation.
Suppose $F\in d(\tilde{V}(A, B;R))$ vanishes on $\Sigma^{n}$ . The Lie sphere $\Sigma$“ being
totally real in $\tilde{V}(A, B;R),$ $f$ vanishes in a complex neighborhood of $\Sigma$“.
The set $\tilde{V}(A, B;R)$ being connected (Lemma 1.3), $f$ vanishes identically
on $\tilde{V}(A, B;R)$ by the uniqueness of analytic continuation. q.e. $d$.

LEMMA 3.2. $\rho(\tilde{V})$ is dense in $\ovalbox{\tt\small REJECT}(\Sigma$
“

$)$ , $C^{\infty}(\Sigma^{n})$ and $ L^{2}(\Sigma$“ $)$ respec-
tively.

PROOF. By Theorems 2.1, 2.2 and 2.3, the linear space
$\sum_{(m,k)eA}\ovalbox{\tt\small REJECT}^{m,k}(\Sigma$“ $)$ is dense in $L^{2}(\Sigma^{n}),$ $C^{\infty}(\Sigma^{n})$ and $\ovalbox{\tt\small REJECT}(\Sigma^{n})$ . As the function
$e^{im\theta}S_{m,k}(\omega)$ is the restriction onto $\Sigma^{n}$ of the holomorphic function on $\tilde{V}$,
$(\sqrt{z^{2}})^{m-k}\tilde{S}_{m,\hslash}(z\rangle$, the linear space $\sum_{(m,k)eA}\mathscr{G}^{r,k}(\Sigma$“ $)$ is a subspace of $d(\tilde{V})$ .

q.e. $d$ .
For a set KcC“, we put

(3.2) $\sigma(K)=\{e^{l\theta}z;zeK, \theta eR\}$ .
For example, $\sigma(S^{-1})=\Sigma^{n}$ . For a set $K\subset C$“ and $a\in C$, we will put

(3.3) $aK=\{az;zeK\}$ .
LEMMA 3.3. Suppose $A>1,$ $B>1$ and $R>l$ . For $f\in P(\tilde{V}(A, B;R))$ ,

we define, for $r>0$ and $z\in\tilde{V}(A/\gamma rB;R)$ ,

(3.4) $f_{m}(r;z)=\frac{1}{2\pi i}\oint_{|t|=r}f(tz)t^{-(\sim+1\rangle}dt$ .

(i) We can define $f_{m}(z)\in d(\tilde{V}(\infty, \infty;R))$ by the following formula:
(3.5) $f_{m}(z)=f_{m}(r;z)$ for $ze\tilde{V}(A/\gamma rB;R)$ .

(ii) For any $\alpha\in C^{*}$ and $z\in\tilde{V}(\infty, \infty;R)$ , we have

(3.6) $\beta_{n}(\alpha z)=\alpha^{m}\beta_{m}(z)$ .
(iii) For every compact set $K\subset\tilde{S}^{n-1}(R)$ and every $r,$ $B1<r<A$ , we

have
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(3.7) $sup\{|f_{n}(z)|;z\in K\}\leq r^{-\sim}\sup\{|f(z)|;z\in r\sigma(K)\}$ .
(iv) We have the development

(3.8) $f(z)=\sum_{\sim=-\infty}^{\infty}f_{n}(z)$ for $z\in\tilde{V}(A, B;R)$ ,

the convergence being uniform on every compact set of $V(A, B;R)$ .
PROOF. By Lemma 1.3, there exists a function $F(\alpha^{\prime}, z^{\prime})eP(K_{A,B}^{0}>$

$S^{n-1}(R))$ such that
$F(-\alpha^{\prime}, -z)=F(\alpha^{\prime}, z^{\prime})$

and that $F(\alpha^{\prime}, z^{\prime})=f(\alpha z)2$ Remark that, for $z=\alpha z^{\prime},$ $\alpha^{j}\in C^{*},$
$z^{\prime}\in\tilde{S}’-1w_{t}$

have $ z^{2}=\alpha$ and we have

$f_{m}(r;\alpha’ z^{\prime})=\frac{1}{2\pi i}\oint_{|t|=r}\frac{f(t\alpha’ z)}{t^{n+1}’}dt$

$=\frac{1}{2\pi i}\oint_{||=r}\frac{F(t\alpha^{\prime},z’)}{t^{n+1}}dt$

for $B^{-1}<r|\alpha^{\prime}|<A$ . By the Cauchy integral theorem, the function

(3.9) $F_{m}(\alpha^{\prime}, z’)=\frac{1}{2\pi i}\oint_{|t|=r}\frac{F(t\alpha^{\prime},z’)}{t^{n+1}}dt$

is defined independently of $r$ , holomorphic on $C^{*}\times\tilde{S}^{-1}(R)$ and satisfies
$F_{n}(\alpha^{\prime}, z’)=\alpha^{n}F.(1, z’)$ .

Therefore, the function
$f_{n}(z)=F.(\alpha’, z’)$ , $z=\alpha’ z’$ ,

is defined on $V(\infty, \infty;R)$ and satisfies (3.6).
(iii) For $z\in\tilde{S}^{-1}(R)$ and $B^{-1}<r<A$ , we have the integral formula:

(3.10) $f_{n}(z)=\frac{1}{2\pi i}\oint_{||=\prime}\frac{f(tz)}{t^{n+1}}dt$ .

Therefore we get (3.7).
(iv) The Laurent development

$F(\alpha^{\prime}, z’)=\sum_{r=-\infty}^{\infty}\alpha^{j^{*}}F_{\sim}(1, z’)=\sum_{*\prime=-\infty}^{\infty}F_{m}(\alpha’, z’)$

converges uniformly on every compact set of $K_{A.B}^{0}\times\tilde{S}^{-1}(R)$ . Thereforf
we have (3.8). q.e. $d$
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LEMMA 3.4. Suppose $A>1,$ $B>1$ and $R>1$ . Let $\beta eP(\tilde{V}(A, B;R))$ .
We will denote the $(m, k)$-component of $f|_{\Sigma^{n}}$ by $S_{m,k}(f;\omega)$ . The poly-
nomials $S_{m,k}(\beta;z)$ and $\tilde{S}_{m,k}(f;z)$ are defined by (2.9) and (2.10). Thenwe have

(3.11) $S_{n,k}(f;z)=\frac{N(n,k)}{\Omega_{n}}\int_{s^{n-1}}\beta_{m}(\tau)P_{k}(n;\langle\tau, z\rangle)d\Omega_{n}(\tau)$ ,

where $f_{m}$ is defined in Lemma 3.3.
(3.12) $S_{m.k}(f;z)=\tilde{S}_{m,k}(f;z)=0$

for $m\not\equiv k(mod 2)$ .
(3.13) $f_{m}(z)=\sum_{k=0}^{\infty}(V\overline{z^{2}})^{m-k}S_{m,k}(\beta;z)$

for $z\in\tilde{V}(\infty, \infty;R)$ , the convergence being uniform on every compact set
of $\tilde{V}(\infty, \infty;R)$ .

PROOF. Put $r=1$ in (8.10) and (3.11) coincides with (2.9). (3.12) and
(3.13) are special cases of (2.8) and (2.10) respectively. We have, by
Corollary to Theorem 5.2 in M. Morimoto [7],

(3.14) $f_{m}(z)=\sum_{k=0}^{\infty}\tilde{S}_{m,k}(f;z)$ for $ze\tilde{S}^{n-1}(R)$ ,

the convergence being uniform on every compact set of $\tilde{S}^{n-1}(R)$ . Both
sides of (3.13) are homogeneous of degree $m$ and if $ze\tilde{S}^{-1}(R),$ $(3.13)$

coincides with (3.14). Therefore the equality in (3.13) holds also for
$z\in V(\infty, \infty;R)$ (Lemma 2.1). q.e. $d$ .

THEOREM 3.1. Let $f\in P(\tilde{V}(A, B;R))$ and put $S_{m,k}(\omega)=S_{m,k}(f;\omega)$ for
$(m, k)\in\Lambda$ . Then we have

(3.15)
$\lim_{m+k\rightarrow}\sup_{\infty.m\geqq 0}[A^{m}R^{k}||S_{m,k}(\omega)||_{L^{2}(s^{n-1})}]^{1/(m+k)}\leq 1$

and

(3.16)
$\lim_{|m|+k\rightarrow}\sup_{0,m<0}[B^{|m|}R^{k}||S_{m,k}(\omega)||_{L^{2}(s^{n-1})}]^{1/(|m|+k)}\leq 1$ .

The following series

(3.17)
$f(z)=\sum_{(m,k)e\Lambda}(\sqrt{z^{2}})^{m-k}S_{m,k}(z)$

converges uniformly on every compact set of $\tilde{V}(A, B;R)$ .
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Conversely, if we have a sequence $\{S_{n,k};(m, k)\in\Lambda\},$ $S_{\alpha,k}e\mathscr{G}^{zk}\langle S^{-J}$

satisfying the conditiom (3.15) and (3.16), then the right hand side $\sigma$,

$(3.l7)$ eonverges $un\dot{j}formty$ on every compact set of $\tilde{V}(A, B;R)$ and $ d\ell$

fines a function $feP(\tilde{V}(A, B;R))$ , whose $(m, k)$-components $ S_{\alpha,k}(f;\alpha$

coincides with the given functions $S_{m,k}(\omega)$ .
PROOF. The restriction $\rho:P(\tilde{B}(R))\rightarrow p(\tilde{S}^{n-1}(R))$ being a continuou

linear mapping of the Fr\’echet space $g(\tilde{B}(R))$ onto the Fr\’echet spac $($

$\rho(\tilde{S}^{\iota-1}(R)),$
$\rho$ is a homomorphism. Therefore, for every $R_{1},1<R_{1}<R$

There exists a compact set $K(R_{1})$ of $\tilde{S}^{-\iota}(R)$ and a constant $C(R_{I})\geq|$

such that, for every gedl $(\tilde{S}-1(R))$ , we can find $G\in \mathcal{B}(\tilde{B}(R))$ for which

$G(z)=g(z)$ for $zeS^{n-1}(R)$

and

(3.18) $\sup\{|G(z)|;z\in R_{1}\Sigma\}\leq C(R_{1})\sup\{|g(z)|;z\in K(R_{1})\}$ .
Now given $f\in P(\tilde{V}(A, B;R))$ , we define $f_{n}(z)\in P(\tilde{V}(\infty, \infty;R))$ for $ever\urcorner$

$meZ$ as in Lemma 3.3. Then by the above remark, we can find entir $($

functions $F_{m}\in\rho(B(R))$ such that

(3.19) $F.(z)=f.(z)$ for $z\in\tilde{S}^{n-1}(R)$

and that

(3.20) $\sup\{|F_{m}(z)|;z\in R_{1}\Sigma\}\leq C(R_{1})\sup\{|f_{n}(z)|;z\in K(R_{1})\}$ .
Put, for $j\in Z_{+}$ and $0<R_{1}<R$,

(3.21) $ F_{n,j}(z\rangle$ $=\frac{1}{2\pi i}\oint_{|t|=R_{1}}F_{*}(tz)t^{-(j+1)}dt$ .

Then $F_{n,j}(z)$ is a homogeneous polynomial of degree $j$ and we have

(3.22) $F_{fl}(z)=\sum_{\dot{g}=0}^{\infty}F_{m,j}(z)$ for $ze\tilde{B}(R)$ ,

the convergence being uniform on every compact set of $\tilde{B}(R)$ . We $hav|$

by (3.21), for every $R_{1},0<R_{1}<R$ , and every $\tau\in S^{*-1}$ ,

(3.23) $F_{n,j}(\tau)|\leq R_{1}^{-\dot{f}}\sup\{|F_{m}(z)|;z\in R_{1}\Sigma‘‘\}$ .
Now by (3.19), (3.22) and the orthogonality of spherical harmonics, $w($

get



ANALYTIC FUNCTIONALS 21

$S_{m,k}(\beta;\omega)=\frac{N\langle n,k)}{\Omega_{\iota}}J_{S^{n-1}}f_{m}(\tau)P_{k}(n;\langle\omega, \tau\rangle)d\Omega(\tau)$

$=\frac{N(n,k)}{\Omega_{n}}\int_{S^{*-1}}F_{m}(\tau)P_{k}(n;\langle\omega, \tau\rangle)d\Omega.(\tau)$

$=\frac{N(n,k)}{\Omega}\sum_{g\cong k}\int_{s}-1F_{n,j}(\tau)P_{k}(n;\langle\omega, \tau\rangle)d\Omega_{*}(\tau)$ .

Therefore, for every $R_{1},1<R_{1}<R$ , we have by (3.23) and (3.20)

$|S.\rho^{*}(f;\omega)_{1}|\leq(Nn, k)|\sum_{f}R_{1}^{-\dot{g}}\sup\{|F_{m}(z)_{1}|;zeR_{1}\Sigma\}\geqq k$

$\leq N(n, k)R_{1}^{-k}(1-R_{1}^{-1})^{-1}C(R_{1})\sup\{|f_{m}(z)|;z\in K(R_{\iota})\}$ .
Applying Lemma 3.3, (iii) for the compact set $K(R_{1})$ of $\tilde{S}^{n-1}(R)$ , we get,
for every $r,$ $B^{-1}<r<A$ ,

$|S_{m,k}(f;\omega)|\leq N(n, k)R_{1}^{\rightarrow k}C^{\prime}(R_{\iota})r^{-m}\sup\{|f(z)|;zeK(r)\}$ ,

where $C^{\prime}(R_{1})=(1-R_{1}^{-b})^{-1}C(R_{1})$ is a constant independent of $k$ and $m$ and
$\tilde{K}\langle r$) $=r\sigma(K(R_{1}))$ is a compact set of $\tilde{V}(A, B;R\backslash )$ . Therefore we have, for
every $1<A_{1}<A$ and $1<B_{1}<B$,

(3.24) $|S_{m,k}(f;\omega)|\leq N(n, k)R_{1}^{\rightarrow i}A_{1}^{-m}C’(R_{1})\sup\{|f(z)|;z\in K\}$

for $m\geq 0$ and

(3.24’) $|S_{m,k}(f;\omega)|\leq N(n, k)R_{1}^{-k}B_{1}^{-|m|}C^{\prime}(R_{1})$ $sup\{|f(z)|;ze\tilde{K}\}$

for $m<0$ , where $\tilde{K}=\cup\{\tilde{K}\langle r);B_{1}^{-1}\leq r\leq A_{1}\}$ is a compact set of $\tilde{V}(A, B;R)$ .
As we have, by (1.21), $N(n, k)=O(k^{-2})$ , we get (3.15) and (3.16).

Now let us suppose that we have (3.15) and \langle 3.16). Suppose $0<\theta<1$

and put $A_{1}=A\theta^{2},$ $B_{1}=B\theta^{2}$ and $R_{1}=R\theta^{2}$ . Then, from Lemma 1.4, we can
conclude that there exists $M\geq 0$ such that $|m’|+k\geq M$ implies

$A_{1}^{m}R_{1}^{k}||S_{m,k}(\omega)||_{L^{\infty}(s^{n-\iota})}\leq\theta^{m+k}$ for $m\geq 0$

and
$B_{1}^{|m|}R_{1}^{k}||S_{m,k}(\omega)||_{L^{\infty}ts^{n-1})}\leq\theta^{|m|+k}$ for $m<0$ .

Let us denote by $\tilde{S}_{m,k}(z)$ the harmonic homogeneous polynomial of degree
$k$ such that $S_{m,k}(\omega)=S_{m,k}(\omega)$ for $\omega eS^{-1}$ . Then by Corollary 1 to Pro-
position 1.1, we have, for $|m|+k\geq M$,

$|S_{m,k}(z)|\leq A_{1}^{-m}R_{1}^{-k}L(z)^{k}\theta^{m+k}$ for $m\geq 0$

and
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$|S_{m,k}(z)|\leq B_{1}^{-|\prime*|}R_{1}^{-k}L(z)^{k}\theta^{|n|+k}$ for $m<0$ .
If $|m|+k\geq M$ and $m\geq 0$ , we have, for $z\in\tilde{V}[A_{1}, B_{1};R_{1}]$ ,

$|(\sqrt{z^{2}})^{m-k}\tilde{S}_{n,k}(z)|\leq A_{1}^{n}|\sqrt{z^{2}}|^{-k}A_{1}^{-n}R_{1}^{-k}L(z)^{k}\theta^{n+k}\leq\theta^{n+k}$ .
If $|m|+k\geq M$ and $m<0$ , we have, for $ze\tilde{V}[A_{1}, B_{1};R_{1}]$ ,

$|(\sqrt{z^{2}})^{m-k}\tilde{S}_{n.k}(z)|\leq B_{1}^{1\prime n|}|\sqrt{z^{2}}|^{-k}B_{1}^{-|*|}R_{1}^{-k}L(z)^{k}\theta^{|n|+k}\leq\theta^{|n|+k}$ .
Therefore the series (3.17) converges uniformly on the set $\tilde{V}[A_{1},$ $B_{1};R_{1}$

$\theta$ being arbitrary with $0<\theta<1$ , the series (3.17) defines a holomorphi
function on the open set $\tilde{V}(A, B;R)$ . If $S_{n,k}(\omega)$ is the $(m, k)$-component
of the function $f\in P(\tilde{V}(A, B;R))$ , the formula (3.17) results from $(3.\mathfrak{k}$

and (3.13).
Conversely, if we are given a sequence $\{S_{*,k};(m, k)e\Lambda\},$ $8atisfyin$

the conditions (3.15) and (3.16), then we can define a function.$\beta(z)b$
the formula (3.17). By the uniform convergence of the series, we ca
easily show that the $(m, k)$-components of the function $f(z)$ thus define
coincide with the given functions $S_{n,k}(\omega)$ . $q.e.\dot{c}$

COROLLARY 1. Suppose $A,$ $B>0$ with $AB\geq 1$ and $R\geq 1$ . Then
belongs to cl $(\tilde{V}[A, B;R])$ , if and only’if

(3.15’)
$\lim_{n\leq}\sup_{0}[A^{\sim}R^{k}||S_{n,k}(f;\omega)||_{L^{2-1}}(s\cdot)]^{1\prime(n+k)}<1n+k\rightarrow\infty$

and
(3.16’)

$\lim_{n<0}\sup_{\rightarrow\{’*|+k\infty}[B^{|m|}R^{k}||S_{m,k}(f;\omega)||_{L^{2}(s^{n-1})}]^{1/(|n|+k)}<1$ .

PROOF. As we have

$p(\tilde{V}[A, B;R])=\lim_{a>1}indP(\tilde{V}(aA, aB;aR))$ ,

Corollary results from the theorem. q.e. $c$

It is worth while to mention the following special cases.

COROLLARY 2. (i) For $f(z)\in P(\tilde{V})$ , if and only if
(3.25) $\lim_{|n|+}\sup_{k\rightarrow\infty}[||S_{n,k}(f;\omega)||_{L^{2}(S^{*-1})}]^{1/(|n|+k)}=0$ .

(ii) For $f\in\ovalbox{\tt\small REJECT}(\Sigma t)$ , if and only if
(3.26) $\lim_{|n|+}\sup_{k\rightarrow\infty}[||S_{n,k}(f;\omega)||_{L(S)}g’-1]^{1\prime\{|m|+k)}<1$ .
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PROOF. We have

(3.27) $P(\tilde{V})=\lim_{R}p_{1}rojP(\tilde{V}(R, R;R))$

and, by Lemma 1.5,

(8.28) $\mathscr{A}(\Sigma^{n})=1{\rm Im} indp(\tilde{V}(R, R;R))R>1$

But, by Theorem 3.1, for $\beta\in p(\tilde{V}(R, R;R))$ if and only if

$\lim_{|n|+}\sup_{k\rightarrow\infty}[||S_{m,k}(\beta;\omega)||_{L^{2}(s^{n-1})}]^{1/(|m|+k)}\leq R^{-1}$

Therefore we have (3.25) and (3.26). q.e. $d$ .
REMARK. With a holomorphic function $f(z)\in P(\tilde{V}(A, B;R))$ , we as-

sociated a holomorphic function $F(\alpha^{\prime}, z^{\prime})$ on $K_{4,B}^{0}\times\tilde{S}^{n-1}(R)$ , for which
$F(-\alpha^{\prime}, -z^{\prime})=F(\alpha^{\prime}, z^{\prime})$ . If the function $F$ can be continued analytically
to the set $\{\alpha^{\prime}\in C;|\alpha^{\prime}|<A\}\times\tilde{S}^{-1}(R)$ , then the $(m, k)$-components $S_{n.k}(f;\omega)$

of $\beta$ vanish for $m<0$ . If the function $F$ can be analytically continued
to the set $(\{\alpha\in C;B^{-1}<|\alpha|\}\cup t\infty\})\times\tilde{S}^{-1}(R)$ , then $S_{m,k}(\beta;\omega)$ vanish for
$m>0$ .

Now recall $B(r)$ is the Lie ball of radius $r>0$ :

(3.29) $B(r)=\gamma B=\{zeC^{n};L(z)<\gamma\}$ .
LEMMA 3.5. Let $f\in P(\tilde{B}(r))$ . Define $\beta_{n}$ as in Lemma 3.3. Then

$f_{m}(z)$ is a homogeneous polynomial of degree $m$ for $m\geq 0$ and $f_{m}=0$ for
$m<0$ . We have

(3.30) $\lim_{m\rightarrow}\sup_{\infty}[||\beta_{n}(\omega)||_{L(s’)}\infty-1]^{1/m}\leq\gamma^{-1}$

and

(3.31) $f(z)=\sum_{*=0}^{\infty}\beta_{n}(z)$ for $zeB(r)$ ,

the convergenee being uniform on every compact subset of $\tilde{B}(r)$ .
Conversely if we have a sequence $\{\beta_{m}(z);meZ_{+}\}$ Of homogeneous poly-

nomials $f_{n}(z)$ of degree $m$ and if we have the condition (3.30), then the
$\gamma ight$ hand side of (3.31) converges uniformly on every compact subset
of $\tilde{B}(r)$ and is holomorphic there.

PROOF. The function $feP(\tilde{B}(r))$ can be expanded into the Taylor
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series in a neighborhood of $0$ . Therefore $f_{l*}$ is a honogeneous poly
nomial of degree $m$ for $m\geq 0$ . Other statements results from the ir
tegral formula (3.10) of $f_{n}(z)$ and Corollary to Proposition 1.1. q.e. $d$

THEOREM 3.2. Let $f(z)eP(\tilde{B}(r))$ . Define $\beta_{r}$. and $\tilde{S}_{n.l}\langle f;z$) as $i^{4}$

Lemmas 3.3 and 3.4. Let us denote $S_{m,k}(z)=\tilde{S}_{n,k}(\beta;z)$ . (i) We have

(3.32) $S_{n*,k}(z)=0$ for $k>m$

and
(3.33) $\lim_{n+k}\sup_{\rightarrow\infty}[r^{n}||S_{l}k(\omega)||_{L^{2}(s\cdot)}-\iota]^{1/\{f\hslash+k)}\leq 1$ .

(ii) Let us denote

$\Lambda_{+}=\{(m, k)\in\Lambda;h\leq m\}$ .
Then we have

(3.34) $f(z)=\sum_{(m.k)\in\Lambda+}(v^{\prime}\overline{z^{2}})^{n-k}\tilde{S}.,*(f;z)$

for $z\in\tilde{B}(r)$ , the convergence being uniform on every compact set $0$

$\tilde{B}(r)$ .
Conversely, if we are given a sequence of spherical harmonic func

tions $\{S,,.,k(\omega);(m, k)\in A\}$ satisfying (3.32) and (3.33), then the right $han|$

side of (3.34) converges to a holomorphic function $f(z)$ uniformly $0^{\prime}$,
every compact set of $\tilde{B}(r)$ and we have

$\tilde{S}.,k(z)=\tilde{S}_{*,k}(f:z)$ for $(m, k)\in A$ .
$PR\infty F$ . (3.32) results from the orthogonality of spherical harmonics

By Lemma 3.5, for every $\epsilon>0$ , there exists a constant $C.\geq 0$ such that
$||f_{m}(\omega)||_{L(s)}\infty-1\leq C_{\epsilon}r^{-n}(1+\epsilon)^{r}$ .

Therefore, by (3.11), we have

$|S_{n,k}(\omega)|\leq N(n, k)C_{\epsilon}r^{-m}(1+\epsilon)^{n}$ .
By Lemma 1.4 and (1.21), we get

$\lim_{n+}\sup_{k\rightarrow\infty}[r||S..b(\omega)||_{L(S)}\epsilon\cdot-1]^{1\prime(\sim+k)}\leq 1+e$ .
$\epsilon>0$ being arbitrary, we get (3.34).

Now suppose we have (3.32) and (3.33). Then, by Lemma 1.4, $w|$

can conclude from (3.33) that, for any $\epsilon>0$ , there exists a constan
$C_{*}\geq 0$ such that
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$r^{m}||S_{m,k}(\omega\oint||_{L^{\infty}(g\cdot-1})\leq C_{\epsilon}(1+\epsilon)^{n+k}$

If we have $m\geq k$ , we have, by Corollary to Proposition 1.1,

$(\sqrt{z^{2}})^{m-k}S_{fn,k}(z)$

$\leq L(z)^{m-k}L(z)^{k}C_{d}(1+\epsilon)^{m+k}r^{-m}$

$\leq L(z)^{m}C_{\epsilon}(1+\epsilon)^{2n*}r^{-m}$

Therefore, the right hand side of (3.34) converges uniformly on the set
$\{z\in C^{n};L(z)\leq r(1+2\epsilon)^{-2}\}$ .

If $S_{m,k}(\omega)=S_{m_{1}k}(f;\omega)$ for a function $f\in P(\tilde{B}(r))$ , we have, by Theorem
3.1, the identity (3.34).

Conversely, if we are given a sequenee $\{S_{\iota n,1}\}$ 8atisfying (3.32) and
(3.33), we ean define by the right hand side of (3.34) a function $\beta\in$

$P(\tilde{B}(r))$ . It i8 clear that we have $S_{m,k}(f;z)=\tilde{S}_{n,\dot{k}}(x)$ , beeause (3.34) eon-
verges uniformly on the set $r_{1}\Sigma^{n}$ for every $r_{1},0<\eta_{1}<r$ . q.e.d.

Let us denote by $e_{\Delta}(B(r))$ the space of holomorphic functions $f$ on
$\tilde{B}(r)$ which satisfy the differential equation:

(3.35) $(\frac{\partial^{2}}{\partial z_{1}^{2}}+\frac{\partial^{2}}{\partial z_{2}^{2}}+\cdots+\frac{\partial^{2}}{\partial z^{2}})f(z)=0$ .
$P_{\Delta}(\tilde{B}(r))$ is a closed subspace of $a(\tilde{B}(\gamma))$ .

THEOREM 3.3. Let $\beta(z)ee_{\Delta}(\tilde{B}(r))$ and define $f_{m}$ and $S_{m,k}(f;z)$ as in
Lemmas 3.3 and 3.4.

(i) $f_{2\hslash}$ is a homogeneous harmonic polynomial of degree $m$ for
$m\geq 0$ and $f_{m}=0$ for $m<0$ .

(ii) $S_{m,k}(\beta;z)=\beta_{m}(z)$ for $k=m$ and $S_{m,k}(f;z)=0$ for $k\neq m$ .
(iii) $f(z)=\sum_{m=0}^{\infty}S_{m,m}(f;z)$ for $z\in B(r)$ ,

the convergence being uniform on every compact subset of $\tilde{B}(r)$ .
This theorem is due to Siciak [9]. See also Theorem 5.2, (i) in

M. Morimoto [7].

\S 4. Spaces of functionals on $\Sigma$“.

Let us denote by $\mathcal{D}(\Sigma^{n})$ the space of distributions on the Lie
sphere $\Sigma$ , i.e., $\mathcal{D}(\Sigma)$ is the dual space of $C^{\infty}(\Sigma^{n})$ . $\mathscr{G}(\Sigma$“ $)$ denotes the
space of hyperfunctions on $\Sigma^{n}$ , i.e., $\mathscr{G}(\Sigma^{n}j$ is the dual space of $\mathscr{A}(\Sigma^{n_{I}})$ .
The dual spaces of $\ovalbox{\tt\small REJECT}(\tilde{V})$ and $\ovalbox{\tt\small REJECT}(\tilde{V}(A, B;R))$ will be denoted by $p’(\tilde{V})$

and $g^{\prime}(\tilde{V}(A, B;R))re$spectively.
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LEMMA 4.1. We have the following inclusions:
(4.1) $P’(\tilde{V})=d(\tilde{V}(A, B;R))=\mathscr{G}(\Sigma^{*})=\mathcal{D}(\Sigma^{\prime})=L^{2}(\Sigma)$ ,

where $A>1,$ $B>1$ and $R>1$ .
PROOF. Because of Lemma 3.2, we have only to take the dual

sequence of the sequence (3.1). q.e.d.
Recall $(, )_{Z}$ is the bilinear form defined by (2.2). For $\beta,$ $g\in L^{2}(\Sigma)$ ,

we have

(4.2) $(f(e^{i\theta}\omega), g(e^{\theta}\omega))_{\Sigma}n$

$=\sum_{(n,k)e\Lambda}(S_{n,k}(f;\omega), S_{-*,k}(g;\omega))_{s},.-1$

where $(, )_{S},-1$ is the bilinear form defined by the formula (1.25).
Suppose $ T\in \mathcal{D}^{\prime}(\Sigma$“ $)$ (resp. $Te\mathscr{G}$( $\Sigma$“)). We will write by $(T, f)$ the

value of the functional $T$ at a testing function $\beta\in C^{\infty}(\Sigma)$ (resp. $\beta\in$

$\ovalbox{\tt\small REJECT}(\Sigma$
“

$)$). By Theorem 2.2 (resp. Theorem 2.3), we have

(4.3) $(T, \beta)=(T,\sum_{(n.k)eA}e^{:n\theta}S_{n,k}(\beta;\omega))$

$=\sum_{(n,k)eA}(T, e^{in\theta}S_{n,k}(f;\omega))$ .
By (2.7), we have

(4.4) $e^{i*\theta}S_{n,k}(f;\omega)=N(n, k)(\beta(e^{\varphi}\tau), e^{in(\theta-\varphi)}P_{k}(n;\langle\omega, \tau\rangle))_{Z}$ .
Let us define the $(-m, k)$-component of the functional $T$ by the follow-
ing formula:

(4.5) $S_{-n,k}(T;\tau)=N(n, k)(T(\theta, \omega),$ $e^{i*\theta}P_{k}(n;\langle\omega, \tau\rangle))$ .
Then we have, by Theorem 2.1,

$(T, e^{n\theta}S_{\sim.k}(f;\omega))$

$=(\beta(e^{\varphi}\tau), e^{-in\varphi}S_{-\sim.k}(T;\tau))_{\Sigma}$.
$=(\sum_{(m^{\prime}.k)et}e^{in^{\prime}\varphi}S_{n^{\prime}.k^{\prime}}(f;\tau), e^{-i}f*\varphi S_{-m,k}(T, \tau))_{\wedge},*$

$=(S_{n,k}(f;\tau), S_{-n,k}(T;\tau))_{S^{n-1}}$ .
Therefore we have proved the formula:
(4.6) $(T, f)=\sum_{(n,k)e\Lambda}(S_{-r.k}(T;\omega), S_{n,k}(f;\omega))_{S}-1$ .

THEOREM 4.1. If $Te\mathcal{D}$ $(\Sigma$
“

$)$ , then the $(m, k)$-component of $T$,
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$S_{m,k}(T;\omega)$ belongs to $c\mathscr{G}^{k}(S^{\iota-1})$ and the sequence $\{||S_{m,k}(T;\omega)||_{t^{2}(s^{n-1})}\}$ is
slowly increasing on the set $\Lambda$ , i.e., there exist $p\in Z_{+}$ and $C\geq 0$ such
that

(4.7) $||S_{-m,k}(T;\omega)||_{L^{2}(s^{n-1})}\leq C(|m|+k)^{p}$

for every $(m, k)\in\Lambda$ .
Conversely if we have a sequence $\{S_{-m,k}(\omega);(m, k)\in\Lambda\}$ with $S_{-m,k}(\omega)e$

$\mathscr{F}\mathscr{F}^{k}(S^{n-1})$ and the sequence $\{||S_{-m,k}(\omega)||_{L^{2}(S^{n-1})}\}$ is slowly increasing on the
set $\Lambda$ , then the formula
(4.8)

$(T, \beta)=\sum_{(m,k)e\Lambda}(e^{-in\theta}S_{-n,k}(\omega), f(e^{i\theta}\omega))_{\Sigma^{n}}$

$=\sum_{(m,k)e\Lambda}(S_{-m,k}(\omega), S_{m,k}(f;\omega))_{S^{n-1}}$

defines a distribution $T\in \mathcal{D}^{\prime}(\Sigma^{n})$ and we have $S_{-m.k}(T;\omega)=S_{-m,k}(\omega)$ for
every $(m, k)\in\Lambda$ .

PROOF. The theorem is dual to Theorem 2.2 and the proof is similar
to that of Theorem 3.1 in M. Sorimoto [7]. q.e. $d$ .

THEOREM 4.2. If $ T\in \mathscr{G}(\Sigma$“ $)$ , then $S_{-m,k}(T;\omega)$ belongs to $\ovalbox{\tt\small REJECT}^{k}(S^{n-1})$ .
If we put $S_{-m,k}(\omega)=S_{-m,k}(T;\omega)$ , we have the following estimate:

(4.9) $\lim_{|m|+}\sup_{k\rightarrow\infty}[||S_{-m,k}(\omega)||_{L^{2}(s^{n-1})}]^{1/(|m|+k)}\leq 1$ .
Gonversely, if we have a sequence $\{S_{-m,k}(\omega);(m, k)e\Lambda\}$ with $ S_{-m.k}(\omega)\in$

$\mathscr{F}\nearrow^{k}(S^{n-1})$ satisfying (4.9), then the formula (4.8) defines a hyperfunc-
tion $\tau\in \mathscr{G}(\Sigma$“ $)$ and we have $S_{-m.k}(T;\omega)=S_{-fn,k}(\omega)$ for every $(m, k)\in\Lambda$ .

REMARK. The theorem is dual to Theorem 2.3 and the proof is
similar to that of Theorem 1.8 in Hashizume-Minemura-Okamoto [3]. We
will give a new proof in the following section (Corollary 2 (ii) to
Theorem 5.1).

\S 5. Spaces of analytic functionals.

Suppose $T$ is an analytic functional belonging to $P(\tilde{V}(A, B;R))$ and
$\beta(z)$ is a holomorphic function on $\tilde{V}(A, B;R)$ . Then, by Theorem 3.1,
$\beta(z)$ can be expanded as

(5.1) $f(z)=\sum_{(m,k)\in\Lambda}(\sqrt{z^{2}})^{m-k}S_{m,k}(f;z)$ ,

where the convergence is uniform on every compact set of $\tilde{V}(A, B;R)$ .
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Therefore by the continuity of $T$, we have

(5.2) $(T, f)=\sum_{(n,k)e\Lambda}(T_{z}, (\sqrt{z^{2}})^{*-k}\tilde{S}_{n,k}(\beta;z))$ .
As we have, by (3.11) and (2.10),

(5.3) $\tilde{S}_{n,k}(f;z)$

$=(\sqrt{z^{2}})^{k}\frac{N(n,k)}{\pi\Omega_{l}}\zeta_{0}^{l}J_{S^{-1}}.f(e^{i\theta}\tau)e^{-n\theta}PAn;\langle z/ z, \tau\rangle)d\theta d\Omega_{*}(\tau)$ ,

we get

(5.4) $(T, f)=\sum_{(’ n,k)eA}(e^{-in\theta}S_{-m,k}(T;\tau), f(e^{t\theta}\tau))_{\Sigma}$

$=\sum_{(m,k)e\Lambda}(S_{-m,k}(T;\tau), S_{n\cdot,f}(f;\tau))_{S^{n-1}}$ ,

where we put

(5.5) $S_{-n.k}(T;\tau)=N(n, k)(T_{*}, \langle\sqrt{z^{2}})^{*}P_{k}(n;\langle z/\sqrt{z^{2}}, \tau\rangle))$ ,

which we call the $(-m, k)$-component of $T$.
THEOREM 5.1. For an analytic functional $TeP^{\prime}(\tilde{V}(A, B;R))$ , the

$(-m, k)$-component $S_{-m,k}(T;\omega)$ is a spherical harmonic function of de-
gree $k$ and we have

(5.6)
$\lim_{n}\sup_{\geq 0}[A^{-,n}R^{-k}||S_{-m,k}(\omega)||_{L^{2-1}}(s)]^{1/(m+k)}<1n+k\rightarrow\infty$

and $\cdot$

(5.7)
$\lim_{\varpi}\sup_{<0}[B^{-|m|}R^{-k}||S_{-m,k}(\omega)||_{L^{2-1}}(s)]^{1/(|n|+k)}<1|n|+kr$

where we put $S_{-n.k}(\omega)=S_{-n.k}(T;\omega)$ .
Conversely, if a sequence $\{S_{-m,k}(\omega);(m, k)e\Lambda\}$ of spherical karmonics

$S_{-,n,k}$ of degree $k$ satisfies the conditions (5.6) and (5.7), we can define
an analytic functional $TeP^{\prime}(\tilde{V}(A, B;R))$ by the formula
(5.8) $(T, \beta)=\sum_{/(n.k)e1}(S_{-n,k}(\omega), S_{n\prime,k}(f;\omega))_{S}-1$

for $f\in P(\tilde{V}(A, B;R))$ . The $(-m, k)$-components of the funetional $T$

coincide with the given spherical harmonics $S_{-m,k}$ .
PROOF. By the $\infty ninuity$ of the analytic functional $T$, there exist

$A_{1},$ $B_{1}$ and $R_{1}$ with $0<A_{1}<A,$ $0<B_{1}<B,$ $1\leq A_{1}B_{1}$ and $1<R_{1}<R$, and a
constant $C\geq 0$ such that
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(5.9) $|(T, f)|\leq C\sup\{|f(z)|;ze\tilde{V}[A_{1}, B_{ri}R_{I}]\}$ .
As $(\sqrt{z^{2}})^{k}P_{k}(n;\langle z/\sqrt{z^{2}}, \tau\rangle)$ is a harmonic homogeneous polynomial of
degree $k$ , we have, by Corollaries to Proposition 1. $l$ ,

$|\sqrt{z^{2}}|^{k}|P_{k}(n;\langle z/\sqrt{z^{2}}, \tau\rangle)|\leq L(z)^{k}\sup\{|P_{k}(n;\langle\omega, \tau\rangle)|;\omega eS^{n-1}\}=L(z)^{k}$

Therefore we have

$\sup\{|\sqrt{z^{2}}|^{m}|P_{k}(n;\langle z/\sqrt{z^{2}}, \tau\rangle)|;ze\tilde{V}[A_{1}, B_{1};R_{1}]\}$

$=\sup\{|\sqrt{z^{2}}|^{m-k}|\sqrt{z^{2}}|^{k}|P_{k}(n;\langle z/\sqrt{z^{2}}, \tau\rangle)|;zeV[A_{1}, B_{1};R_{1}]\}$

$\leq 8up\{|\sqrt{z^{2}}|^{m-k}L(z)^{k};ze\tilde{V}[A_{1}, B_{1};R_{1}]\}$

$\leq\sup\{|\sqrt{z^{2}}|^{n}R_{1}^{k};B_{\overline{\iota}^{t}}\leq|z^{2}|\leq A_{1}^{2}\}$

$=\left\{\begin{array}{ll}A_{1}^{m}R_{1}^{k} & for m\geq 0\\B_{1}^{|m|}R_{\iota}^{k} & for m<0.\end{array}\right.$

We get, by (5.5) and (5.9),

$|S_{-m,k}(T;\tau)|\leq CN(n, k)A_{1}^{m}R_{1}^{k}$ for $m\geq 0$

and
$|S_{-m,k}(T;\tau)|\leq CN(n, k)B_{1}|m|R_{1}^{k}$ for $m<0$ ,

from which result (5.6) and (5.7) thanks to Lemma 1.4.
Conversely, suppose we have a sequence $\{S_{-m,k}(\omega)\}$ . Denote by $\mu_{0}$

the maximum of the left hand sides of (5.6) and ($ 5.7\rangle$ . We have $\mu_{0}<1$

by the assumption. For every $\mu$ with $\mu_{0}<\mu<1$ , there exists a constant
$C_{\ell\ell}\geq 0$ such that

$||S_{-m,k}(\omega)||_{L^{2}ts^{n-1})}\leq C_{\mu}\mu^{m+k}A^{m}R^{k}$ for $m\geq 0$

and
$|\}S_{-m,k}(\omega)|\}_{L^{2}(s^{n-1})}\leq C_{\mu}\mu^{|n|+k}B^{|m|}R^{k}$ for $m<0$ .

Suppose a holomorphic function $f\in d(\tilde{V}(A, BiR))$ is given. For
every $A_{1},$ $B_{1}$ and $R_{1}$ with $0<A_{1}<A,$ $0<B_{1}<B,$ $1<A_{1}B_{1}$ and $1<R_{1}<R$ , we
have, by Lemma 1.4, (3.24) and (3.24’),

$||S_{m,k}(f;\omega)||_{L^{2}(s^{n-1})}\leq||S_{n,k}(\beta;\omega)||_{L^{\infty}ts^{n-1})}$

$\leq N(n, k)R_{1}^{-k}A_{1}^{-m}C’(R_{1})\sup\{|f(z)|;ze\tilde{K}\}$

for $m\geq 0$ and
$||S_{\alpha.k}(f;\omega)||_{L(s\}}n-1\leq||S_{n,k}(f;\omega)||_{L^{\infty}(gn-1})$

$\leq N(n, k)R_{1}^{-k}B_{1}^{-|n\downarrow}G^{\prime}(R_{1})\sup\{|\beta(z)|;z\in\tilde{K}\}$
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for $m<0$ , where we recall $C^{\prime}(R_{1})=(1-R_{1}^{-1})^{-1}C(R_{1})$ is a constant and $\tilde{K}$ is
a compact set of $\tilde{V}(A, B;R)$ . Now we have

(5.10) $|(S_{-n.k}(\omega), S_{n,k}(f;\omega))_{S}-1|\leq||S_{-n.k}(\omega)||_{L(s)}2-1||S_{n.k}(f;\omega)||_{L^{2}(s^{n-1})}$

$\leq C_{\mu}\mu^{m+k}A^{n}R^{k}N(n, k)R_{1}^{-k}A_{1}^{-n}C’(R_{1})\sup\{|\beta(z)|;z\in\tilde{K}\}$

for $m\geq 0$ and

(5.11) $|(S_{-m,k}(\omega), S_{n.k}(f;\omega))_{S^{n-1}}|$

$\leq C_{\mu}\mu^{|n|+k}B^{|m|}R^{k}N(n, k)R_{1}^{-k}B_{1}^{-|m|}C^{\prime}(R_{1})\sup\{|\beta(z)|;ze\tilde{K}\}$

for $m<0$ . If we fix $A_{1},$ $B_{1}$ and $R_{1}$ for which $\mu A<A_{1}<A,$ $\mu B<B_{1}<B$,
$A_{1}B_{1}\geq 1$ and $\max\{1, \mu R\}<R_{1}<R$ , then by (5.10) and (5.11) and thanks
to (1.21), we can find a constant $C\geq 0$ such that

$\sum_{(m,k)e4}|(S_{-m,k}(\omega), S_{m,k}(f;\omega))_{S^{-1}}.|\leq C$ $sup\{|\beta(z)|;ze\tilde{K}\}$ ,

which means that we can define an analytic functional $\tau\in df(\tilde{V}(A, B;R))$

by (5.8). It is clear by the orthogonality of spherical harmonics, that
the $(-m, k)$-components of the functional $T$ defined above coincide with
the given $S_{-m.k}$ . q.e.d.

COROLLARY 1. Suppose $A,$ $B>0$ satisfy $AB\geq 1$ and $R\geq 1$ . Then an
analytic functional $T$ belongs to $p’(\tilde{V}[A, B;R])$ if and only if
(5.12)

$\lim_{fh\geq}\sup_{0^{\infty}}[A^{-m}R^{-k}||S_{-m,k}(T;\omega)||_{L^{2-1}}(s)]^{1/(m+k)}\leq 1m+k\rightarrow$

and

(5.13)
$\lim_{n<0}\sup_{\rightarrow|n|+k\infty}[B^{-|n|}R^{-k}||S_{-n\cdot,k}(T;\omega)||_{L^{2}(S^{\prime-1})}]^{1/(|m|+k)}\leq 1$ .

The following special cases are worth while to mention.

COROLLARY 2. (i) $T$ belongs to 4“’(V), if and only if
(5.14)

$\lim_{|n|+k}\sup_{\rightarrow\infty}[||S_{-m.k}(T;\omega)||_{L^{2}(s^{n-1})}]^{1\prime(|m|+k)}<\infty$ .

(ii) $T$ belongs to $\mathscr{G}(\Sigma$“ $)$ , if and only if
(5.15)

$\lim_{|n|+k}\sup_{\rightarrow\infty}[||S_{-m,k}(T;\omega)||_{L^{2-1}}(s)]^{1/(|n|+k)}\leq 1$ .
Now suppose a holomorphic function $\beta(z)$ is given on the Lie ball

$\tilde{B}$. Then, by Theorem 3.2, $\beta(z)$ can be expanded as follows:



ANALYTIC FUNCTIONALS 31

(5.16) $f(z)=\sum_{(’ n,k)e\Lambda+}(\sqrt{z^{2}})^{m-k}\tilde{S}_{m,k}(\beta;z)$

for $zeB$, the convergence being uniform on every compact set of $\tilde{B}$.
Thanks to (3.33) with $r=1$ , we can define, by Corollary to Theorem 5.1,
a hyperfunction $T(e^{i\theta}\omega)$ on the Lie sphere $\Sigma$“ as follows:

(5.17) $T(e^{i\theta}\omega)=\sum_{\langle m,k)e\Lambda+}e^{im\theta}S_{m,k}(f;\omega)$ .

This hyperfunction will be called the trace of the holomorphic function
$f\in p(B)$ on the Lie sphere $\Sigma$“.

Suppose $ g\in\ovalbox{\tt\small REJECT}(\Sigma$
“

$)$ . Then $g$ is a holomorphic function in a complex
neighborhood $\tilde{V}(A, B;R)$ of $\Sigma^{n}$ . Consider the integral

(5.18) $B,(f;g)=\frac{1}{2\pi i}\oint_{|\alpha|=r}\int_{S^{-1}}f(\alpha\omega)g(\alpha\omega)\frac{d\alpha}{\alpha}d\Omega,.(\omega)$ .

$B,(f, g)$ is defined for $r$ with $B^{-1}<r<1$ and is independent of such $r$ .
We will write $B(f, g)=B_{r}(f, g)$ . Then it is clear that $g\mapsto B(f, g)$ is a
continuous linear functional on $t9Y(\Sigma)$ and this functional is, by the de-
finition, the trace $T$ of $\beta\in p(B)$ :

$T:g\mapsto B(f, g)$ .
THEOREM 5.2. For every holomorphic function $fep(B)$ , we can

define the trace $ T(e^{i\theta}\omega)\in \mathscr{B}(\Sigma$“ $)$ . The $(-m, k)$-components $S_{-n\cdot,k}(T;\omega)$

vanish for $-m<k$ .
Conversely if we have a hyperfunction $ T\in\ovalbox{\tt\small REJECT}(\Sigma$

“
$)$ and its $(-m, k)-$

components $S_{-n.k}(T;\omega)$ vanish for $-m<k$ , then there exists a holo-
morphic function $\tilde{f}(z)\in p(B)$ , the trace of which coincides with the
given hyperfunction T. The holomorphic function $\tilde{f}(z)$ is represented
by the Cauchy-Hua formula:
(5.19) $\tilde{\beta}(z)=(T(e^{i\theta}\omega), ((\omega-e^{i\theta}z)^{2})^{-n/2})$

for $ze\tilde{B}$, where $(, )$ is the canonical bilinear form on $\mathscr{G}(\Sigma^{n})\times\ovalbox{\tt\small REJECT}(\Sigma$
“

$)$ .

PROOF. We prove the second part of the theorem. Expand the hy-
perfunction $T(e^{i\varphi}\tau)$ :

(5.20) $T(e^{i\varphi}\tau)=(-m,k)eA+\sum e^{-in\varphi}S_{-m,k}(T;\tau)$ ,

where the $(-m, k)$-component $S_{-m,k}(T;\tau)$ is defined as follow $(c.f.(4.5))$ :

(5.21) $S_{-,n.k}(T;\tau)=N(n, k)(T(e^{\theta}\omega), e^{im\theta}P_{k}(n;\langle\tau, \omega\rangle))$ .
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The holomorphic function $\tilde{f}(z)$ is defined as follows:

(5.22) $\tilde{\beta}(z)=(n,k)eA+\sum(\sqrt{z^{2}})^{n-k}\tilde{S}.,k(T;z)$ ,

where $S_{m,k}(T;z)$ is the harmonic homogeneous polynomial of degree $l$

such that $\tilde{S}_{n,k}(T;\tau)=S_{m,k}(T;\tau)$ for $\tau\in S^{-1}$ . By Theorem 3.2 and Theorerc
4.2, (5.22) converges uniformly on every compact set of $B$ and define $\epsilon$

holomorphic function $\tilde{f}$ there. It is known that the polynomial $S_{n,k}(f;Z^{\backslash }$,
is given by the following formula:

(5.23) $\tilde{S}_{n,b}(T;z)=N(n, k)(\sqrt{z^{2}})^{k}(T(e^{i\theta}\omega), e^{-in\theta}P_{k}(n;\langle z1\sqrt{z^{2}}, \omega\rangle))$ .
Therefore we have

(5.24) $\tilde{f}(z)=\sum_{(m,k)e\Lambda+}N(n, k)(\sqrt{z^{a}})^{n}(T(e^{i\theta}\omega), e^{-in\theta}P_{k}(n;\langle z/\sqrt{z^{2}}, \omega\rangle))$ .

Let us consider the following series

(5.25) $r\sum_{(\cdot*r)eA+}(\sqrt{\overline{z^{2}}})^{m}N(n, k)e^{-n*\theta}P_{k}(n;\langle z/\sqrt{z^{2}}, \omega\rangle)$

$=\sum_{*=0}^{\infty}\sum_{\iota=0}^{[n^{1}2]}(\sqrt{z^{2}})^{*}N(n, m-2l)e^{-im\theta}P_{n-2l}(n;\langle z/\sqrt{z^{2}}, \omega\rangle)$ .

Recall first the following classical formula for the Gegenbauer poly.
nomiaIs: for $\nu>\lambda$ ,

(5.26) $C_{m}^{\nu}(t)=\frac{\Gamma(\lambda)}{\Gamma(\nu)}\sum_{\iota=0}^{[*/2]}c_{l}C_{*-2l}^{\lambda}(t)$ ,

where

(5.27) $c_{\iota}=\frac{(m-2l+\lambda)\Gamma(l+\nu-\lambda)\Gamma(\nu+m-l)}{l!\Gamma(\nu-\lambda)\Gamma(m-l+\lambda+1)}$ .

(See Hua [5], p. 141.) Putting $\nu=n/2,$ $\lambda=(n-2)/2$ , we have the following
formula:

(5.28) $ C_{\sim^{2}}^{8}(t)=\sum_{l=0}^{[n/2]}\frac{(2m-4l+n-2)}{n-2}C_{-d}^{(l-2)\prime 2}(t\rangle$ .

On the other hand, we have, by (1.21) and (1.23),

(5.29) $N(n, k)P_{k}(n;t)=\frac{2k+n-2}{n-2}C_{k}^{(-2)(2}(t)$ .

Therefore we have
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$\sum_{\iota=0}^{[m^{l}2]}N(n, m-2l)P_{m-u}(n;t)=C_{m}^{n\prime 2}(t)$ .

Now by (5.29) and Corollary 2 to Proposition 1.1,

$(\sqrt{z^{2}})^{m}(V\overline{w^{2}})^{*}C_{m}^{|2}(\langle z/\sqrt{z^{2}}, w/\sqrt{w^{2}}\rangle)$

is a polynomial in $z$ and $w$ and we have the following estimate:

$|(\sqrt{z^{2}})^{m}(\sqrt{w^{2}})^{m}C_{n}^{\prime 2}(\langle z/\sqrt{z^{2}}, w/\sqrt{w^{2}}\rangle)|$

$\leq L(z)^{n}L(w)^{n}n(2m+n)^{-1}N(n+2, m)$ .
Therefore the series

$\sum_{m=0}^{\infty}(\sqrt{z^{2}})^{m}(\sqrt{w^{2}})^{-m}C_{rn}^{\prime 2}(\langle z/\sqrt{z^{2}}, w/\sqrt{w^{2}}\rangle)$

is uniformly and absolutely convergent for $L(z)\leq r,$ $|\sqrt{w^{2}}|\geq B^{-1}$ and
$L(w)\leq R|\sqrt{w^{2}}|$ , provided $rBR<1$ .

On the other hand we have the generating formula of the Gegen-
bauer polynomials:

(5.30) $\sum_{m=0}^{\infty}s^{m}C_{m}^{\lambda}(t)=(1-2st+s^{2})^{-\lambda}$

Therefore we have, for $L(z)\leq r,$ $|\sqrt{w^{2}}|\geq B^{-1}$ and $L(w)\leq R|\sqrt{w^{2}}|$ ,

(5.31) $\sum_{n=0}^{\infty}(\sqrt{z^{2}})^{m}(\sqrt{w^{2}})^{-n}C_{m}^{u2}(\langle z/\sqrt{z^{l}}, w/\sqrt{w^{2}}\rangle)$

$=(1-2\sqrt{z^{2}}/\sqrt{w^{2}}\langle z/\sqrt{z^{2}}, w/\sqrt{w^{2}}\rangle+(\sqrt{z^{2}}/\sqrt{w^{2}})^{2})^{-\prime 2}$

$=(\langle w/\sqrt{w^{2}}-z/\sqrt{w^{2}}, w/\sqrt{w^{2}}-z/\sqrt{w^{2}}\rangle)^{-n/2}$ .
We put $w=e^{i\theta}\omega,$ $\theta\in R,$ $\omega eS^{\iota-1}$ and get

(5.32) $\sum_{*=n}^{\infty}\sum_{=n}^{[n/a]}(\sqrt{z^{a}})^{n}N(n, m-2l)e^{-*\theta}P_{n-2l}(n;\langle z\oint\sqrt{z^{2}}, \omega\rangle)$

$=\sum_{m=0}^{\infty}(\sqrt{z^{2}})^{n}e^{-i\cdot\iota 9}C_{n}^{\prime 2}(\langle z[V\overline{z^{2}}, \omega\rangle)$

$=(\langle\omega-e^{-l\theta}z, \omega-e^{-i\theta}z\rangle)^{-/2}$ .
If we fix $r<1$ , then we can find $A>1,$ $B>1$ and $R>1$ such that $rBR<1$ .
$\tilde{V}(A, B;R)$ is a complex neighborhood of the Lie sphere $\Sigma$“. The series
(5.31) is uniformly and absolutely convergent for $z\in\tilde{B}(r)$ and $ w\in$

$\tilde{V}(A, B;R)$ , which implies that, for fixed $z$ with $L(z)<1$ , the series
(5.32) converges in the topology of $\mathscr{A}(\Sigma$

“
$)$ . As $T$ is a continuous linear
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functional on $\mathscr{A}(\Sigma$
“

$)$ , we can conclude from (5.24), (5.25) and (5.32) the
Cauchy-Hua integral formula (5.19). q.e. $d$ .

Recall $B[1]$ is the closed Lie ball:

(5.33) $B[1]=\{z\in C ; L(z)\leq 1\}$ .
The trace operator $\rho:P(B[1])\rightarrow\ovalbox{\tt\small REJECT}(\Sigma$“ $)$ being injective, we can consider
$p(B[1])$ as a subspace of $ X(\Sigma$“ $)$ . By Theorems 2.3 and 3.3, the follow-
ing lemma is clear.

LEMMA 5.1. Suppose $ fe\mathscr{A}(\Sigma$“ $)$ . For $f$ to belong to the subspace
$\rho P(B[1])$ , it is necessary and sufficient that $\beta$ satisfies the following
condition:

(5.34) $S_{n,k}(f;\omega)=0$ for $m<k$ .
Because the Lie sphere $\Sigma$“ is the Silov boundary of $B$ (Proposition

1.1), $\rho P(B[1])$ is a closed subspace of $1JK(\Sigma)$ . With a real analytic
function $f(e^{i\theta}\omega)\in\llcorner f\Psi(\Sigma)$ , we associate the function $\tilde{f}(z)=\gamma(f)(z)$ , which
is defined by the Cauchy-Hua integral formula:

(5.19’) $\tilde{\beta}(z)=\gamma(f)(z)=(f(e^{i\theta}\omega), ((\omega-e^{i\theta}z)^{2})^{-/2})_{\Sigma},$ .
Then the mapping $\gamma$ is the left inverse of the trace operator $\rho$ , i.e.,
$\gamma\circ\rho=id$ :

(5.35) $ p(B[1])_{\frac{=^{\rho}}{\gamma}}\mathscr{A}(\Sigma$
“

$)$ .

Take the dual of (5.35):

$\rho^{*}$

(5.36)
$P^{\prime}(B[1])\overline{=_{\gamma^{*}}}\mathscr{G}(\Sigma)$ .

The dual mapping $\gamma^{*}$ being injective, we can consider, by the mapping
$\gamma^{*}$ , the dual space $p’(B[1])$ of $p(B[1])$ as a subspace of $\mathscr{G}(\Sigma$

“
$)$ .

For an analytic functional $Te\rho’(B[1])$ , we define the $(-m, k)$-com-
ponent $S_{-m,k}(T;\omega)$ by the following formula:

(5.37) $S_{-n\cdot,k}(T;\omega)=N(n, k)(T_{x}, (\sqrt{z^{2}})^{m-k}P_{k}(n;\langle z/\sqrt{z^{2}}, \omega\rangle))$

for $m\geq k$ , i.e., for $(m, k)e\Lambda_{+}$ . We put

$S_{-n,k}(T;\omega)=0$ for $m<k$ .
For $TeP’(B[1])$ and $feP(B[1])$ , we have
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(5.38) $(T, \beta)=\sum_{(m,k)eA+}(S_{-m,k}(T;\omega), S_{m,k}(\beta;\omega))_{s^{n-1}}$ .

By Lemma 5.1 and Theorem 4.2, we can characterize the subspace
$\gamma^{*}\beta^{\prime}(B[1])$ of the space $\mathscr{G}(\Sigma^{n})$ of hyperfunctions on $\Sigma$“ as follows:

THEOREM 5.3. A hyperfunction $T\in \mathscr{G}(\Sigma^{n})$ belongs to the subspace
$\gamma^{*}\mathcal{O}’(B[1])$ if and only if
(5.39) $S_{-m,k}(T;\omega)=0$ for $(m, k)\not\in\Lambda_{+}$ .
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