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§1. Introduction.

In this paper we shall consider properties of ergodic measure preserv-
ing (e.m.p.) transformations 7T defined on an infinite (o-finite) Lebesgue
measure space (X, <Z m). It is well known that, in general, properties
of such transformations are quite different from those of e.m.p. trans-
formations defined on a finite measure space. For example, if m(X)<oo
then it is easy to show that any non-singular measurable transformation
S defined on (X, <Z m) satisfying ST= TS must preserve the same measure
m; this need not be the case if m(X)=co, see [8]. Furthermore, if
m(X)=oo, then the L -point spectrum A(T) can be uncountable; [1], 9],
[12]. :
A distinguishing feature of e.m.p. transformations 7T defined on a
o-finite measure space is the fact that if m(X)=c then T always
admits weakly wandering (w.w.) sets of positive measure, and hence
w.w. sequences; this is never the case if m(X)<oo.

In [7], an example of an e.m.p. transformation 7' was constructed
which possessed an exhaustive (exh.) w.w. sequence. Namely, an infinite
sequence {n,} of integers for which there exists a measurable set W such
that T“WN T W= for i=j, and U, T*"W=X. It was shown later in
[10] that every e.m.p. transformation 7 defined on an infinite measure
space admits an exh. w.w. sequence {n,}. However, sets which are exh.
and w.w. under such sequences may or may not be of finite measure.
In [4] and [5] a class of e.m.p. transformations is constructed which admit
exh. w.w. sequences {n,} for which the corresponding w.w. sets W must
have finite measure; we designate these as transformations of finite type.
We will show in Theorem 1 below that for any e.m.p. transformation T
defined on an infinite measure space (X, <& m) sets which are exh. and
w.w. for T under the same sequence {n;} must have the same measure,
finite or infinite. Hence for a given e.m.p. transformation 7 defined on
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an infinite measure space it makes sense to talk about exh. w.w. sequences
of finite type or of infinite type. We shall see later that there are e.m.p.
transformations which admit exh. w.w. sequences only of infinite type;
we designate these as transformations of infinite type. In this article
we shall study some properties of e.m.p. transformations of finite type;
in particular, we shall show that those transformations of finite type
belonging to the special class constructed in [4] behave in many respects
like e.m.p. transformations defined on a finite measure space.

§2. Definitions and basic properties.

Let T be an e.m.p. transformation defined on an infinite Lebesgue
measure space (X, <&, m). All sets considered will be measurable, and
sets of measure zero will be ignored in expressing relations among sets.
An infinite sequence of integers {n,} is called an exhausting (exh.) sequence
for T if there exists a set W of positive measure such that U, T W=X;
and {n,} is called a weakly wandering (w.w.) sequence for T if T=Wn
TiW=@ for t#j. The corresponding set W in each case will be called
an erhausting (exh.) or weakly wandering (w.w.) set for T under {n]},
respectively.

DEFINITION. Let T be an e.m.p. transformation defined on an infinite
measure space. If there exists a set W of finite measure which is exh.
w.w. for T under a sequence of integers {n,} then we say that the
transformation T is of finite type; otherwise, T is of infinite type.

The following theorem establishes some characteristic properties of
e.m.p. transformations of finite type.

THEOREM 1. Let T be an e.m.p. transformation defined on an infinite
measure space (X, <&, m). Suppose We &, with m(W)<c, 18 an exh.
w.w. set for T under a sequence {n}, and let Ve <& We consider the
Jollowing statements:

a) V is exh. under {m}.

b) V is w.w. under {n}.

c) m(V)=m(W).

Then any two of the above statements together imply the third. For the
implication a) and b) together implying c) the condition that m(W)<
18 mot mecessary.

Before proving Theorem 1 we state and prove the following lemma
where we gather some properties of sets that are exh. or w.w.
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LEMMA 1. For an e.m.p. transformation T defined on an infinite
measure space (X, <& m) the following statements hold:
(i) W w.w. under {n} implies W w.w. under {—n}.
(ii) W w.w. under {n)} implies T*W w.w. under {n.} for every keZ
(ii) W exh. under {n,) implies T*W exh. under {n;} for every ke Z.
(iv) W w.w. under {n;} and V exh. under {n} imply m(W)=m(V).
(v) W exh.w.w. under {n)} and m(W)<e imply W exh.w.w. under
{—ni}'

ProoF. (i), (ii), and (iii) follow from the definitions. Next we prove
(iv). Since V is exh. under {n)}, T is m.p., and W is w.w. under {—n,}
we have '

m(W)=m(Wn LiJT"i V)gzt‘, m(WnN T"iV)=§; m(T-“WnV)
=m(LiJT““iWﬂ Vsm(V).
To prove (v) it is enough to show that W is exh. for T under {—n,}. For

each ke Z we let W,=T*W. Then, since W, is exh.w.w. under {n;}, T
is m.p., and W is w.w. under {—=,}, we have

m(W)=m(WnN LiJT"i W)= m(WN T W)=3 m(T™Wn W)
=m(UT ™ WN W)=m(W)=m(W)<oce.
We conclude that W,=T*Wc U, T =W for each k€ Z, and since U, T*W=
X by the ergodicity of T, it follows that U, T ™W=X. O

REMARK 1. In order to emphasize the significance of (v) in Lemma
1 we note that, in general, if W is an exh. set for a transformation T
under a sequence {n,} then it does not follow that W is exh. for T under
{—mn,}. To show this in a simple case for a finite sequence, we let T be
an e.m.p. transformation defined on a measure space (X, <&, m) for which
there exists a decomposition

X =;_J0Xi (disj) , with T(X;)=X,,, (mod6), 0=j=<5.

We let
W=X,UX,UX;, n,= O n,=1, n,=4.

Then it is easy to see that

}2) TnW=X while U T "W=X—X,#X.
=0 =0
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PROOF OF THEOREM 1. We suppose a) holds together with b) and do
not assume that m(W)<c. From (iv) in Lemma 1 follows that m(W)=<
m(V); we obtain the reverse inequality by interchanging the roles of V
and W, and conclude c¢).

For the remainder of the proof we assume that m(W)< . For each
keZ welet W,=T*W. Then using Lemma 1, since W, is exh. w.w. under
{—n,;} and T is m.p. we have

2.1) m(V)=m( 9 T™W.n V)=§;, m(T™W,N V)=‘Z m(W,NT“V).

Now we suppose b) holds together with ¢). Then since V is w.w. under
{n,} and T is m.p., using (2.1) we get

’m(V)=§ m(W,NT*V)=m(W,N L‘J V) =m(W)=m(W) .

This says that T*Wc U, TV for each k€ Z. From the ergodicity of T
we conclude that V is exh. under {n,}, and therefore a) holds.

Next, instead of b) we suppose a) holds together with ¢). Then
since V is exh. under {n;} and T is m.p., using (1.1) we get

m(V)=Zi, m(W,NT"V)=m(W,.N k{ TwV)=m(W,)=m(W) .

This says that for each k€ Z and for i%j the sets 7%V and T*V do
not intersect on the set W,. From the ergodicity of 7" we conclude that
V is w.w. under {n,}, and therefore b) holds. |

We note that for an e.m.p. transformation 7 defined on an infinite
measure space, in view of Theorem 1, it makes sense to talk of an exh.
w.w. sequence {n,} of finite or infinite type depending on whether it ac-
cepts an exh. w.w. set of finite measure or not, respectively.

COROLLARY. Let T be an e.m.p. transformation of finite type on an
infinite measure space (X, <&, m), then T admits only m.p. commutators.
In other words, if S is a non-singular transformation such that ST=TS,
then S preserves the same measure m.

PROOF. For a set Ve <z we let m'(V)=m(SV). Then m'(TV)=
m(STV)=m(TSV)=m'/(V) shows that m' is an invariant measure for 7,
and the non-singularity of S says that m’'~m. Since T is ergodic it
follows that there exists a constant ¢>0 such that m(SV)=cm(V) for
all Ve If Wis a set of finite measure which is exh. w.w. for T under
a sequence {n; then so is the set SW under the same sequence {n].
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Hence by Theorem 1, m(SW)=m(W), which implies ¢=1, and therefore,
S preserves m. O

REMARK 2. In [8], examples of e.m.p. transformations T were con-
structed which commuted with transformations S satisfying m(SV)=
em(V) for all Ve &# and for some c#1. Theorem 1 above shows that
these transformations are necessarily of infinite type.

REMARK 3. In [2], J. Aaronson introduced for e.m.p. tansformations
T, a set 4(T) of “normalizing constants”. Namely, 4(T) is the set of all
positive numbers ¢ for which there exist an e.m.p. transformation U on
some o-finite measure space (Y, &, ¢) and two measurable maps 6, and
0, of Y onto X such that

0,U=T6, for i=1,2, and pO'=m, p6;'=cm.

It turns out that 4(7) is a multiplicative subgroup of R*, the non-
negative reals, and is an invariant for “gimilarity”’ of transformations;
for details we refer the reader to [2]. The argument used in the proof
of the corollary above shows that 4(T)={1} for any e.m.p. transformation
T of finite type, and hence among other things, the so called Strong
Law of Large Numbers is valid for transformations of finite type.

§3. Further properties of transformations of finite type.

In this section, we discuss additional properties of e.m.p. transfor-
mations of finite type that belong to a special class of transformations
constructed in [4]. These transformations have a close connection to the
direct sum decomposition of the integers. Below we describe these
transformations and discuss some of their properties. Now we give a
brief explanation of direct sum decompositions.

DIRECT SUM DECOMPOSITIONS. We denote by N={0, 1, 2, - - -} the set
of all non-negative integers. By a direct sum decomposition of N we mean
two infinite subsets 4 and B of N whose direct sum is N, A@B=N;
this means that every integer n € N can be written uniquely as n=a-+b
with ac A and be B. In this case we say that B is a complement of A
in N. It is possible to characterize the sets A and B of such a decom-
position of N as IP sets associated with a sequence of positive integers
{m,|i=1} where m,=2 for all ¢; see [31, [4], [11]. Namely, we let M,=1,
and M,=1I*.,m, for k=1,2, ---. Then A is the IP set generated by
the sequence
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{O’ Ml’ Ml; * Yy Mu 1‘{39 Ms; ) MS, * Mzn-—n Mzn—ly °° %y Mﬁn—lr "'} ’

v ¥ R
mo—1 times my—1 times mo,—1 times

and B is the IP set generated_ by the sequence
{0; MOy Mo; ° 'Mm M2, sz Ty Mz, ° %y Mzm MZm R Mzn; °* °} .

Rl Y
m;—1 times mz—1 times Moy 41—1 times

Here by an IP set generated by a sequence {P, P,, ---, P,, ---} we mean
the set of all finite sums {P, + P, +--- +P,; 1=1,<%,<--- <45 =1, 2, ---},
see [6]. Moreover, it is possible to discuss direct sum decompositions of
Z, the set of all integers. However, the situation is quite a bit more
complicated and we leave the discussion to a subsequent paper.

In [4], for each direct sum decomposition of N, A@B=N, an infinite
measure space (X, <& m), an e.m.p. transformation 7, and a set Wc X
are constructed such that the set W is exh. and w.w. for T under the
sequence 4, with m(W)=1. In the following example we give a slightly
different description of these transformations from that given in [4].

ExAMPLE. Let A@B=N be a direct sum decomposition of the non-
negative integers N, and let {m;|i=1} where m,=2 for all ¢ be the
sequence of positive integers characterizing the sets 4 and B as described
above. Welet M,=1 and M,=][?,m,. Now we shall construct an e.m.p.
transformation 7T defined on a measure space (X, &£ m) and show that
there exists an exh.w.w. set W for T under the sequence A with
m(W)=1. For each n>0 we consider the measure space (2,, <Z,, £.)
where 2,={0,1, 2, ---, m,,_,—1}, <&, =all subsets of 2,, and p.(p)=1/m,,_,
for peR,. We let

(W,  m)=11 (2., ., 1)

be the infinite direct product measure space, and define the transformation
T, on it as follows: Ty: W— W is the “adding machine” transformation;
namely, if we W

W=(Wy, Wy, ***y Wn_ss Way Wiy *°*) 5
w;=my_,—1 for 1=i=<n—1, and w,<m,_,—1,

then
TWw:'(O’ R O: w,,+1, Wpt1y ** ') .
We define a sequence of integers {z,(k) | 0=k=<m,, ,—1, n=1,2, ---} by
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z,(t)=1M, for 0Zi=m,—1,
(3.1) ) z2(’£)=?;M2 for Oéiémg—l,

2. (V) =1M,,_, for 0=i=my,—1, n>2.

Then it is easy to check that for each n>0,
3.2) 2D>2,6-1)+3 2my,—1),  1Sism, ,—1
i=1

is satisfied. We define a sequence of random variables {Z,} on W by
(3.8) Z,(w)=2z,(w,) for each n=1, we W,

then {Z,} becomes an independent sequence of random varlables on the
probability space (W, <& m), and if we let

h(w)=§=]1 (ZTyw)—Z,(w)} for we W,

then in view of (3.2), one can show that 1<h(w)<c for all we W. Next
we let X={(w, k)|lwe W, 0=k<h(w)} and extend the g-algebra structure
and the measure to X in the natural way; we denote these by the same
letters <# and m, respectively. Finally, on the measure Space (X, & m)
we define the transformation 7: X— X by

(w, k+1) if k+1<h(w)

T'(w, k)= {(TW'LU, 0) if k+1=h(w).

Then T is an e.m.p transformation defined on the measure space (X, <7, m),
with W an exh. w.w. set for T under the sequence 4. In fact, T is iso-
morphic to the transformation constructed in [4] for the sequence 4. A
similar construction produces the dual e.m.p. transformation S defined on
the measure space (Y, .=, ) and the exh. w.w. set V for S under B, with
w(vy=1.

A further important property of the transformation T is,

m(T*WQ W)>0 if and only if neB—B;
or equivalently,

T"WNW=¢ if and only if n¢B—B.

A similar property holds for the transformation S, the set V, and the
sequence A. From this it follows that
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(TXxS)y(Wx MHN(Wx V)=(T*"WNW)xS"VNV)=p for all n>0.

This means that the set Wx V is a wandering set for the transformation
Tx S defined on the measure space (XX Y, #ZX.F, mxpu). For keZ we
let W,=T*W and V,=S*V; the same argument as above shows that the
sets W, x V and Wx V, are also wandering for the transformation T Xx S.
We note that, as was observed in Remark 3 above, 4(T)=4(S) for these
transformations; however, using the facts mentioned above, we prove the
following:

THEOREM 2. For a direct sum decomposition of the mon-negative
integers N, AQB=N, consider the transformations T and S as described
above. Then T and S are mot similar (in the sense of J. Aaronson [2].)

PROOF. Suppose T defined on the measure space (X, <& m) and S
defined on the measure space (Y, &, p) are similar, then there exists a
o-finite measure y defined on (XX Y, &#Zx. &, mx ) with the following
properties: v(zi7'E)=m(E) for all E € &, and v(7;'F)=p(F') for all Fe &,
and the transformation 7'x S is a conservative e.m.p. with respect to v,
where 7,: Xx Y— X and 7, XX Y —Y are the coordinate projections. This
implies that T'x S cannot have any wandering sets of positive measure,
and thus y(WxS*V)=0 for all k. But then

0<m(W)=v(x*W)=p(WxXx Y)gﬁk_‘, v (WxS*V)=0,
a contradiction. O

REMARK 4. It is not known if there exist e.m.p. transformations of
finite type which admit only exh. w.w. sequences of finite type. For the
above class in general, and in particular for the transformation 7 described
above, which is of finite type, we observe that T possesses an exh. w.w.
sequence of infinite type as well.

We let A, be the IP set generated by the sequence
{01 M3’ M87 *t %y Ms; M‘n M'n ct ey M?; c M4n—u M4n—1y ) M4n—1y ** '} ’

Y Y I
m,—1 times mg—1 times my,—1 times

and let A, be the IP set generated by the sequence
{Or Mv Mv MY Mv %’ Mbr Tty Mzs: MR M4n+1r M4m+1’ ° % M4n+1’ b °} .

v v g ~
mo—1 times mg—1 times M4y +o—1 times

Then it is easy to see that A=A4,PA,; from this it follows that if we
let
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W*=u T*W ,
ke Ay

then m(W*)=c, and W* is exh. and w.w. for T under A,. This says
that A, is an exh.w.w. sequence of infinite type for 7. A similar
argument can be repeated for the dual transformation S.

Finally, we consider the L=-point spectrum of the transformation T.

We say that a number A belongs to A(T), the L”-point spectrum of
an e.m.p. transformation T on (X, %, m), if there exists a function fe
L=(X, & m), not identically equal to 0, such that f(Tx)=e""f(x), a.e.

It is easy to see that A(T) is an additive subgroup of [0, 1) (mod 1),
and it can be shown that it is a Borel subset of [0, 1) and has Lebesgue
measure 0. If m(X)<co, then A(T) coincides with the set of all eigen-
values of the unitary operator U, on L*¥X, <& m) defined by U,f(x)=
f(Tx), and therefore, it is at most countable. However, in case m(X)=co,
A(T) can be uncountable; in fact, it can even have any arbitrary Hausdorff
dimension 8 (0£R8=1), see [1], [9]. We will show in what follows that
if the integers {m,|i=1} associated with the decomposition APB=N are
bounded, then for the corresponding transformations 7' and S constructed
as above, the sets A(T) and A(S) coincide and are countable.

In order to determine A(T) for the transformation T constructed
above, we note that from the results in [9], [12] it follows that a number
A €10, 1) belongs to A(T) if and only if

(3.4) 3, Var((VZ,)) <o
where Z, is the random variable defined in (8.3), Var means the variance

of a random variable, and for a real number ¢

{¢} if {¢} (=the fractional part of p)<1/2
{}—1 if {¢}>1/2.

If we now assume that the integers m,'s are bounded so that min,;, £,(0)>
0, then we can easily show that the condition (3.4) is equivalent to

<#>={

(8.5) 575 Ia@lim@ < ,

n=1 =

where the z,(i)’s are the numbers defined in (3.1), and for a real number #
el =1<g> | =min{|pe—kl| ; ke Z} .

Substituting the values of z,(i) and #,(7) into (3.5), we obtain
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3.6)  AneA(T) if and only if z,_— "z_f VMol < oo

2rn—1
It is well known that any number x€[0,1) has an expansion of the
form .

©0

3.7) A= z b=, = ,
k=1 M, E=imm,eemy

where for each k, 0=¢,=m,—1. We call a number A {m,}-adic rational
if it has an expansion of the form (38.7) with ¢,=0 for all k=p, for
some p. All {m,}-adic rational numbers have another expansion of the
form (8.7) with ¢,=m,—1 for all k=q, for some ¢, but for all other
numbers the expansion of the form (38.7) is unique. Whenever )\ is an
{m,}-adic rational, we adopt the expansion of the form (8.7) with ¢,=0
for all k=p, for some p. When A €[0, 1) is expanded in the form (3.7),
we have for all ¢ (1st'm2,,_, 1),

. 1€
IlmMz,.-zll = k |l
kézn.—l mzﬂ—lmZn oo e mk
since
XiM,, ,=integer+ desMon-sy
=Sn—1 M,

Therefore, if A\ is an {m,}-adic rational, then for all sufficiently large m,
INEM,,._,||=0 for all ¢ 1=<i<m,,_,—1); thus by (3.6), such a A belongs to
the set A(T). :

If, on the other hand, ¢,=¢,(A)#0 for infinitely many k’s in the ex-
pansion of A in the form (3.7), then one of the following three cases
must occur: '

(1) &n.1#0, &.#m,,—1 for infinitely many =’s. ,
(i1) €m1#0, &=M3—1, Eops1#My,y;,—1 for infinitely many n’s.
(iii) &m_1=0, £.#0, &.,,=0 for infinitely many ='s.

We can show that || Xiien_; 6u/(Mgn_My, - -+ m,)|| is bounded below by
1/(m,._,m,,) for infinitely many n’s in the case (i) or (iii), and bounded
below by 1/(m,,_,m..,m,,,,) for infinitely many »’s in case (ii). '

Therefore, if we denote by K an upper bound for {m,}, then we have
in the sum appearing in the condition (8.6) infinitely many terms which
are at least 1/K’, whenever )\ is not an {m,}-adic rational number. We
conclude that any of these numbers does not belong to A(T).

We summarize this in the following theorem.
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THEOREM 3. For a direct sum decomposition of the mon-negative
integers N, A@B=N, let T be the transformation constructed as above.
Assume that the set of integers {m,|1=1} characterizing the decomposition
18 bounded. Then the set A(T), the L>-point spectrum of T, is precisely
the set of all {m,}-adic rationals in [0, 1).

Thus, all such transformations 7" have countable L~-point spectrum.
Arguments similar to the one used above show that for the dual trans-
formation S associated with the decomposition APB=N, A(S) is also
precisely the set of all {m,}-adic rationals in [0, 1), and therefore,
A(T) = A(S).

This shows that dissimilar transformations can have identical L>-
point spectrum. We note that the dissimilarity of the transformations
T and S precludes the existence of isomorphism between T and S.

Finally, we note that when m;,=2 for all :=1, the transformation T
is the one constructed by A. Hajian and S. Kakutani in [7], and for this
T the L>-point spectrum A(T) is precisely the set of all dyadic rationals
in [0, 1).
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