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Introduction.

In [4] Connes characterized the injective factors on a separable Hilbert
space. Applying the reduction theory to the characterization, Choi and
Effros proved the equivalence of the injectivity and the semidiscreteness
of von Neumann algebras in their papers [1] and [2].

On the other hand, in the category of the ordered Hilbert space
many authors gave the answers to the questions how the algebraic
structure of a von Neumann algebra determines the structure of the
underlying Hilbert space and how the structure of a von Neumann
algebra is characterized by the related selfdual cone. Schmitt and
Wittstock [11] introduced the notion of the matrix ordered standard
form and constructed the von Neumann algebra by using the family of
selfdual cones. Furthermore, Schmitt [13] proved the characterization
of matrix ordered standard forms of injective von Neumann algebras
via several properties in the category of matrix ordered spaces.

Now, Schmitt and Wittstock [12], and Tomiyama and the author [7]
investigated the ordered Hilbert spaces induced by the selfdual cones
arising in the standard forms of von Neumann algebras introduced by
Haagerup [5] and characterized the tensor product of the selfdual cones.
In §1 we shall characterize the Hilbert spaces associated with standard
forms of injective factors from the point of view of the semidiscreteness
and consider the approximation property of mn-positive and completely
positive maps of a Hilbert-Schmidt class. In §2 we shall investigate a
certain factorization of selfdual cones associated with standard forms of
injective factors by smooth maximal abelian subalgebras.

We refer mainly [14], [16] and [17] for standard results in the theory
of operator algebras.

Received April 26, 1989




74 YASUHIDE MIURA

Let (_#, 57, J, &#) be a standard form of a von Neumann algebra
# where J is an isometric involution and .&# is a selfdual cone in a
Hilbert space .5#. Namely, the following conditions are satisfied:

(i) J#J=_+#";

(ii) JxJ=z* for every x in the center of _~;

(iii) aJxJ P ? for every x € _#.

Note that J becomes an involution such that Je=¢, §€ &2 For example,
let M, be an algebra of all complex mxXn matrices. Suppose that M,
operates on H, (=M, by matrix multiplication from the left. Then
(M,, H,, S,, H}) is a standard form where S, is a matrix involution and
H,; means a set of positive matrices M;M,. The second example is
the case where _# has a cyclic and separating vector & € .24 Then
F=[4"_#*¢] is a selfdual cone in 5% where 4 denotes the module
operator with respect to &,.

Let M. (57)=57QM, be a tensor product of two Hilbert spaces 57
and M,. For a subalgebra .+ C_#;, we put

P (7)= {[EU] eM,. () iélatJa,-Jeﬁ € = for V{ai}cﬂ}

for ne N. Then one easily sees that P,(_#") is a closed convex cone in
M. (5#). In particular,

P, (_#)=cofla.Ja,Jcle M (5¥) | a,€ _#, &€ .F}

and P,(_#) is a selfdual cone in M,(5#°) where co denotes the closed
convex hull (cf. [7; Proposition 2.4], [11; Lemma 1.1]).

Let (_#, 57, J,, &) and (_#, 57, J,, #,) be two standard forms. A
linear (or conjugate linear) map ¢: 57— 5%, is said to be m-positive if,
for [&,;]€ P.(_#), [#(&,;)] belongs to P,( ). If ¢ is m-positive for all
n €N, then ¢ is said to be completely positive. For any &€ 57, let R,
be a right slice map of 57 Q.5%#; into 5#; with respect to ¢ such that

Re(5'®77')=(5', 5)77' ’ 5’ € F74, 77' €% .
For any z € 57,Qs5%, we put
r(x)(¢)=R(x) , g€ 57 .

Then r(x) is a bounded conjugate linear map of 5% into 5%, which
belongs to a Hilbert-Schmidt class. Conversely, a conjugate linear map
of a Hilbert-Schmidt class of 5%, into 5% is written by »(x) for some
x € SFQR5%. Put
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FPRF={xe 7R, | rx) is completely positive} .

Then .@1@)@2 is a selfdual cone in S#QR27 and (AR 4, HF KR,
J1QRd,, FARF) is a standard form (ef. [7; Theorem 2.8], [12; Theorem
1.1]). In particular, we have

P(#)=PR@M;, mneN.

Note that the closure of the algebraic tensor product of &, and =%,
that is, the closed convex hull of the set {¢Q7 | se FA, n e F} is selfdual
in 27 Q257 if and only if either _# or _~; is abelian (cf. [8; Theorem)).

§1. Characterization of the Hilbert space associated with standard
forms of injective factors.

We first consider the continuity of a positive map. Let (_#, 5%,
J, ) and (4, 57, J,, &) be two standard forms. Suppose that ¢ is
a positive map of o5& into 5#,. By [10; V 5.5 Theorem] a real positive
linear functional on H,/ =% — .27 is continuous. Since .Z% is a selfdual
cone in 57, &%, is weakly normal (cf. [10; V 3.3 Corollary 3]. It follows
that a positive linear map of 5% into 5% is continuous by [10; V 5.6].
Considering the decomposition of ¢ into selfadjoint maps, we obtain the
following lemma:

LEMMA 1.1. Keep the notations above. Any positive linear map of
S, wnmto 57, 18 continuous.

LEMMA 1.2. Suppose that _# 1is a von Neumann algebra on a
Hilbert space 57 with a cyclic and separating vector & in S5#. Let J
and 4 denote the canonical involution and the modular operator with
respect to &. Then

P, (_#)=coflaJaJs ] e M (57) | a, € _#}
=co{[4"*a.a}&) e M (5¢) | ;€ #} .

PrROOF. For each a,€._~ there exists a net {7»{} of the Tomita
algebra in the achieved left Hilbert algebra _~z¢, such that [z(n{)] is
bounded and converges to a, in the strong =*-topology. We have

la.JaJe ] =lim[z(n@) ()]
=lim[r(n) 4 7(nd)*&,]
=lim[4"*A,Af& ] ,

where A,=47"*a,4'*. Similarly we have the converse inclusion.
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LEMMA 1.8. Let _# be a von Neumann algebra on a Hilbert space
H with a cyclic and separating vector & and ¢ a vector state w,.
Suppose that .+~ is a von Neumann subalgebra of _# and ¢ 18 a normal
conditional expectation of _# onmto 4~ satisfying ¢oe=¢. Let e denote
the projection of 57 omnto the closure ¢ of 4&. Then we obtain the
Jollowing statements:

i) e i3 a completely positive projection on S# with respect to the
order induced by the selfdual cone F=[4"'_#7&),

i) (4, o7, Je, e?) is the standard form and

P (|26 )=(eQR1)P.(.#) , neN,

where J and 4 denote the canonical involution and the modular operator
with respect to §&,.

PROOF. i) Let e be a projection of 5% onto 2. If ze€_+# and
y€_+; then

(exs,y Y&,) = (080, Y& = (¥ *x)=¢(e(y*x))
= ¢(y*e(w)) = (5(‘”)50» yfo) .

It follows that
e(mEo) =5(w)Eo ’ xE A .

By the proof of [15; Theorem] we obtain the commutativity ed=4e. For
a, € _«, we have

[ed*a.afe,]=[4""ea.a}s]=[4"c(a.a])é] .

Since ¢ is a completely positive map of _# onto _#~ we have by Lemma
1.2

(e®L,)P.(#2) C{(4"QLIM.(A#)" (6R1.)}
=co{[4"'a.a}s] | a, € #} .

Therefore e is completely positive.

ii) Since e is completely positive, we see that (eQR1,)P.(_#) is a
selfdual cone in M, (5#) for ne€N. Since %  is invariant for _¢; we
put 4+, =.4"].2¢. Since & is a cyclic and separating vector for .+,
an achieved left Hilbert algebra . ¢, ¢, is contained in _#¢, in the sense
of a left Hilbert algebra by the proof of [15; Theorem], whose involution
J o coincides with eJe=Je and the related modular operator 4., coincides
with ede=4de. 1t follows that
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(e®1,)P,(_#)=co{[ed*ea.a}s] € M ,(5F) | a,€ #}
=co{[4'%s(a.a})é,] € M(xX) | a,e #)
= 'n('-/,/‘ ’) ’ n € N .

This completes the proof.

THEOREM 1.4. Let 57 be a separable Hilbert space. Suppose that
(#Z, 27, J, P) is a standard form of am injective factor (or semifinite
injective von Neumann algebra). Then there exists an increasing sequence
of completely positive projections of finite rank on 5# which converges
strongly to the identity map on 7.

PrOOF. If _# is a Krieger's factor on 5%, then _~# satisfies the
following condition by [3; Theorem 1]:

There exists an increasing sequence {g,} of normal
conditional expectations of _# onto finite dimen-
sional subalgebras N, with (=)

kG N,,)—',:/l , (strong closure) .
=1

By using [8; Lemma 2] we can find a cyclic and separating vector &,
such that

poe,=¢, kEN, and ¢ (x)—x, v€ 7

in the strong topology where ¢ denotes the vector state with respect to
&. Let f, denote a projection of 5# onto [N,s]. Then f, is strongly
convergent to the identity map. Thus we obtain that f, is completely
positive in the sense of the order induced by the cone F =[4{!' #"¢)]
by Lemma 1.3. If (_# 5%, J, <7) is standard, then there exists a unitary
u in _#' such that

Jeoquu_l ’ ﬁs‘):uﬁ ’

(cf. [6; Theorem 2.18]). Put e¢,=u'f,u, k€ N. We have then the in-
clusion (¢,®1,)P.(_#)CP,(_#) for k, neN. In fact, if a;€6 #Z (1=1=n)
and 7 €.&” then

[e.aJa I =[u""fiaJ @ un] .
€ (u—1®1n)(~9§eo®Mf)=a{[u—1b1JeoijsOEo] | be #}=P,(#).
By [4; Theorem 7.5, Theorem 7.7] an injective III,-factor, 0=\<1, on a
separable Hilbert space 5 is a Krieger’s factor. And an injective IIL- -
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factor on 57 is also a Krieger’'s factor by [6; Corollary 2.4]. Suppose
that _# is a semifinite injective von Neumann algebra on 5#. Applying
the reduction theory, we obtain that

A = %@t%o@%@%o@B(%)

because of the unicity of a hyperfinite II,-factor .2, where .o, and &7
denote abelian von Neumann algebras on some separable Hilbert spaces
and .27 a separable Hilbert space. Let ¢ be a faithful normal state on
-# decomposed into normal states on each of the components. Then there
exists an increasing sequence of normal conditional expectations satisfying
the above property (x).

We remark that Theorem 1.4 is valid for the infinite tensor product
A =R M, on ¥ =Q., H, with respect to the normal product state
¢=Qn-1 0, on _# where M, is a finite dimensional von Neumann algebra
on H, with a cyclic and separating vector £,, » € N. In fact, put N,=
Xt M, and D,=Q;..., M, with respect to {¢,:n=k+1,k+2,---}. We
identify N, and D, with subalgebras N, &I and IQXD, of _# Put ¢,=
Ly, where L denotes the left slice map of _#=N,XD, to N,. Then
&, enjoys the condition (x) (ef. [19; Proposition 1]).

PROPOSITION 1.5. Let (_#, 57, J,, &) and (_#, 57, J,, ) be two
standard forms of von Neumann algebras either of which s an injective
Sfactor (or semifinite and injective) on a separable Hilbert space. Suppose
that ¢ 1s an m-positive (resp. a completely positive) map of 57, into 57,
Then there exists an increasing sequence {¢,} of m-positive (resp. com-
pletely positive) maps of a Hilbert-Schmidt class of 57, into 57, such
that ¢,(&) converges to #(&) for all & in 57

Proor. If _# is an injective factor or a semifinite injective von
Neumann algebra, then there exists an inereasing sequence {e,} of com-
pletely positive projections of 9% into .24, which converges strongly to
the identity map on 5% by Theorem 1.4. By Lemma 1.1 ge, is an n-
positive (resp. a completely positive) map of a Hilbert-Sechmidt class of
57, into 57, and {ge, (&)} converges to ¢(&) for £€.9#. This completes
the proof.

COROLLARY 1.6. Let (#, 574, J,, F) and (_# 57, J,, ) be two
standard von Neumann algebras where 57, and 57, are separable. Then
the following conditions are equivalent:

i) Any n-positive map of 57, into 5%, is n+1-positive.

il) Amy m-positive map of 57, into 5%, is completely positive.
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ili) FKEither _# or _; 1s finite of type 1 with bounded degree mot
more than n.

PrROOF. Suppose that either _# or _# is finite of type I with
bounded degree not more than n and ¢ is an n-positive map of 5% into
5%;. By Proposition 1.5 there exists a sequence {¢,}] of n-positive maps
of a Hilbert-Schmidt class of 5#, into 5#; such that ¢,(¢) converges to
#(&), ¢€ 54. Then J,4, is an n-positive conjugate linear map of a Hilbert-
Schmidt class of 5% into 5% with respect to standard forms (_#, 5%,
J, FA) and (_#', 57, J,, ). For, we obtain the equality

Pn(-//z’):a—){[JzaiJza'szf] | £€ P 0,6 A} .

Hence, J,4, is completely positive for each ke N by [9; Theorem 6].
Therefore, J,p=limJ,g, is a completely positive map of 5~ into 5%
with respect to (_#, 574, J,, &) and (%', 57, J,, ). It follows that ¢
is a completely positive map of .57 into .5, with respect to (_#, 57,
Jy, ) and (_#, 57, J,, ). We obtain the other implications by [9;
Theorem 6]. This completes the proof.

We remark that Tomiyama [20] has shown the difference of n-
positivity and complete positivity in C*-algebras, the dual of C*-algebras
and the predual of von Neumann algebras.

In this section we shall lastly consider the converse of Theorem 1.4.
Let 57 be a Hilbert space and 57, C M, (5#) (n € N) a family of selfdual
cones. Then 57 is called a matrix ordered Hilbert space with selfdual
cones if

oo C ST

for every a in a set of nxm matrices M,, (ef. [11; Definition 1.2]).
Let _# be a von Neumann algebra on a Hilbert space 57~ Let &t
(neN) be a family of selfdual cones in M, (5#¥). If (7 57, J, 5#7) is
a standard form and if for every a € . Z&QM, , (m, neN)

a’Jn,maJm,m(%J) C%ﬂ+

holds, then (_# 57, 57#,") is called a matrix ordered standard form where
Tumi My (52)— M, (57) is defined by [2,1—1Je,). If (4 57, J, &) is
a standard form of a von Neumann algebra, then ( 7 57, P,(_#)) is a
matrix ordered standard form (cf. [11; Lemma 1.1]). Then (5%, P,(_#),
n € N) is a matrix ordered Hilbert space.

THEOREM 1.7. Let (_#, 57, J, =#) be a standard form of a wvon
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Neumann algebra. If there exists a met {e;} (1€I) of completely positive
projections of finite rank on S5 converging strongly to 1 such that every
completed face of (e,QR1,)P,(_#) (Viel, Yvne N) is projectable, then _#
18 injective.

PROOF. One easily sees that for each 7, (e,.5%, (¢;,Q1,)P.(.#), n€N)
is a matrix ordered Hilbert space. By [11; Theorem 4.3] and [13; Theorem
3.1], e,5# is an Arveson space. Now let N, be any operator system in
M, and ¢ a completely positive map of N,, into 5#. By [13; Theorem 2.4]
e, has a completely positive extension @,: M, — 5#. Since

2]l =lles(D| =1l

and £<7 (¢ n <€ .2#) implies that ||z||=|l7||, {®,} i8 bounded. Then we can
find a weak limit @ of a subnet of {®,}, which is a completely positive
map of M, into 5% and &®DO¢. It follows that 5% is finitely injective.
Using again [18; Theorem 2.4, Theorem 8.1], _# is injective. This com-
pletes the proof.

§2. Factorization of the selfdual cones associated with standard
forms of injective factors.

In order to consider the factorization of the cone P,(_#) by a
maximal abelian subalgebra of _#, we need a few lemmata. The next
lemma is a basic result of the positive cones in the matrix algebras.

LEMMA 2.1. Let _14" be a direct sum of matrix algebras such that
N =M, D --- DM, , A=m, -, m, <o),
Put
B=A, D DA,,,
where A, 8 a set of diagonal matrices in M, for 1=i=k. Then
P(1") (=4""QM;) coincides with P, (7).

PrROOF. We first consider the case .+ =M,. It is clear that
P (+")cP,(A,). Conversely, we choose [¢,,]€ M, (M,) in P,(A,). Put

M. o o9 e gl
a;= y ’ §ii=] : . € M"‘ ¢

0 *y @) Eu.j) . es plt,D
— m ml mm

We have then,
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S

n
@S0 ;S ;= izlaigija?
=
En*c bin rafi*
—[a,--a,] :

Enl e S‘nn a’:

i=1

o,
=|: |Ela¥ .- ak]

am

aZal - a,Eak
o

Bt - aEok

which belongs to M} where a,€ M, ,,, and

a,=[\"0---0,A%0-..0,-- o, A0 -4 0],

An=[0 - AL, 0+--ONL, -+, 0---0AP],

and
[5c7] - - - [&54™]
E":[Eij]: E E GM,,(M,,,) .
[ese] - - - [&52™]
Since

E@f+ - +ak), ar+ -+ +a::)=iz aZaf=0,

=1

one sees that & belongs to M,,=P,(M,) for m, neN.
In general case, since

P (A, D--- DA, )=P.,(A,)D--- DP.(A,,), neN
we obtain the desired result.

LEMMA 2.2. Let (_#, 57, J, ) be a standard form of a von Neumann
algebra. If & is a von Neumann subalgebra of _#; then

P () =co{la,Ja;Je]l € M, (57) | a,€ .7, € 7}, neN.

In particular, if _# has a cyclic and separating vector & in 57 and
P=[4"_#"&), then
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P, () =co{[a,cJact] e M (57) | a,€ %, ce _#}, neN.

Proor. If [7,;] belongs to P, (%), then for a,€.9 and ce.o» we
have

(2:5), [ala T = 35 (e, @ Ja,de)
=3 (@t JajJn,, §20.
Hence

P,(w)ceofla,Ja;JE] | a, € 7, g€ FF), neN.

One immediately obtains the converse inclusion. In the case where 4
has a cyclic and separating vector &, we obtain the desired equality

from the fact that any element & of .<# belongs to the closure of the
set {aJaJ¢,|a€_##).

The next proposition shows that the positive cone in the injective
von Neumann algebra M,(_#) can be factorized by an abelian subalgebra
of .

PROPOSITION 2.3. Let _# be an injective von Neumann algebra on

a separable Hilbert space 5#. Then there exists an abelian subalgebra
7 of _# such that

M. (_#)" =co'{la,cc*afle M, (. #) | a,€ %7, ce _#}, neN.

PrROOF. If _# is an injective von Neumann algebra on a separable
Hilbert space 57, then _# is AF, that is, there exists an increasing

sequence {N,} of finite dimensional von Neumann subalgebras of _#
satisfying

=G

Let A, be a maximal abelian subalgebra of N, such that A,cA4,.,, ke N.
For a fixed k€N, since N, is a finite dimensional subalgebra of _#, N,
is considered as a finite direct sum of full operator algebras on finite
dimensional Hilbert spaces. Then, A, is decomposed into a finite direct
sum of maximal abelian subalgebras of each component. Hence there
exists an isomorphism o of N, onto a finite direct sum L of matrix
algebras such that po(A4,) is the direct sum B of diagonal matrices. Note
that P,(L) (=M,(L)*) is a selfdual cone in the Hilbert space M,(L). By
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Lemma 2.1 and Lemma 2.2, we obtain that
M. (L)*=cof[a,cc*a}] | a,€B, ce L}, neN.

Since any element of the positive cone M,(N,) can be written as a finite
sum of the elements [a,a}] € M ,(N,), we have

M, (N, =cofla,cc*a}] | a,€ Ay, c€N,} .

Now, we put
7 Z;Q A, .

Since {A,} is an increasing sequence of abelian von Neumann subalgebras
of _#, & is an abelian subalgebra of _#. Therefore we obtain that

M2y ={0 MY} cevllace*al] | ace.sr ce #}.

This completes the proof.

A maximal abelian subalgebra .o~ of a von Neumann algebra _# is
said to be smooth if there exists a normal conditional expectation of _#
onto & (ef. [18; Definition]). We have some results of smooth maximal
abelian subalgebras. Takesaki [15] proved that _# is finite if and only
if any maximal abelian subalgebra of _# is smooth. Tomiyama [19]
showed the existence of a smooth maximal abelian subalgebra of the
infinite tensor product _#Z =Q5-, N, on 5 =Qi., H, with respect to the
normal product state ¢=Qi., w& on _# where all N, are semifinite
factors and all vector states w,, on N, are faithful.

We shall lastly give the factorization of the selfdual cone P,(_#)
related to the standard form of an injective factor _~#, which also shows
the existence of a smooth maximal abelian subalgebra in _#

THEOREM 2.4. Let (_#, 57, J, &#) be a standard form of an injective
Sfactor (or a semifinite imjective vom Neumann algebra) _# where 57
18 separable. Then there exists a smooth maximal abelian subalgebra

7 of _# such that
P(#)=P,(%), neN,
that 1is
P,(_#)=cofla.Ja,JEle M ,(5¢) | a, €., £€F}, neN.
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ProOF. By the proof of Theorem 1.4, there exists an increasing
sequence {¢,} of normal conditional expectations with respect to ¢ con-
verging strongly to 1 such that ¢,( #)=N, is a finite dimensional von
Neumann subalgebra of _# and ¢ is a vector state with respect to some
cyclic and separating vector &, for _#. Because of the unitary equivalence
of isomorphic standard forms, we may assume that J=J, and &=
[4'*_#7*&] where 4 is a modular operator with respect to &. Put

T =6/Npy » 6=9¢|N,, keN.
We have then
gi(x)=ot (), x€N,, keN.

Since a one-parameter automorphism group of N, is inner, there exists
a positive operator h,€ N, such that

oi¥(x)=hichi* , xEN,.

Now, we shall first construct the smooth maximal abelian subalgebra.
Let A, be a maximal abelian subalgebra of N, containing all spectral
projections of h,. Since

hizhi=hich;®, zeN,,

h;*hi* belongs to a relative commutant of N, in N,, teR. Let C be an
abelian subalgebra of N, generated by A, and h;*h!, teR. Since hi
belongs to A,, all spectral projections of h, belong to C. Let A, be a
maximal abelian subalgebra of N, containing C. By induction we choose
a maximal abelian subalgebra A, of N,, ke N. Since A, is contained
in the fixed point algebra of of*, there exists a conditional expectation
o, of N, onto A,, ke N. For any minimal projection p in A,,,, we can
choose a minimal projection ¢ in A, such that p=<q, keN. In fact,
there exists a minimal projection ¢ in A, with p¢g#0. We have then
Pg=p. Since p is a 1l-dimensional projection in A,.,, P¢=p and so p<gq.
Now, we have then x,(p)<q. Since ¢ is a 1-dimensional projection in
A,, m.(P)=1g, 0=A=1. Hence we have 7,(A4,,,)=A,. Then the following
diagram is commutative:

Ok+1
Nepw— 4,4

lnk lnk

N, =2 4,.
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In fact, since m,°0,,, and o,°m, are normal conditional expectations of
N,,, onto A,, and

#(10011(X)) = (04 +.()) = p(x)
=¢(m,(x)) =g(orome(x)) , €Ny,
that is,

Pr+1°T 400 11 = Pp11°0,°TT;,

we obtain the equality 7,c0,.,=0,°7, by the unicity of a normal conditional
expectation (see the proof of [15; Theorem]). By [19; Lemma 3 and
Theorem 4] there exists a projection ¢ of norm one of the C*-algebra
generated by N,, k€ N onto the C*-algebra generated by A,, k€N, such
that 0 Doy, k€N, which has a normal extension. Hence, if we put

se=(3AY

57 is a smooth maximal abelian subalgebra of _#:

For a fixed k€ N, there exists an isomorphism @ of N, onto a finite
direct sum L, of matrix algebras such that #(A,) is a direct sum of the
diagonal algebras. By Lemma 1.3, we note that (N, H, J,, Q,) is a
standard form where H,=e¢, 57, J,=Je, and Q,=¢,Z* for the completely
positive projection e, as in the proof of Theorem 1.4. Let (L,, K,, S*, L})
mean a canonical standard form. Then there exists an isometry » of H,
onto K, such that @(@)=uau™" (e N,), S¥=uJu™', Li=uQ,. If a,€A,
and c € N,, then

a.cacd g=u"'?(a,)D(c)S*D(a,)D(c)S* 7,
for n,e L{. By Lemma 2.1, we have
P, (N, H,)=P,A,H,) , neN.
Now, for each k€ N, we have by Lemma 1.3

(€,R1,)P.(#)=P, (N, H,)
=cofla.cda;ed 8] | @, € Ay, c€N,}
ceofla,cJacde) | a,€ 7, ce _#} .

If & tends to -, we obtain the required equality. This completes the
proof.
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