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Abstract. The structure of the space of multipliers of the range of a composition operator C, on the
Hardy space is studied. We provide necessary and/or sufficient conditions in terms of appropriate measure-
ments of the distance of | ¢| to 1 for the containment or the inclusion of the space of multipliers in standard
spaces.

1. Introduction.

Let D denote the unit disc of the complex plane C, 8D the unit circle and do the
normalized Lebesgue arc length measure on dD. For 1<p<oo, the Lebesgue spaces
LP(0D, do) are simply denoted by L? and the Hardy spaces of analytic functions on D
by H?. Each fe H? has, for a.e. {€dD, a radial limit

fO=lim D),

and for 1 <p< oo the p-norm of f'is given by

IfIE=sup f | fEOP do(©)= J Vi

The unadorned integral sign always means that the integral is over 0D and all integrals
unless otherwise indicated are with respect to the measure do. The abbreviation ‘a.e.’
always refers to do. We will use the same symbol to denote a holomorphic function on
D in HP and its radial limit function; the precise meaning of this statement will be clear
from the context.

The letters ¢ and Y with or without subscripts are reserved to denote nontrivial
holomorphic self-maps of D. For 1 <p< oo, the composition operator C,: HP—HP is
defined by the equation

CoN=f-¢ (feH?).

Let T be an operator on a functional Hilbert space H. We say that feH is a
multiplier of the range of T if fT(H)S H. It is reasonable expect that some operator
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properties of T should be reflected in the structure of the (Banach) space of multipliers
of T(H). This note provides some results of this type in the case of the composition
operator C, on the Hardy space H2. The containment, respectively, inclusion of the
space of multipliers (of C,(H?)) in standard spaces is either related to the (appropriately
taken) distance of |@| to 1 or to an operator property of C,. The space of multipliers
is contained in BMOA if and only if it is contained in H* if and only if ¢ is a finite
Blaschke product (Proposition 12). This observation leads to the Cima-Thompson-
Wogen characterization of Fredholm composition operators on the Hardy space
(Proposition 18). If ¢ is locally well-behaved, in the sense of having an angular derivative
at a point { € 0D, then the multipliers are also on their best behavior—they are bounded
on nontangential approach regions to { (Corollary 8). Proposition 14 notes that ¢ is not
an extreme point of the unit ball of H* if and only if bH? is contained in the space of
multipliers for some non-zero be H>. A related condition for C, to be Hilbert-Schmidt
is given in Corollary 15. Finally Proposition 16 tells when the multipliers are a Hilbert
space. In the proofs of some results de Branges spaces lurk around in the background
but their explicit role is not identified.

Throughout this paper, the letter ¢ will denote a constant, not necessarily of the
same value at each of it’s occurrences.

ACKNOWLEDGEMENT. The idea of considering the multipliers of the range of
operators was introduced to me by Professors Alan L. Lambert and Barnet M.
Weinstock.

2. Preliminaries and point estimates.

The Hardy space H? is of course a Hilbert space, with the inner product

<, g>=ffé (fand ge H?).

For each point in we D, the reproducing kernel

k,(2)=(01—-wz)"? (ze D) 1)
belongs to H?, and represents the linear functional of point evaluation at w:
Jw)=<{f, k>  (feH?). (2
In particular
kw12 =<K, ko> =k, (W)=(1—|w|*)"*. (3)

From (2) and (3) we can derive a standard point estimate for functions in H?2;

WISkl =0 =) 72| £1I2. C)
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The Littlewood Subordination Principle [8] may be stated as, for 1 <p< o0,

j|f°¢lpsjlf|” (feH?), &)

provided ¢(0)=0. In the language of operator theory this says that C,: H?—H? is
bounded; and the operator norm of C, is in fact 1 when ¢(0)=0.

Let S be a subspacce of H2. A function fe H? is said to be a multiplier of S if
fScH? ie., fgeH? for every geS. The following lemma is well-known [13],
Lemma 3, page 782.

LemMMa 1. Let fbea muliiplier of H?. Then f is bounded.

For a composition operator C,: H 2, H?, consider M(¢), the vector space of all
multipliers of the range of C,. For fe M(¢) define the operator map T,:H 2 H? by

TAg)=fgo¢d (gcH?). (6)

An application of the Closed Graph Theorem shows that T, is bounded; so there
exists a constant ¢=c(f) such that

Il fgedll.<clgll (geH?). @)
We define a norm on M(¢) by

Il =1T,ll  (feM(@)),

where || T, || is the operator norm of T';. When there is no risk of confusion, the multiplier
norm of f will be written without the subscript M(¢). The following lemma shows that

M(¢) with this norm is a Banach space. As usual Z(H 2) denotes the space of bounded
operators on H?, endowed with the operator norm.

LEMMA 2. The set {T,: fe M($)} is a closed subspace of P(H?).

Proor. To prove the closedness, suppose {f,} is a sequence in M(¢) and that
T, —T as n—oo for some T in L(H 2). (Bach f, is viewed as a function defined do-
almost everywhere on dD). Write f=T(1). Note that f, =T, (1) converges to f in
H?, hence {f,} has a subsequence which converges to f a.e. Moreover,

jlf..lzlg"cISI"Slegl2 (geH?),

where c=sup,||T,, || <co. Passing into subsequential limits and applying Fatou’s
lemma,

jlf|21.61°<i>lzscf|g|2 (ge H?),
so fe M(¢).
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Fix ge H*. Then
1T, @)= TDl2=1(fa—g° bl <lgll o I(fa—=Dll2,

so T, (9)—T,(g) as n—>oco. Thus T and T, agree on a dense subspace of H? (namely
H®). Since both T and T, are bounded, it follows that T=T,. O

Since convergence in H? implies pointwise convergence on D, it is worthwhile to
single out the following observation made during the proof as a corollary;

COROLLARY 3. If as n— oo, f,—f in M(¢p) then f,—f pointwise on D.
Let we D. The Mobius map y,, is defined by,

w—2z

; (zeD). ®

Yu(2)=

It is easy to verify that , is its own inverse map and that Y/, =(1 —|w|?)k2.
LEMMA 4. Let §,, be a Mobius map. Then as vector spaces M(Y,, ° ¢)= M(¢p).
PROOF. Suppose fe M(¢) and let ge H2. Then

J|f|2|g°!llw°¢|2S Ilfllﬁ(¢)Jlg°¢wlz= Ilfll§(¢)jlglzl¢;| .
Since ¢, is bounded, we have that fe M(y,, - ¢). Thus M(¢p)= M(yY,, - §). Now replacing
¢ by ¥, 0 ¢ we get the reverse inclusion. O

The usual pointwise estimate (4) for functions in the Hardy space can be improved
for functions in M(¢) to provide a useful inequality.

LEMMA 5. Let fe M(¢) and we D. Then

/1—|¢(W)|2
I I<IfI W

PROOF. Let ge H2. Then fgo ¢ € H? so by (4)
| fW)g(dW) < fg° Sl (1= )72 < fllgl(1—|w|?) V2.
Put g =k, to deduce the lemma. O

Let k% =(1 — @(w)¢p)k,,. These are the reproducing kernels in the de Brange space
H($) [9]. In the next lemma we will evaluate the multiplier norm of k%, which turn
out to be the same as the norm of k2 in J#(¢) [9].

LEMMA 6. Let weD. Then
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sy [ 1=loW?
Ikl = [———0
1—{w|
Proor. The domination of the right-hand side by the left-hand side is an immedi-

ate consequence of the pointwise estimate of Lemma 5 applied to k%. To establish
the reverse inequality, fix ge H? and notice that

jl 1—$(W)¢I2I¢’wllg°¢|2=jl 1—-dwW)d oy, Plgedovul®, €))

where ¥, is the Mdbius map defined in (8). Since Y 4 ° ¥ 4w 18 the identity map and

Y piwy © @ ° ¥, (0)=0, by the Littlewood Subordination Principle (5) the integral on the
right-hand side of (9) is

Sjl 1 _$(W)¢¢(w) 1?lg° Y p(w) 1. (10)

By a change of variable (10) is easily seen to be equal to

(1—1¢(w) |2)J| gl

_ 2
flk&ﬁlao«blk(%{?%)ﬁgl%

which establishes the upper estimate for |k$| asserted in the lemma. O

Thus

Note that |k, |<(1—|¢(w) D~ k2%|. Then from Lemma 5 and Lemma 6 we can
easily estimate the multiplier norm of the reproducing kernels:

COROLLARY 7. Let weD. Then

1 1 1+ 1

<k, | < .
Jiiemr i T sl i

We omit the proof.

We say that ¢ has a finite angular derivative at { € dD if here exists 4 with | A|=1
such that the difference quotient (¢(z)—A)/(z—{) has a finite limit as z tends non-
tangentially to {. A theorem of C. Carathéodory provides a necessary and sufficient
condition for a function to have a finite angular derivative. Carathéodory [1], section
298, Theorem 2.1, gives a proof of the theorem which highlights its geometric nature;
for a proof using Hilbert space techniques, see Sarason [10]. Part of Carathéodory’s
theorem which will be used in Corollary 8 is presented below.
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THEOREM C (Carathéodory). For {edD, ¢ has a finite angular derivative at { if and
only if '
1—-1¢()1?

1—|z)?

lim inf{ : z—{ unrestrictedly in D}< 00 .

Moreover, if ¢ has a finite angular derivative at { € 0D then the nontangential limit
. 1—=|¢(2)|?
i 1 =19
=g 1—|z|

exists.

COROLLARY 8. The function ¢ has a finite angular deri_vative at a point (e oD if
and only if there exists M >0 and a sequence w,—{ such that limsup| f(w,)|< M| f| for

every f€ M(¢). Thus in the case ¢ has a finite angular derivative at { € 9D each multiplier
is bounded on nontangential approach regions to (.

PrOOF. If ¢ has an angular derivative at { then the corresponding implication of
the corollary is a trivial consequence of the estimate in Lemma 5 and Theorem C. To
prove the converse, suppose there exists a constant M >0 and a sequence w, in D
tending to {€dD such that for every fe M(¢) and for every n

| fw) | <M| S .
Put f=k% . Then applying Lemma 6 we have

1—|éwa) |

= =M

Hence by Carathéodory’s theorem ¢ has a finite angular derivative at ¢. O

3. Inclusion of multipliers in standard spaces.

We say that ¢ is an inner function if it has radial limits of modulus 1 a.e.
LEmMMA 9. Suppose M(¢p)< HP for some p>2. Then ¢ is an inner function.

PROOF. Suppose ¢ is not an inner function, then there exist EcdD with ¢(E)>0
and 0 <r<1suchthat|¢|<r. Let A be a Lebesgue point of E and define he L? (D, o) by

1 if (¢E
(&) kil if (eFand (#A.
Then log| 4| is integrable, so there exists fe H? such that | f|=|h|, [6], page 53.

Clearly f¢ H?. However, for ge H?, go ¢ is essentially bounded on E, thus fe M(¢), so
M(¢) is not contained in H? . O

h(®) ={
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Let doo¢p~ ! dendte the regular measure of the Borel sets of 6D defined by
do o ¢~ Y(E)=do(¢*(E)). Then we have the standard change of variable formula:

Jhoqbda:jhdaocb_l, an

where 4 is a measurable function and £#>0 a.e. The measure doo¢ "’

continuous with respect to do and in the case ¢(0)=0,

doo¢p '=do . . (12)

is absolutely

(This well known result (12) is seen by applying the change of variable formula (11) to
the integrals [¢"¢™do =0, n#m, || ¢ |do =1 and then using the F. and M. Riesz theorem).

PROPOSITION 10. Let 2<p < co. Then there does not exist ¢ such that M(¢)= H".

PrROOF. Suppose there exists ¢ such that M(¢)= H? for some 2<p<oo. By Lemma
9, ¢ is an inner function and by Lemma 4 we can assume that ¢(0)=0. Fix ge H?.
Then go pHP <= H?, so go pHPH? < H'. By the factorization theorems for functions in
Hardy spaces (actually all we need is the weak factorization theorems in [3]) we have
that HPH?> 2> H? where p~1+2 " 1=¢g~! and 1<g<oo. Thus gc ¢H?< H'. Recalling
that the dual of H?is H" where ¢~ ' +r~'=1, [5], Chapter IV, Theorem 4.2, pp. 242—
243, we deduce that go ¢ e H". Thus we have the following: if ge H? then gope H"
where p~!+r~1=2"1. An application of the Closed Graph Theorem shows that

lgodl,<clgll,  (geH?). (13)

Note that r>2. Applying the change of variable formula (11) to the integral on the
left-hand side of (13) and using (12) we have,

1/r 1/2
(jlgl'da) SCGIglzda) (geH?),

which is clearly impossible. Ol

The space of BMO functions with its applications to univalent function theory,
quasiconformal mappings, partial differential equations and probability theory is one
of the most well-studied spaces of functions. There is now a fairly rich literature on
BMO, see [5], Chapter 6, and the references therein, for a good discussion of many of
the now classical properties of BMO functions. The space of BMOA functions is defined
by BMOA=H?nBMO and for fe H?> the BMOA norm of f may be defined by

1/ 1304 =1/(0) *+sup] /o W —fW]2 .

The estimate of ||k, |l sgpmo4 given in Lemma 11 will be used in the proof of Proposition
12. But first we recall the Littlewood-Paley identity.
Let dm denote the normalized Lebesgue area measure on D. (So dm=rdrdf/r.)
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The Littlewood-Paley identity relates the Hardy space norm to that of a weighted
Bergman space: '

f |f|2d6=|f(0)l2+2fIf’|2(—logl°l)dm (feH?).
oD D

LEMMA 11. Let weD. Then

Ikwllsmoa2 Wi —{w[?)~" .

ProOOF. By the definition of the BMOA norm

15wl Zroa= Il ko, — k(W) 113 - (14)
By the Littlewood-Paley identity the right-hand side of inequality (14) is

=2jlkw°¢wl2l¢;l2(—IOgl * dm
=2_[I k., |*(—log |y, dm
=2|w|*(1~| WIZ)'ZJI ¥ |*(—log |y, Ndm

=2|W|2(1—IWI2)_2j(-—108 | Ddm=|w*(1—|w|*)"2,

from which the lemma follows. O
Let ¢ be an inner function and let .o/ denote the s-algebra
o ={¢p Y(E) : E is a Borel set of oD} . (15)

For f >0 a.e. the conditional expectation, E(f l.szl), with respect to o/ is defined to be
the unique ./ measurable function for which

J E(f]&i)da:J. fdo (Ae ). (16)
A A
When there is no confusion to the o-algebra being referred we will simply denote

E(f I.sal ) by E(f). See [7] for a brief discussion of conditional expectation. The following
change of variable formula (17) is adopted from [7], lines 1-4, page 227:

If f is a measurable function on 8D and ge L* then

~[Iflzlg°d>|2a'<7=jEﬂfI’)"dl”llglzdtfodf‘- 17)

(Even though ¢~ ! may not be a function a known property is that E(| f|*)o¢ ™!



MULTIPLIERS 193

is well-defined). Since L2=H?2+ H? from (7) and (17) we deduce the following:
Let f € H?. Then f € M(¢) if and only if

JE(lf|2)°¢"1lg|2da°¢'ISCJIgI2 (geL?).

Thus an equivalent condition for fe M(¢) may be stated in the language of conditional
expectation operators: for every fe H?,

feM(@)<==E(f|1?)-¢p tel™. (18)

We will see that in order E(| f|?) - ¢~ ! e L™ it is not necessary that fe H® (Proposition
12).

Clearly M(¢) is closed under multiplication by H> functions; so it is impossible

for M(¢)=BMOA. Proposition 12 shows that even the inclusion M(¢)< BMOA occurs
only under very special circumstances.

PROPOSITION 12. The following are equivalent.
1. M(¢)=BMOA.

2. ¢ is a finite Blaschke product.

3. ¢ is an inner function and for every fe H?

E(fP|o)o¢p e L= feH”,

where £ is the c-algebra defined in (15).
4. M(¢p)<H®.

Proor. We will prove the implications 1=>2=>3=>4.

Proof of 1=2: Suppose M(¢)< BMOA. By Lemma 9, ¢ is an inner function. By
a theorem of Frostman [6], page 176, there exists a Mobius map y,, such that b=y, © ¢
is a Blaschke product. Then by Lemma 4, M(b)< BMOA. Consider the inclusion map
i: M(b)—»BMOA. Since convergence in M(b) implies pointwise convergence (Corol-
lary 3), an application of the Closed Graph Theorem shows that i: M(b)—BM OA is
bounded, i.e., ' '

| flBasoa<cll fll sy (f e M(b)) (19)

for some constant c.
Let w be a zero of b. Apply (19) to the kernel k%, =k,,. By Lemma 6 and Lemma 11

wl .
_<c¢
J1—|w|?

It follows that the number of zeros of b must be finite. Hence b is continuous across

oD. However ¢,, o b=¢, so ¢ is an inner function which is continuous across éD. Thus
¢ is a finite Blaschke product.
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Proof of 2=>3: Suppose ¢ is a finite Blaschke product. Let the number of zeros of
¢, counting multiplicity, be n. Then ¢: 0D—3D is an n to 1, onto function. Let >0
a.e. Define E(f) by

EN©=L T f0) (ae. EcD).
n ¢@Q)=¢

Let ge L2. Then by a change of variable

jflg°¢lzd6=ff(f)lglzd0°¢‘l :
Comparing this equation with (17), we have

Ef)=E(f)-¢p~ ! a.e.

Now clearly if fe H? and E(| f|?)o ¢ ! is essentially bounded then fe H®.
Proof of 3=>4: Follows from (18). O

Proposition 12 shows that it is hard for M(¢)=H®; however Cy,(H*)nM(¢)= H®
for functions ¢ which need not be even inner (Proposition 13 and [2], page 219).

PROPOSITION 13. Suppose C,: H*—~H? has closed range, f € H* and f - ¢ € M(¢).
Then f is bounded.

ProOF. Note that C, is 1-1, therefore, C}: H*—H? has dense range. Suppose
C,s H*—>H? has closed range. Then C} has closed range, so it is onfo, thus
C3C4: H*>H? is invertible. Let fo ¢ € M(¢h), fix ge H® and he H?. Then

IKCo(NIC4(@), CHCECH) ™ (DI < cligllliAll

SO

IKfg, Bol<cligll; Al .
Whence

Ifgl.<clglizlnl,  (geH™ heH?).

Now after a standard application of Fatou’ Lemma, we get f to be bounded by
Lemma 1. O

If fe H? and fo ¢ € H® then of course fo ¢ € M(¢p). Now from Proposition 13 we
can note that if C, has closed range then functions in H? which are bounded on the
range of ¢: D—D are also in H®. Converse is false; for example, if ¢ is a conformal
map from D onto the region Q obtained from D by deleting an internally tangent disc
then every f'e H* bounded on Q is of course bounded on D, but C, does not have
closed range [2], page 219.
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PROPOSITION 14. Let b#0 be in H®. Then bH> = M(¢) if and only if |b(2)|<
J1-16@)1%.

REMARK. Recall that ¢ is an extreme point of the unit ball of H* if and only if
log(1—| ¢ |?) is not integrable [6], Chapter 9, page 138. Thus before proceeding with
the proof of the proposition we may note an equivalent form of it.

There exists b#0 in the unit ball of H® such that bH?* = M(¢) if and only if ¢ is
not an extreme point of the unit ball of H*.

ProOF. Now to prove Proposition 14, suppose |b(z)|< c/1—|#(2)|* and let
ge H?. Then by (4) bgo ¢ is bounded, so bH? = M(¢).

Conversely suppose for some non-zero be H®, bH? = M(¢). Applying the Closed
Graph Theorem to the map (from H? to M(¢))

f-=bf  (feH?),

we have

lafli<elfl.  (feH?).

— p)
| b o) <clLf /—1—;_1‘(’(7’72—'— (weD).

Put f=k,, to deduce the desired inequality. O

Then by Lemma 5

COROLLARY 15. Suppose H® =bH?*< M(¢). Then C, is Hilbert-Schmidt.

PROOF. Since H®<bhH?, b~*eH? Hence (1—|¢|*)~ ' is integrable, so the
corollary follows from [11], Theorem 3.1. Oa

PROPOSITION 16. Suppose M(¢p) is a Hilbert space. Then there exists b in the unit
ball of H® such that M(¢p)=bH?, where |b|*+|¢|1*=1 and if fe M(¢) then || f|=
(W2 P

PROOF. Suppose M(¢) is a Hilbert space. Clearly multiplication by z acts as an
isometry in M(¢), so by de Branges extension of Beurling’s theorem [6], M(¢)=bH 2

and if f € M(¢) then || f|| =) fb~! | ,. By applying Lemma 5 to bk,, we get the inequality
of Proposition 14 with c=1, i.e.,

|b(2)I</1—-19(@)|>  (zeD). (20)

Let fe M(¢). Then

lteli2=

IA1%= Sup1flfl2|g°¢lzsj|f|2(1—|¢I2)”Sj|flzlbl_2=Hfﬂz-
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Thus equality holds throughout and in view of (20), |b|2=1—]|¢|2. O

REMARK. In particular suppose M(¢)=H?2 Then bH?*=H?2, so b~ *H?*=H?.
Therefore by Lemma 1, 5"'e H®, i.e., |b|>c>0 for some c. Thus we may note that

‘M(¢)=H? if and only if |¢|<r<1 for some r>0.

4. Fredholm composition operators.

An operator T on a Hilbert space H is called Fredholm if the range of T is closed
and the dimension of the kernel and the co-kernel of T are finite. In case of the
composition operator C, on H? the kernel is trivial, so C, is Fredholm if and only if
the range is closed and has finite co-dimension.

In a 1976 paper Cima, Thompson and Wogen [2] investigated among other things,
Fredholm composition operators on H2. They proved that C, is Fredholm if and only
if ¢ is a conformal automorphism of the disc. We can now prove the same result by
taking a quite different viewpoint from theirs; namely, we will consider the multipliers
of the range of Cy. If C, is Fredholm, then it’s range is “‘very large” therefore we would
expect it to be hard for a function f € H? to be in M(¢). Lemma 17 states this fact in
more precise language.

LEMMA 17. The multipliers of closed subspaces of H? of finite co-dimension are
bounded.

PrROOF. Let M < H? be any closed subspace of finite co-dimension. We prove the
lemma by induction on n, the co-dimension of M. When n=0, we are looking at the
multipliers of H?2, so they are bounded (Lemma 1). Suppose the conclusion of the
Lemma holds for all closed subspaces of co-dimension n, and now let M be a closed
subspace of H? of co-dimension n+1. If M is closed under multiplication by {, then
by a theorem of Beurling [6], Chapter 7, pp 99-100, M = ¢ H? for some inner function
¢. Then the multipliers of M are also multipliers of H2, hence are bounded (Lemma
1). So now suppose there exists fe M such that { f¢ M. Then

M ={M+alf:aeC}

is a closed subspace of co-dimension n, hence by the induction hypothesis, multipliers
of M’ are bounded. However, a multiplier of M is also a multiplier of M’, so the result
follows. O

We are ready to classify Fredholm composition operators on H2.

ProposITION 18 (Cima, Thompson and Wogen). The composition operator
C,: H>*>H? is Fredholm if and only if ¢ is a conformal automorphism of the disc.

ProOOF. If ¢ is a conformal automorphism of the disc, then as noted by Schwartz
[12], C,: H*— H? isinvertible, so is trivially Fredholm. To prove the converse, suppose
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C, is Fredholm. Then the range of C, is a closed subspace of finite co-dimension, so
by Lemma 17, M(¢)= H*. Thus by Proposition 12, ¢ is a finite Blaschke product. Let
us assume for the moment that ¢(0)=0. Then do - ¢ ~! =do (12) and therefore C3C,=1
where I is the identity operator on H?. However, C, is invertible in the Calkin algebra
[4], Chapter 5, 5.13 Definition and 5.17 Theorem, pp 127-129, so

C,Cx=I+K 1)

for some compact operator K: H?>— H?2,

Let we D and k, be the reproducing kernel at w. Then |k, |7 'k, are of unit
norm and tend to zero weakly in the Hilbert space H 2 as |w|—1. Whence
k.|l 1K(k,)—0 as |w|—1 in the H? norm, [4], Chapter 5, 5.6 Proposition, page
123. Then from (21)

Ik ll2 2<CoClks), k) — k1l 3 2wy k> — 0

as jw|—1. Thus,

Ik ll2 2 Chky), Chk)> — ikl 3 2 k(W) = 0 (22
as |w|—1. Using the well known fact C}(k,) =k, (3) and (22), we have that
1—|w|?

as |w|—> 1.

I—[¢mI
By Schwarz-Pick lemma
oW1 —|wH<1—|pW) |,

hence |¢’'({) | <1 for all {e 0D (¢’ exists on 6D because ¢ is a finite Blaschke product).
Recall the usual formula for the number of zeros of ¢ in D:

A PO,
211 Jop $(0)

Since |¢'|<1 on dD and | ¢ |=1 on 0D, we deduce that ¢ has at most one zero inside
D; but ¢(0) was assumed to be 0, so ¢ has exactly one zero in D. Hence ¢(z) =4z (ze D)
for some AedD. To handle the general case, write w=¢(0) and as usual consider

C'I’w"‘t = C¢C‘I’w :

Since C, is an invertible operator on H?, C, ., is also Fredholm with ¥, ¢(0)=0,
from which the desired result follows. |
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