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\S 1. Introduction.

In this paper, we prove two kinds of nonexistence results for harmonic maps. The
one is to prove nonexistence of a harmonic map with a rotational nondegeneracy at
infinity, from a simple Riemannian manifold to an Hadamard manifold of negative
sectional curvature bounded away from zero. The other is to prove nonexistence of a
nonconstant harmonic map with a polynomial growth dilatation, from a complete
Riemannian manifold of nonnegative Ricci curvature to a Riemannian manifold of
negative sectional curvature bounded away from zero.

Let $M=(M^{m}, h)$ and $N=(N^{n}, g)$ be Riemannian manifolds of dimension $m$ and $n$

$(m, n\geq 2)$ respectively. Throughout this paper we denote by $x=(x^{1}, \cdots, x^{m})$ and
$y=(y^{1}, \cdots, y^{n})$ local coordinates on $M$ and $N$ respectively. We shall write $(h_{\alpha\beta}(x))$ and
$(g_{ij}(y))$ for the metric tensors with respect to the local coordinates on $M$ and $N$

respectively. Moreover, $(h^{\alpha\beta}(x))=(h_{\alpha\beta}(x))^{-1},$ $(g^{ij}(y))=(g_{ij}(y))^{-1}$ and $h(x)$ denotes the
determinant of $(h_{\alpha\beta})$ . The Christoffel symbols on $M$ and $N$ will be denoted by $\Gamma_{\beta\gamma}^{\alpha}$ and
$\Gamma_{jk}^{i}$ respectively.

For a map $U\in C^{1}(M, N)$ we define the energy density $e(U)(x)$ of $U$ at $x\in M$ by

$e(U)(x)=\frac{1}{2}\Vert dU(x)\Vert^{2}=\frac{1}{2}h^{\alpha\beta}(x)D_{\alpha}u^{i}(x)D_{\beta}u^{i}(x)g_{ij}(u(x))$ ,

where $u(x)$ is the expression of $U(x)$ with respect to the local coordinates $(y^{1}, \cdots, f)$

and $D_{\alpha}$ denotes $\partial/\partial x^{a}$ . For a bounded domain $\Omega\subset M$, we define the energy of $U$ on $\Omega$
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$ E(U;\Omega)=\int_{\Omega}e(U)d\mu$ ,

where $d\mu=\sqrt{h(x)}dx$ stands for the volume element on $M$. A map $U:M\rightarrow N$ is said to
be harmonic if it is of class $C^{2}$ and is a critical point of the energy functional on any
bounded domain $\Omega\subset M$. The Euler-Lagrange equation for the energy functional is
given by

(1.1) $\Delta u^{i}(x)+h^{\alpha\beta}(x)\Gamma_{jk}^{i}(u(x))D_{\alpha}u^{j}(x)D_{\beta}u^{k}(x)=0$ for $1\leq i\leq n$ ,

where $\Delta$ denotes the Laplace-Beltrami operator on $M$, i.e.

(1.2) $\Delta=h^{\alpha\beta}(x)D_{\alpha}D_{\beta}-h^{\alpha\beta}(x)\Gamma_{\alpha\beta}^{\gamma}(x)D_{\gamma}$ .

A Reimannian manifold is said to be simple if it is diffeomorphic to the Euclidean
m-space $R^{m}$ and fumished with a metric for which associated Laplace-Beltrami operator
is uniformly elliptic, and $p_{0}\in M$ is said to be a pole of $M$ if the exponential map at
$p_{0}\in M$ gives a diffeomorphism between $M$ and the Euclidean space. Moreover, a
Riemannian manifold $N$ is said to be an Hadamard manifold if it is a complete simply
connected Riemannian manifold with nonpositive sectional curvature.

In [24], the second author proved that there exists no harmonic map $U$ from $R^{m}$

to an Hadamard n-manifold $N$ with negative sectional curvature $K_{N},$ $K_{N}\leq-\kappa^{2}<0$ ,
satisfying the following uniform rotational nondegeneracy condition (see also [25]):
There exists a positive constant $\epsilon$ such that

$\sum_{i=1}^{n}\sum_{\alpha=1}^{m}(D_{a}\frac{u^{i}}{|u|})^{2}\geq\frac{\epsilon}{|x|^{2}}$ for all $xeR^{m}$ ,

where $x=(x^{1}, \cdots, x^{m})$ is the canonical normal coordinate system on $R^{m},$ $u=(u^{1},$ $\cdots$ ,
$u^{n})$ a normal coordinate system centered at $U(O),$ $|x|=\sqrt{\sum_{\alpha=1}^{m}(x^{a})^{2}}$ and $|u(x)|=$

$\sqrt{\sum_{i=1}^{n}(u^{i}(x))^{2}}$ . The nonexistence results of this type can be found in [20] also.
Now we can state the first main result.

THEOREM 1.1. Let $M$ be a simple Riemannian m-manifold with a pole $p_{0}\in M$,
$(x^{1}, \cdots, x^{m})$ a normal coordinate system centered at $p_{0}$ and $k_{M}(x)$ the minimum of the
sectional curvature of $M$ at $x$ . Assume that $k_{M}(x)$ satisfies
(1.3) $-\min\{k_{M}(x), 0\}\leq O(r^{-2})$ as $ r=|x|\rightarrow\infty$ .
Let $N$ be an Hadamard n-manifold whose sectional curvature is bounded above by a
negative constant $-\kappa^{2}$ . Then there exists no harmonic map $U:M\rightarrow N$ which satisfies the
following condition:

(1.4) $\lim_{|x|\rightarrow}\inf_{\infty}(\log|x|)\{|x|^{2}(\frac{\kappa}{\sinh(\kappa\rho)})^{2}(e(U)(x)-e(\rho)(x))\}>0$ ,
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where $\rho(x)=dist_{N}(U(x), q_{0})$ for an arbitrarily fixed point $q_{0}eN$.

Especially, for the case that $M=R^{2}$ we get the following result.

COROLLARY 1.1. Let $N$ be as in Theorem 1.1. Then, there is no harmonic map
$U:R^{2}\rightarrow N$ satisfying the following condition:

(1.5) $\lim_{|x|\rightarrow}\inf_{\infty}(\log|x|)^{2}\{|x|^{2}(\frac{\kappa}{\sinh(\kappa\rho)})^{2}(e(U)(x)-e(\rho)(x))\}>0$ .

A $C^{1}$ map $\varphi:M\rightarrow N$ is said to have bounded $\zeta first$) dilatation if there exists a
constant $K\geq 1$ such that $\lambda_{1}(x)\leq K^{2}\lambda_{2}(x)$ for all $xeM$, where $\lambda_{1}(x)\geq\lambda_{2}(x)\geq\cdots\geq$

$\lambda_{m}(x)\geq 0$ are the eigenvalues of the pull-back quadratic form $\varphi^{*}g$ on $T_{x}M$.
Goldberg-Har’El [11] and Sealey [21] proved (improving on a succession of earlier
result [12]) that harmonic maps with bounded dilatation, from a complete Riemannian
manifold ofnonnegative Ricci curvature to a Riemannian manifold ofnegative sectional
curvature bounded away from zero, are constant maps. Kendall [16], [17] also obtained
similar results by using stochastic methods. We shall generalize the concept of bounded
dilatation. For each $s\geq 0$ , we say that a C’ map $\varphi:M\rightarrow N$ has polynomial growth
dilatation oforder at most $s$ if there exist a constant $K\geq 1$ and some point $p_{0}eM$ such that

(1.6) $\lambda_{1}(x)\leq K^{2}(1+r(x)^{2})^{s/2}\lambda_{2}(x)$ for all $xeM$ ,

where $r(x)=dist_{M}(p_{0}, x)$ and $\lambda_{1}(x)\geq\lambda_{2}(x)\geq\cdots\geq\lambda_{m}(x)\geq 0$ are the eigenvalues of $\varphi^{*}g$

on $T_{x}M$. It tums out that this definition is independent on the choice of the point $p_{0}eM$.
The second main result can be stated as follows.

THEOREM 1.2. Let $M$ be a complete Riemannian manifold of nonnegative Ricci
curvature $Ric_{M}\geq 0$ and $N$ a Riemannian manifold of negative sectional curvature $K_{N}$,
$K_{N}\leq-\kappa^{2}<0$ . Let $U:M\rightarrow N$ be a harmonic map with polynomial growth dilatation of
order at most $s$ . If$s=2$ , then the energy density $e(U)$ of $U$ is bounded on M. Furthermore,

if $s<2$ , then $U$ is a constant map.

COROLLARY 1.2. Under the same assumptions as in Theorem 1.2, if$m=\dim M=2$ ,
then every harmonic map $U:M^{2}\rightarrow N$ with polynomial growth dilatation of order at most
2 is a constant map.

In [5] Choi and Treibergs constructed an explicit one-parameter family ofharmonic
diffeomorphisms of the hyperbolic plane $H^{2}$ onto itself (See also [19]). Recently,
constructions ofharmonic maps from the hyperbolic m-space $H^{m}$ to $H^{n}$ with unbounded
image have been obtained in [1] (for $m=n=2$) and Li-Tam [18], [19] (for all $m,$ $n\geq 2$),
by solving the asymptotic Dirichlet problem for harmonic maps between $H^{m}$ and $H^{n}$ .

On the other hand, not much has been known about harmonic maps from $R^{m}$ to
$H^{n}$ with unbounded images. In fact, Eells-Lemaire proposed the following problem.

PROBLEM. ((7.4) in [7]) Is there a harmonic map from $R^{2}$ to $H^{2}$ of rank 2 almost
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everywhere? (Certainly such a map $\varphi$ must have infinite energy $ E(\varphi;R^{2})=\infty$ . Further,
$\varphi$ can not have bounded dilatation.)

For an affirmative answer of this question, Choi-Treibergs [6] also constructed a
class ofharmonic diffeomorphisms from $R^{2}$ into $H^{2}$ with unbounded images. Corollary
1.1 implies that these harmonic diffeomorphisms never satisfy the rotational non-
degeneracy condition (1.5) at infinity. Also Corollary 1.2 implies that these harmonic
maps have never polynomial growth dilatation of order at most 2. These facts, together
with Theorem 1.1 and Theorem 1.2, suggest a special aspect of harmonic maps from
$R^{m}$ to $H^{n}$ .

Finally, we would like to mention that Liouville-type theorems have been obtained,
for examples, in [2], [8], [9], [13], [14] and [22].

2. Proof of Theorem 1.1.

First of all, we prove some differential geometric estimates which are based on
Lemma 6 of [15].

LEMMA 2.1. Let $M_{O}$ be a Riemannian p-manifold with a pole $p_{0},$ $(y^{1}, \cdots, y^{p})a$

normal coordinate system centered at $p_{0},$ $(\gamma_{ij}(y))$ the metric tensor with respect to the
normal coordinate system and $K(y)$ and $k(y)$ the maximum and minimum of the sectional
curvatures $ofM_{0}$ at $y$ respectively. Let $f_{0},f_{1}$ befunctions ofclass $C^{2}(R_{+}, R_{+})$ which satisfy

(2.1) $\lim^{\underline{f_{a}(t)}}=1$

, $f_{a}^{\prime}(t)>0$ $\forall te(O, \infty)$ , $a=0,1$ .
$t\rightarrow 0$ $t$

Assume that

$\max\{-\frac{f_{0}^{n}(t)}{f_{0}(t)},$ $\frac{1-\{f_{\acute{0}}(t)\}^{2}}{f_{0}^{2}(t)}\}\leq k(y)$

(2.2)

$\leq K(y)\leq\min\{-\frac{f_{1}^{\prime\prime}(t)}{f_{1}(t)},$ $\frac{1-\{f_{1}^{\prime}(t)\}^{2}}{f_{1}^{2}(t)}\}$ ,

where $t=|y|=\sqrt{\sum_{j=1}^{p}(y^{i})^{2}}$ . Then we have the following estimates

(2.3) $|\zeta|^{2}+t\frac{f_{\acute{0}}(t)}{f_{0}(t)}\gamma_{ij}(y)\xi^{i}\xi^{j}\geq\gamma_{ij}(y)(X^{i}X^{j}+y^{k}\Gamma_{tl}^{i}(y)X^{j}X^{i})\geq|\zeta|^{2}+t\frac{f_{1}^{\prime}(t)}{f_{1}(t)}\gamma_{ij}(y)\xi^{i}\xi^{j}$ ,

(2.4) $|\zeta|^{2}+\frac{f_{0}^{2}(t)}{t^{2}}|\xi|^{2}\geq\gamma_{ij}(y)X^{i}X^{j}\geq|\zeta|^{2}+\frac{f_{1}^{2}(t)}{t^{2}}|\xi|^{2}$ ,

for all $y,$ $XeR^{p}$ , where $t=|y|,$ $\zeta=(X, y)y/t^{2}$ and $\xi=X-\zeta$ .
PROOF. Let $P_{a}(a=0,1)$ be a warped product manifold $R_{+}\times S^{p-1}f_{a}$ . Then the

metric tensor of $P_{a}$ with respect to a normal coordinate system $(y^{1}, \cdots, y^{p})$ centered at
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$\{0\}\times S^{p-1}$ is given by

$\gamma_{ij}^{a}(y)=\frac{y^{i}\dot{\gamma}}{|y|^{2}}+\frac{f_{a}^{2}(|y|)}{|y|^{2}}(\delta_{ij}-\frac{y^{i}\dot{\gamma}}{|y|^{2}})$ .

Moreover the maximum and the minimum of sectional curvatures at $y$ are attained
by

$-\frac{f_{a}^{\prime\prime}(t)}{f_{a}(t)}$ and $\frac{1-(f_{a}^{\prime}(t))^{2}}{f_{a}^{2}(t)}$ ,

where $t=|y|$ (see [22]). Now, applying Rauch’s comparison theorem to $M_{0}$ and $P_{a}$ ,
we get the following estimates as in the proof of Lemma6of [15]:

(2.5) $t\frac{f_{\acute{0}}(t)}{f_{0}(t)}\geq\frac{\gamma_{ij}(y)(\xi^{i}\xi^{j}+y^{k}\Gamma_{kl}^{i}(y)\xi^{l}\xi^{j})}{\gamma_{ij}(y)\xi^{i}\xi^{j}}\geq t\frac{f_{1}^{\prime}(t)}{f_{1}(t)}$ ,

(2.6) $\frac{f_{0}^{2}(t)}{t^{2}}|\xi|^{2}\geq\gamma_{ij}(y)\xi^{i}\xi^{j}\geq\frac{f_{1}^{2}(t)}{t^{2}}|\xi|^{2}$

for all $y,$ $\xi eR^{p}$ with $(\xi, y)=\sum_{j=1}^{p}\xi^{j}y^{j}=0$ , where $|\xi|=\sqrt{\sum_{j=1}^{p}(\xi^{j})^{2}}$ .
Since $(y^{i})$ is a normal coordinate system, we have the following relations (cf. [15])

(2.7)
$\left\{\begin{array}{l}\gamma_{ij}(y)y^{i}=\sum_{i=1}\gamma^{ij}y^{i}=y^{j}\\\Gamma_{J^{l}}^{i}(y)y^{j}f=0\\\gamma_{ij}(y)f\Gamma_{kl}^{i}(y)y^{j}=\Gamma_{kfl}(y)fy^{j}=-\Gamma_{klj}(y)y^{k}y^{j}+\oint y^{j}D_{k}\gamma fl\\=0+y^{k}D_{k}(\gamma fly^{j})-\gamma fl\delta_{k}^{j}f=y^{k}D_{k}y^{l}-y^{l}=0\end{array}\right.$

Remarking the above relations we get

$\gamma_{ij}(y)(X^{i}X^{j}+t\Gamma_{k1}^{i}(y)X^{l}X^{j})=\gamma_{ij}(y)\zeta^{i}\zeta^{j}+\gamma_{ij}(y)\{\xi^{i}\xi^{j}+f\Gamma_{kl}^{i}(y)\xi^{\iota}\xi^{j}\}$ .
Using above equality, from (2.5), (2.6) and (2.7) we get (2.3) and (2.4).

LEMMA 2.2 Let $M$ be as in Theorem 1.1. Let $c_{0}$ and $c_{1}$ be constants which satisfy

$c_{0}^{2}\geq-\inf\{k_{M}(x) : xeM, |x|\leq 1\}$ ,
(2.8)

$c’\geq-\inf\{|x|^{2}k_{M}(x) : x\in M, |x|\geq 1\}$ .

Then there exists a positive constant $c_{2}=c_{2}(c_{0}, c_{1})$ such that

(2.9) $h_{\alpha\beta}(x)(\xi^{a}\xi^{\beta}+x^{\gamma}\Gamma_{\gamma\delta}^{\alpha}(x)\xi^{\delta}\xi^{\beta})\leq c_{2}h_{\alpha\beta}(x)\xi^{\alpha}\xi^{\beta}$

for all $x$ and $\xi eR^{m}$ .
$PR\infty F$ . For a constant $k$, put $\varphi_{k}(t)=c_{3}t+c_{4}f$ , and choose the constants $c_{3},$ $c_{4}$

and $a$ so that



136 KAZUO AKUTAGAWA AND ATSUSHI TACHIKAWA

(2.10) $\varphi_{k}(1)=\frac{1}{k}\sinh k$ , $\varphi_{k}^{\prime}(1)=\cosh k$ , $\varphi_{l}^{n}(1)=k\sinh k$ .

Moreover, put

(2.11) $\tilde{\varphi}_{k}(t)=-t^{2}\underline{\varphi_{k}^{\prime\prime}(t)}$

$\varphi_{k}(t)$

$\hat{\varphi}_{k}(t)=t^{2}\frac{1-\{\varphi_{k}^{\prime}(t)\}^{2}}{\varphi_{k}(t)}$ .

$Itiseasytoseethatifc_{3},$ $c_{4}>0anda>0$ , then $\tilde{\varphi}_{k}^{\prime},\hat{\varphi}_{k}^{\prime}<0$ .
On the other hand, from (2.10), we have

(2.12) $\left\{\begin{array}{l}a=a_{k}=k^{2}(e^{k}-e^{-k})/\{(k-l)e^{k}+(k+1)e^{-k}\}\\c_{3}=\frac{1}{2k}\{(1-\frac{k-1}{a-1})e^{k}+(1+\frac{k+1}{a-1})e^{-\iota}\}\\c_{4}=\frac{1}{2k(a-1)}\{(k-1)e^{k}+(k+1)e^{-k}\}\end{array}\right.$

From the above equalities, we can see that if $k$ is sufficiently large then $a>1$ and $c_{3}$ ,
$c_{4}>0$ . Thus we can take a constant $k_{0}$ so that $\tilde{\varphi}_{k}$ and $\hat{\varphi}_{k}$ are monotone decreasing
functions for $k>k_{0}$ . Now take $k>\max\{k_{0}, c_{0}, c_{1}\}$ and put

$f_{k}(t)=\left\{\begin{array}{ll}\frac{1}{k}\sinh kt & 0<t\leq 1,\\\varphi_{k}(t) & t\geq 1.\end{array}\right.$

Then, by a direct calculation, we see that

(2.13) $-\frac{f_{k}^{n}(t)}{f_{k}(t)}$ , $\frac{1-\{f_{k}^{\prime}(t)\}^{2}}{f_{k}^{2}(t)}=-k^{2}\leq-c_{O}^{2}$ for $0\leq t\leq 1$ .

Moreover, remarking the monotonicity of $\tilde{\varphi}_{k}$ and $\hat{\varphi}_{k}$, we obtain

(2.14) $\tilde{\varphi}_{k},\hat{\varphi}_{k}\leq-k^{2}\leq-c_{1}^{2}$ for $1\leq t$ .
Now, by (2.8), (2.13) and (2.14), we can apply Lemma 2.1 with $M_{0}=M$ and $f_{0}=f_{k}$ .
On the other hand $tf_{k}/f_{k}$ is bounded. Thus, putting $c_{2}=\sup_{0<t}tf_{k}^{\prime}/f_{k}+1$ , we get (2.9).

Let $u=(u^{1}(x), \cdots, u^{n}(x))$ be the expression of a harmonic map $U:M\rightarrow N$ in terms
of a normal coordinate system centered at any fixed point $q_{0}$ in $N$. Then $u$ satisfies the
following equation of weak form:

(2.15) $\int_{R^{n}}h^{a\beta}g_{ij}\{D_{\alpha}u^{i}D_{\beta}\varphi^{j}+\varphi^{k}\Gamma_{kl}^{i}D_{\alpha}u^{l}D_{\beta}u^{j}\}\sqrt{h}dx=0$ , $\forall\varphi eC_{0}^{\infty}(R^{m}, R^{n})$ .
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PROPOSITION 2.1. Let $N$ be as in Theorem 1.1 and $u$ the expression of a harmonic
map $U:M\rightarrow N$ with respect to a normal coordinate system on $N$ centered at an arbitrary
fixed point $q_{0}e$ N. Then we have the following differential inequality for $|u|$ .

(2.16) $\Delta|u|(x)-\frac{\sinh(2\kappa|u|)}{2\kappa}\{\frac{\kappa}{\sinh(\kappa|u|)}\}^{2}\{e(u)(x)-e(\rho)(x)\}\geq 0$ ,

where $\Delta$ denotes the Laplace-Beltrami operator on $M$ defined by (1.2) and $|u|=$

$\sqrt{\sum_{i=1}^{n}(u^{i})^{2}},$ $\Vert Du\Vert_{h}^{2}=\sum_{i=1}^{n}h^{\alpha\beta}D_{\alpha}u^{i}D_{\beta}u^{i},$ $\Vert(D|u|)\Vert_{h}^{2}=h^{\alpha\beta}D_{\alpha}|u|D_{\beta}|u|$ .
Moreover, if $M$ is simple and $u$ satisfies (1.4), then we get

(2.17) $\Delta|u|-\frac{\epsilon_{0}}{2\kappa|x|^{2}\log|x|}\sinh(2\kappa|u|)\geq 0$ on $M\backslash B_{R_{O}}(0)$

for some $\epsilon_{0}>0$ and $R_{0}>0$ .
$PR\infty F$ . Taking $\varphi=u\eta,$ $\eta\in C_{0}^{\infty}(R^{m}, R)$ in (2.15) and using (2.7a), we get

(2.18) $\int_{R^{m}}h^{a\beta}\{\frac{1}{2}D_{\alpha}|u|^{2}D_{\beta}\eta+\eta g_{jj}(D_{\alpha}u^{i}D_{\beta}u^{j}+u^{k}\Gamma_{kl}^{l}D_{\alpha}u^{l}D_{\beta}u^{j})\}\sqrt{h}dx=0$ .

For a fixed $xeM$, let $\{e_{\alpha}\}_{\alpha=1,\cdots.m}$ be an orthonormal basis of $T_{x}M$, and write
$e_{a}=\sum_{\gamma=1}^{m}e_{\alpha}^{\gamma}(\partial/\partial x^{\gamma})$ in terms of the local coordinate system $(x^{1}, \cdots, x^{m})$ on $M$. In (2.3),
take $f_{1}=_{\kappa_{O}}\perp\sinh(\kappa_{0}r),$ $M_{0}=N,$ $X^{i}=e_{\gamma}^{a}D_{\alpha}u^{i}$ , and sum up with respect to $\gamma$ , then we get
the following inequality

(2.19) $h^{\alpha\beta}g_{ij}(u)(D_{a}u^{t}D_{\beta}u^{j}+\iota l\Gamma_{kl}^{i}D_{a}u^{l}D_{\beta}u^{j})\geq|\zeta|^{2}+\sum_{\gamma=1}^{m}|u|\frac{\cosh(\kappa|u|)}{\sinh(\kappa|u|)}g_{ij}(u)\xi_{\gamma}^{i}\xi_{\gamma}^{j}$ ,

where

$\zeta=(\zeta_{\gamma}^{i})$ , $\zeta_{\gamma}^{i}=\frac{\sum_{j=1}^{n}u^{j}e_{\gamma}^{\alpha}D_{a}u^{j}}{|u|^{2}}u^{i}$ and $\xi=(\xi_{\gamma}^{i})=(e_{\gamma}^{\alpha}D_{\alpha}u^{i}-\zeta_{\gamma}^{i})$ .

Here, we used the fact that

(2.20) $\sum_{\gamma=1}^{m}e_{\gamma}^{\alpha}e_{\gamma}^{\beta}=h^{\alpha\beta}(x)$ .

Moreover, using (2.20) again, we can see that

$|\zeta|^{2}=\sum_{\gamma=1}^{m}\sum_{i=1}^{n}(\zeta_{\gamma}^{i})^{2}=\frac{1}{4|u|^{2}}h^{a\beta}D_{\alpha}|u|^{2}D_{\beta}|u|^{2}=\frac{\Vert D|u|\Vert_{\hslash}^{2}}{4|u|^{2}}$ ,
(2.21)

$\sum_{\gamma=1}^{m}g_{ij}(u)\xi_{\gamma}^{i}\xi_{\gamma}^{j}=e(u)(x)-\Vert(D|u|)\Vert_{k}(x)=e(u)(x)-e(\rho)(x)$ .

From (2.18), (2.19) and (2.21), we can deduce $that|u|$ satisfies the differential inequality
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(2.16).
Now, assume that $u$ satisfies (1.4) and that $M$ is simple. Then $(h^{\alpha\beta})$ satisfies

$\lambda|X|^{2}\leq h^{\alpha\beta}(x)X_{\alpha}X_{\beta}$ $\forall x,$ $XeR^{m}$

for some positive constant $\lambda$, and therefore (1.4) implies

$\{\frac{\kappa}{\sinh(\kappa\rho)}\}^{2}\{e(u)(x)-e(\rho)(x)\}\geq\frac{\epsilon_{O}}{|x|^{2}\log|x|}$

for some $\epsilon_{0}$ and sufficiently large $|x|$ . Combining (2.16) and the above inequality, we
get the differential inequality (2.17). $\square $

Now, we can prove Theorem 1.1 by comparing $|u|$ with a suitable supersolution
of (2.17).

PROOF OF THEOREM 1.1. We first give supersolutions of the elliptic equation
corresponding to (2.17) which tend to infinity on a bounded region.

Let $M$ be as in Theorem 1.1 and $(x^{1}, \cdots, x^{m})$ a normal coordinate system on $M$.
Let $\rho_{\delta}(t)=\log(1+t^{\delta})-\log(1-t^{\delta}),$ $B_{s}=\{xeM : |x|<s\}$ and $\varphi_{\delta.\kappa.R}(x)$ : $B_{R/\kappa}\rightarrow R$ be a
function defined by

$\varphi_{\delta,\kappa,R}(x)=\frac{1}{\kappa}\rho_{\delta}(\frac{\kappa|x|}{R})$ .

Denote $r=|x|$ and $t=\kappa r/R$ . Then

$\Delta\varphi_{\delta.\kappa.R}(x)=\frac{1}{\kappa}h^{a\beta}D_{a}D_{\beta}\varphi_{\delta.\kappa.R}-\frac{1}{\kappa}h^{a\beta}\Gamma_{a\beta}^{\gamma}D_{\gamma}\varphi_{\delta,\kappa.R}$

(2.22)

$=\frac{\kappa}{R^{2}}\rho_{\delta}^{n}(t)+\frac{1}{Rr}\{(tr(h^{a\beta})-\sum_{\gamma=1}^{n}h^{a\beta}\Gamma_{a\beta}^{\gamma}x^{\gamma})-1\}\rho_{\delta}^{\prime}$ .

For a fixed $xeM$, let $\{e_{a}\}_{\alpha=1,\cdots,m},$ $e_{\alpha}=(e_{a}^{1}, \cdots, e_{a}^{m})$ be an orthonormal basis of
$T_{x}M$. Using (2.20), we can see that

$tr(h^{\alpha\beta})-\sum_{\gamma=1}^{m}h^{a\beta}\Gamma_{\alpha\beta}^{\gamma}x^{\gamma}=tr(h^{a\beta})-h^{a\beta}\sum_{\eta=1}^{m}\Gamma_{\alpha\gamma\beta}h^{\gamma\eta}x^{\eta}$

$=tr(h^{\alpha\beta})-\sum_{\eta=1}^{m}e_{\eta}^{a}e_{\eta}^{\beta}\Gamma_{\alpha\gamma\beta}x^{\gamma}$

$=tr(h^{\alpha\beta})+\sum_{\eta=1}^{m}\{x^{\gamma}e_{\eta}^{a}e_{\eta}^{\beta}\Gamma_{a\beta\gamma}-(D_{\alpha}h_{\beta\gamma})x^{\gamma}e_{\eta}^{\alpha}e_{\eta}^{\beta}\}$

$=tr(h^{\alpha\beta})+\sum_{\eta=1}^{m}\{x^{\gamma}e_{\eta}^{a}e_{\eta}^{\beta}\Gamma_{\alpha\beta\gamma}-D_{\alpha}(h_{\beta\gamma}x^{\gamma})e_{\eta}^{a}e_{\eta}^{\beta}+h_{\beta\gamma}(D_{a}x^{\gamma})e_{\eta}^{a}e_{\eta}^{\beta}\}$
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$=tr(h^{\alpha\beta})+\sum_{\eta=1}^{m}\{x^{\gamma}e_{\eta}^{\alpha}e_{\eta}^{\beta}\Gamma_{\alpha\beta\gamma}-\delta_{\alpha\beta}e_{\eta}^{\alpha}e_{\eta}^{\beta}+h_{\beta\gamma}\delta_{\alpha}^{\gamma}e_{\eta}^{\alpha}e_{\eta}^{\beta}\}$

$=tr(h^{\alpha\beta})+\sum_{\eta=1}^{m}\{x^{\gamma}e_{\eta}^{\alpha}e_{\eta}^{\beta}\Gamma_{\alpha\beta\gamma}+h_{\alpha\beta}e_{\eta}^{\alpha}e_{\eta}^{\beta}\}-\delta_{\alpha\beta}h^{\alpha\beta}$

$=\sum_{\eta=1}^{m}\{h_{\alpha\beta}e_{\eta}^{\alpha}e_{\eta}^{\beta}+x^{\gamma}e_{\eta}^{a}e_{\eta}^{\beta}\Gamma_{\alpha\beta\gamma}\}=\sum_{\eta=1}^{m}h_{\alpha\beta}(e_{\eta}^{\alpha}e_{\eta}^{\beta}+x^{\gamma}\Gamma_{\delta\gamma}^{\alpha}e_{\eta}^{\delta}e_{\eta}^{\beta})$ .

Thus, using Lemma 2.3, we get the following estimate

(2.23) $tr(h^{\alpha\beta})-\sum_{\gamma=1}^{m}h^{\alpha\beta}\Gamma_{\alpha\beta}^{\gamma}x^{\gamma}\leq c_{2}\sum_{\eta=1}^{m}h_{\alpha\beta}e_{\eta}^{\alpha}e_{\eta}^{\beta}=mc_{2}$ .

Combining (2.22) and (2.23), we obtain

(2.24) $\Delta\varphi_{\delta.\kappa,R}(x)\leq\frac{\kappa}{R^{2}}\rho_{\delta}^{\prime\prime}(t)+\frac{c_{2}m-1}{Rr}\rho_{\delta}^{\prime}(t)$ .

Now, a direct calculation leads us to the following inequality for $|x|>1$ .

$\Delta\varphi_{\delta.\kappa,R}(x)-\frac{\epsilon}{2\kappa|x|^{2}\log|x|}\sinh(2\kappa\varphi_{\delta.\kappa,R}(x))$

$\leq\frac{2\kappa}{R^{2}(1-t^{2\delta})^{2}\log(Rt/\kappa)}[t^{\delta-2}\{\delta(\delta+c_{2}m-2)\log(\frac{R}{\kappa}t)-\epsilon\}$

(2.25)
$+t^{3\delta-2}\{\delta(\delta-c_{2}m+2)\log(\frac{R}{\kappa}t)-\epsilon\}]$

$\leq\frac{2\kappa(t^{\delta-2}+t^{3\delta-2})}{R^{2}(1-t^{2\delta})\log(Rt/\kappa)}\{c_{5}\delta\log(\frac{R}{\kappa})-\epsilon\}$ ,

for $0<\delta\leq 1$ and some $c_{5}=c(c_{2}, m)>0$ . Thus, for any $\epsilon>0$ , if we take $\delta=\delta(R)=$

$\min\{\epsilon/(c_{5}\log(R/\kappa)), 1\}$ , we obtain

(2.26) $\Delta\varphi_{\delta,\kappa,R}(x)-\frac{\epsilon}{2\kappa|x|^{2}\log|x|}\sinh(2\kappa\varphi_{\delta.\kappa.R}(x))\leq 0$ on $B_{R/\kappa}\backslash B_{1}$ .

In the following let us assume that $R$ is sufficiently large so that $\epsilon/(c_{5}\log(R/\kappa))<1$ . For
any fixed $x\in R^{m}\backslash B_{1}$ ,

$\delta(R)\log t=\frac{\epsilon\log(\kappa|x|/R)}{c_{5}\log(R/\kappa)}\searrow-\frac{\epsilon}{c_{5}}$ as $ R\nearrow+\infty$ ,

and therefore
$t^{\delta\langle R)}=e^{\delta\langle R)\log t}\searrow e^{-\epsilon/c_{5}}$ as $ R\nearrow+\infty$ .
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Thus, putting

$\xi:=\frac{1}{\kappa}\log\frac{1+e^{-\epsilon/c_{5}}}{1-e^{-\epsilon/c_{5}}}$ .
we can see that

(2.27) $\phi_{\kappa,R}(x):=\phi_{\delta\langle R),\kappa,R}(x)\searrow\xi$ as $ R\nearrow+\infty$ .

Let $u(x)$ be the expression of a harmonic map $U:M\rightarrow N$ with respect to a normal
coordinate system $x=(x^{1}, \cdots, x^{m})$ on $M$ oentered at the pole of $p_{0}\in M$ and a normal
coordinate system $y=(y^{1}, \cdots, y^{n})$ on $N$ centered at arbitrary fixed point $q_{0}eN$. Take
$R_{0}>1$ and put $\mu=\sup_{B_{R_{O}}}|u|$ . Assume that $U$ is not a constant map. Then $|u|$ can not
remain bounded because of a Liouville-type theorem due to [14]. Thus, there exists a
compact set $D\subset R^{m}\backslash B_{R_{O}}$ on which $|u|\geq\mu+\xi+2$ .

Let $R_{1}$ be sufficiently large so that $R_{1}/\kappa>R_{O}$ and

$\phi_{\kappa.R_{1}}(x)\leq\xi+1$ on $D$ .
This choice is the case because of (2.27). On the other hand it is easy to see that

$\psi_{R_{1}}(x):=\phi_{\kappa,R_{1}}(x)+\mu$

satisfies (2.26) on $B_{R_{1}/\kappa}\backslash B_{1}$ . Thus we get

$\Delta\psi_{R_{1}}-\frac{\epsilon_{0}}{2\kappa|x|\log|x|}\sinh(2\kappa\psi_{R_{1}})\leq 0$ on $B_{R_{1}/\kappa}\backslash B_{1}$ ,

$\Delta|u|-\frac{\epsilon_{0}}{2\kappa|x|^{2}\log|x|}\sinh(2\kappa|u|)\geq 0$ on $R^{m}\backslash B_{R_{O}}$ ,

and

$\{$

$\psi_{R_{1}}\geq\mu+\xi>|u|$ on $\partial B_{R_{O}}$ ,

$\lim_{|x|\rightarrow R_{1}/\kappa}\psi_{R_{1}}=+\infty$ .

Now, taking $R_{1}$ sufficiently large so that $B_{R_{1}/\kappa}\supset\supset B_{R_{0}}(\supset\supset B_{1})$ and that $B_{R_{1}/\kappa}\backslash B_{R_{O}}\supset D$,
we can use a comparison theorem for elliptic equations (see for example [10] Theorem
10.1) and get

$\psi_{R_{1}}\geq|u|$ on $B_{R_{1}/\kappa}\backslash B_{Ro}$ ,

especially

$|u|\leq\psi_{R_{1}}\leq\xi+\mu+1$ on $D$ .
It contradicts our choioe of $D$ . Thus Theorem 1.1 is proved. $\square $
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PROOF OF COROLLARY 1.1. Assume that $M=R^{2}$ and a harmonic map $U:R^{2}\rightarrow N$

satisfies (1.5). Then we have

(2.28) $\Delta|u|-\frac{\epsilon_{0}}{2\kappa|x|(\log|x|)}\sinh(2\kappa|u|)\geq 0$ on $M\backslash B_{R_{O}}(0)$

instead of (2.17). Moreover, for this case $m=2$ and $c_{2}=1$ in (2.24). Thus we get

$\Delta\varphi_{\delta.\kappa,R}(x)-\frac{\epsilon}{2\kappa|x|^{2}(\log|x|)^{2}}\sinh(2\kappa\varphi_{\delta.\kappa,R}(x))$

(2.29)

$\leq\frac{2\kappa(t^{\delta-2}+t^{3\delta-})}{R(1-t^{\delta})^{2}(\log(Rt/\kappa))}[\delta^{2}\{\log(\frac{R}{\kappa})\}^{2}-\epsilon]$ ,

instead of (2.25). Thus for any $\epsilon>0$ , if we take $\delta=\min\{\epsilon/(\log(R/\kappa)), 1\}$ , we obtain

(2.30) $\Delta\varphi_{\delta,\kappa.R}(x)-\frac{\epsilon}{2\kappa|x|(\log|x|)^{2}}\sinh(2\kappa\varphi_{\delta,\kappa,R}(x))\leq 0$ om $B_{R/\kappa}\backslash B_{1}$ .

Now (2.28) and (2.30) enable us to proceed as in the proof of Theorem 1.1 and get the
assertion of Corollary 1.1. $\square $

3. Proof of Theorem 1.2.

LEMMA 3.1. Let $U:M\rightarrow N$ be a smooth map with polynominal growth dilatation of
order at most $s$ and $u$ an expression of U. Then

(3.1) $h^{\alpha\gamma}h^{\beta\delta}D_{a}u^{i}D_{\beta}u^{j}D_{\gamma}u^{k}D_{\delta}u^{l}(g_{ik}g_{Jt}-g_{il}g_{jk})\geq\frac{8}{K^{2}L^{2}(1+r^{2})^{s/}}e(U)$ ,

where $K$ is the same constant as in (1.6) and $L=\min\{m, n\}$ .

PROOF. For any $xeM|$ we may choose orthonormal frames at $x$ so that
$(\varphi^{*}g)_{\alpha\beta}(x)=\lambda_{\alpha}(x)\delta_{\alpha\beta}$ . We first note

$e(U)(x)=\frac{1}{2}\sum_{1\leq\alpha\leq L}\lambda_{\alpha}(x)$ and $\lambda_{L+1}(x)=\cdots=\lambda_{m}(x)=0$ .

Since $u$ has polynomial growth dilatation of order at most $s$, we then have at $x$

$h^{a\gamma}h^{\beta\delta}D_{\alpha}u^{i}D_{\beta}u^{j}D_{\gamma}u^{k}D_{\delta}u^{1}(g_{ik}g_{jl}-g_{il}g_{jk})$

$=2\sum_{1\leq\alpha<\beta\leq L}\lambda_{a}(x)\lambda_{\beta}(x)\geq 2\lambda_{1}(x)\lambda_{2}(x)$

$\geq\frac{2}{K^{2}(1+r(x)^{2})^{s/}}\lambda_{1}(x)^{2}\geq\frac{8}{KL^{2}(1+r(x))^{s/}}(e(U)(x))^{2}$
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LEMMA 3.2. Under the same assumption as in Theorem 1.2,

(3.2) $\Delta e(U)\geq\frac{8\kappa}{K^{2}L(1+r^{2})^{s/2}}e(U)^{2}$

PROOF. If $u$ is an expression of a harmonic map $U:M\rightarrow N$, then the following
Weitzenb\"ock formula (cf. [7]) holds

(3.3)
$\Delta e(U)=\Vert\nabla dU\Vert^{2}+h^{\alpha\gamma}h^{\beta\delta M}R_{\alpha\beta}D_{\gamma}u^{i}D_{\delta}u^{j}g_{ij}$

$-h^{a\gamma}h^{\beta\delta N}R_{ijkl}(u)D_{a}u^{i}D_{\beta}u^{j}D_{\gamma}\iota lD_{\delta}u^{l}$ ,

where $\nabla$ is the covariant derivative on the bundle $T^{*}M\otimes u^{-1}TN,$ $Ric_{M}=(MR_{a\beta})$ the
Ricci tensor of $M$ and $R_{N}=(NR_{ijkl})$ the curvature tensor of $N$. From (3.1), (3.3) and
the assumptions that $Ric_{M}\geq 0$ and $K_{N}\leq-\kappa^{2}<0$ , we then obtain

$\Delta e(U)\geq h^{a\gamma}h^{\beta\delta M}R_{\alpha\beta}D_{\gamma}u^{l}D_{\delta}u^{j}g_{ij}-h^{\alpha\gamma}h^{\beta\delta N}R_{ijkl}(u)D_{a}u^{i}D_{\beta}u^{j}D_{\gamma}u^{k}D_{\delta}u^{l}$

$\geq\kappa h^{\alpha\gamma}h^{\beta\delta}D_{a}u^{i}D_{\beta}u^{j}D_{\gamma}u^{k}D_{\delta}u^{l}(g_{ik}gfl-g_{il}gfl)$

$\geq\frac{8\kappa^{2}}{K^{2}L^{2}(1+r^{2})^{s/2}}e(U)^{2}$

$\square $

From (3.2) and the maximum principle, Theorem 1.2 is immediate provided $M$ is
compact.

We now assume that $M$ is noncompact. We will modify the maximum princi-
ple argument as in [4]. Take the point $p_{0}eM$ as in (1.6) and for $a>0$, let
$B_{a}(p_{0})=\{x\in M;r(x)=dist_{M}(p_{0}, x)<a\}$ be the geodesic ball of radius $a$ and centered
at $p_{0}$ .

LEMMA 3.3. Under the same assumptions as in Theorem 1.2, for any $a>0$ , we have

(3.4) $e(U)(x)\leq\frac{(m+6)K^{2}L^{2}a^{2}(1+a^{2})^{s/2}}{2\kappa^{2}(a^{2}-r(x)^{2})^{2}}$

for all $xeB_{a}(p_{0})$ .
PROOF. Assuming that $e(U)$ is not identically zero on $B_{a}(p_{0})$ , we consider the

function

$f(x)=(a-r(x)^{2})^{2}e(U)(x)$ , $xeB_{a}(p_{0})$ .
Since $M$ is complete, the closure of $B_{a}(p_{0})$ is compact and then $f$ attains a nonzero
maximum at some point $peB_{a}(p_{0})$ . As in \S 2 of [3], we may assume that $p$ is not on
the cut locus of $p_{0}$ and then $f$ is C’ in a neighborhood of $p$ . Then we have

$\nabla f(p)=0$ , $\Delta f(p)\leq 0$ .
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Hence at $p$

$\frac{\nabla e(U)}{e(U)}=\frac{4r\nabla r}{a-r^{2}}$ ,

$\frac{\Delta e(U)}{e(U)}\leq\frac{\Vert\nabla e(U)\Vert^{2}}{e(U)^{2}}+\frac{8r}{(a^{2}-r^{2})}+\frac{4(1+r\Delta r)}{a^{2}-r^{2}}$ ,

from which we obtain

(3.5) $\frac{\Delta e(U)(p)}{e(U)(p)}\leq\frac{24r(p)^{2}}{(a-r(p)^{2})}+\frac{4(1+r(p)\Delta r(p))}{a^{2}-r(p)}$ .

On the other hand, according to Lemma 9 of [26], the following inequality holds

(3.6) $\Delta r(p)\leq\min_{0\leq k<r\langle p)}[\frac{m-1}{r(p)-k}\frac{1}{(r(p)-k)^{2}}\int_{k}^{r\langle p)}(t-k)Ric_{M}(\dot{\sigma}(t),\dot{\sigma}(t))dt]$ ,

where $\dot{\sigma}(t)$ is the tangent vector of the unique minimizing geodesic $\sigma:[0, r(p)]\rightarrow M$

from $p_{0}$ to $p$ . Since the Ricci curvature of $M$ is nonnegative, (3.6) implies the estimate

(3.7) $r(p)\Delta r(p)\leq m-1$ .
It follows from (3.5) and (3.7) that

$(a^{2}-r(p)^{2})^{2}\frac{\Delta e(U)(p)}{e(U)(p)}\leq 4(m+6)a^{2}$

Hence from (3.2) we obtain

$f(p)=(a^{2}-r(p)^{2})^{2}e(U)(p)\leq\frac{(m+6)K^{2}L^{2}a(1+r(p)^{2})^{s/2}}{2\kappa^{2}}$

$\leq\frac{(m+6)KLa(1+a^{2})^{s/}}{2\kappa}$ .

Since $p$ is the maximum point of $f$ in $B_{a}(p_{0})$ , this implies

$(a^{2}-r(x)^{2})^{2}e(U)(x)\leq\frac{(m+6)K^{2}L^{2}a(1+a)^{s/}}{2\kappa^{2}}$ ,

for all $x\in B_{a}(p_{0})$ and then $e(U)$ satisfies the inequality (3.4).

PROOF OF THEOREM 1.2. Take any point $x\in M$ and fix it. Letting $ a\rightarrow\infty$ in the
inequality (3.4), we then obtain

$e(U)(x)\leq\frac{(m+6)KL}{2\kappa}$ when $s=2$

and $e(U)(x)=0$ when $s<2$ , i.e. $U$ is a constant map. This completes the proof of
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Theorem 1.2. $\square $

$PR\infty F$ OF COROLLARY 1.2. By Theorem 1.2, $e(U)$ is bounded on $M$. It is well-
known that a bounded subharmonic function on a 2-dimensional complete Rieman-
nian manifold with nonnegative Ricci curvature is constant. From (3.2) we ob-
tain that the energy density $e(U)$ of $U$ is constant. Using this result also in (3.2) then
gives that $u$ is a constant map.

A map $\varphi:M\rightarrow N$ is said to be linear growth if there exist points $p_{0}eM$ and $q_{0}eN$

such that

$\lim_{\iota\rightarrow}\sup_{\infty}\frac{\mu(\varphi,t)}{t}<\infty$ ,

where $\mu(\varphi, t)=\sup\{dist_{N}(q_{0}, \varphi(x));xeM, dist_{M}(p_{0}, x)=t\}$ . It tums out that this
definition is independent of the choice of $p_{0}\in M$ and $q_{0}eN$. By the argument as in [2],
we see that a harmonic map $u$, from a complete manifold with nonnegative Ricci
curvature to an Hadamard manifold is linear growth if and only if its energy density
$e(U)$ is bounded on $M$. From this result together with Theorem 1.2, we then obtain the
following corollary.

COROLLARY 3.1. Let $M$ be a complete Riemannian manifold with nonnegative Ricci
curvature and $N$ an Hadamard manifold with negative sectional curvature, $K_{N}\leq-\kappa^{2}<0$ .
Then every harmonic map $U:M\rightarrow N$ with polynomial growth dilatation of order at most
2 $\dot{i}$ linear growth.
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