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Representation of Harmonic Functions in the Lie Ball
by Dirichlet Series
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the space of entire functions of exponential type on the complex light cone.

1. Introduction.

| Abstract. We prove that complex harmonic functions in the Lie ball can be represented in Dirichlet
series by showing the equivalent fact that it can be constructed explicitly a discrete weakly sufficient set for

During the last two decades there has been developed extensively a concept of
representing systems of exponents which shows, in particular, that every holomorphic
function f'in a convex domain of C” (n>1) can be represented in the form of Dirichlet

series
(1.1 f@)= 2 e,
k=1

where { ¢, - ) is a scalar product.

or equivalently, as it turned out later, sufficient for the dual spaces H*.

(see, e.g., [2, 4] and references therein).

Received December 19, 1995

The possibility of such a representation, as is well-known, relates to the existence
of so-called sufficient and weakly sufficient sets (introduced and considered by Ehrenpreis
[1], Taylor [9] and Schneider [8], among others). Roughly speaking, this relation
can be formulated as follows: for certain spaces H of holomorphic functions the
representation (1.1) holds if and only if the set of frequencies {A*} is weakly sufficient,

This means that in many cases it is important to have an explicit description of
dual spaces. Then for solving the representation problem it suffices to deal with (weakly)
sufficient sets. In this direction there were several papers in which the last sets have
been considered in different spaces of holomorphic functions in convex domains of C"

The first named author, wishing to have duality theorems (i.e., a description of
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dual spaces) for a non-convex set, has started to study analytic functionals (hyper-
functions) on the sphere. Since analytic functionals on the sphere can be regarded as
continuous linear functionals on the space of complex harmonic functions in a neigh-
bourhood of the Lie ball, a study of the last space is of great importance. On this
subject he has obtained several results; in particular, in his recent joint work with K.
Fujita [6] there has been described the dual space of the space of complex harmonic
functions in the Lie ball as the space of entire functions on the complex light cone.

The aim of this paper is to present an application of such results to the represen-
tation problem, namely to show that every harmonic functions in the Lie ball can be
represented in Dirichlet series of the form (1.1), by constructing a weakly sufficient set
for the space of entire functions on the complex light cone.

It should be noted that in the articles on sufficient sets mentioned above these sets
are constructed for the spaces of either entire functions in C" or holomorphic functions
in convex domains of C”. The techniques used in those papers are essentially of convex
domains, while the situation of the light cone considered in the present paper is of quite
different nature.

ACKNOWLEDGMENTS. This paper was written during the second named author’s
stay in Sophia University, Tokyo, under its STEC grant. He wishes to thank the
Department of Mathematics for the hospitality.

The authors are grateful to K. Fujita for her comments.

2. Preliminaries on absolutely representing systems.

A sequence (x;) of non-zero elements of a locally convex space H is said to be an
absolutely representing system in H if any element x from H can be represented in the
form of the series

o0
x=§: Ckxk s
1

which converges absolutely in the topology of H.

It should be noted that this concept is more general than concept of basis, where
the uniqueness of representation is essentially required.

Studying absolutely representing systems Korobeinik has obtained remarkable
results (see, e.g., [2, 3]), in particular, criteria for a given sequence to be absolutely
representing system in different functional spaces as well as significant properties of
such systems. We refer the reader to these articles for having information in detail.

Below is one of the results from [3, Section 8, Corollary of Theorem F], which
will be used in the present work.

Let H, be Banach spaces with the norms | *||,, such that H,,, = H, and H=
ﬂ:; Hn is dense in each H,, m=1,2,---. Then H=lim proj H,, is called a reduced
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projective limit of the Banach spaces H,,.

THEOREM A. Suppose that H is the reduced projective limit of Banach spaces H,,
with the norms |*||,,, m=1,2,---. A system X={x}, of non-zero elements is an
absolutely representing system in H if and only if Ym>13p>1, 3C, €(0, + o) such

that
x X5
y( nxu,,) y( nxkn,,,)

The inequality (2.1) can be interpreted as follows. Denote

(i)
A\ITE

the Banach space with the norm |+ |,,. Then H*= U :’:= , Ems and we can endow this space
with the inductive topology:

(2.1) sup R Vye H* .

xeH

<C,,sup
k=1

<+o,, m>1,
xeH

Em={yeH*; | ¥ |m=sup

(H*, 1)=limind E,, .

Xk
Y ( nxkn.,,>

the seminormed space with the prenorm ||,
Obviously, E, =, F, < H*, Ym=>1, and this implies that H*=/| > Fm Con-
sequently, the space H* can be endowed with the weaker inductive topology

(H*, ))=limind F,, .

Denote further

<+oo}, m>1,

Fm={yEH*; | 7 |m=sup
1

k>

It is easily seen that two topologies 7 and u are equivalent if and only if (2.1) holds.
So we arrived to the fact that the following statements are equivalent for any system
X={x,} of non-zero elements of the reduced projective limit H: i) X is an absolutely
representing system in H; ii) the relation (2.1) holds; iii) 7= p.

3. Spaces of complex harmonic functions in Lie balls and their dual.

Recalling some notations we refer the readers to [5-7] for the general background
of this section.

‘Let |lx| be the Euclidean norm on R"*!. The cross norm L(z) on C"*! cor-
responding to | x| is the Lie norm defined by

L(z)=L(x+iy)={llxI*+IyI>+2/lIx]* [y]>— Cx, y>2}2,

where z=x+iy, x, yeR"" 1 and (X, yD>=xy, + - - * + X4 1Vn+ 1. We denote by L*(z) the
- dual Lie norm:
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*(\ _ 1 2 2 2_ 2)2 211/2
L*(z) Sup 1<z, £ NG {12+ 1912 + /x> = 1y12)* +4<x, p>2 32

Note that |z||/\/2 <L*(z)< L(z) <2L*(z) for all zeC"* 1.

The open unit Lie ball is denoted by B, i.e., B={zeC"*!; L(z)<1}.

Let O(RB), R>0, be the space of holomorphic functions in RB with the topology
of uniform convergence on compact subsets of RB. As is well-known, it is a Fréchet-
Schwartz space.

Consider the space of complex harmonic functions in RB:

@A(RE)={fe(9(RE);Af=(i+ A )f:O}.

2 2 2
0z1 0z3 0z; 4

Since this space is a closed subspace of the space O(RB), it also is a Fréchet-Schwartz
space.
Furthermore, take and fix some sequence 0<(q,,)T1. Let

H,={feO\R4B)nCRq,B)}, m=1.

Then, due to the homogeneity of the continuous Laplace operator, we can easily verify
that the space @,(RB) is the reduced projective limit of the Banach spaces H,,.
We denote

So={CeC™* ' ; =01+ 03+ - +({7.1=0}

the complex light cone.
The Cauchy kernel is defined as follows:

14246, 85
(1=2¢, 0

This kernel is a symmetric holomorphic function in the set

{& DeC ™t xCt 1 L(OLXE) <1/2 or LXOHLE)<1/2} .

(3.1 Ko(¢, D=

Also note that since
L(O=2L*O), VieS,,

if {e S, then K,(., {) is a holomorphic function in the set {£€C"*'; L(§)L({)<1} and
satisfies the Laplace equation in this set.

For an entire function F on the complex light cone S, there is a Cauchy integral
formula [11]:

(3.2) F(€)=f F(pDK (&, {/p)aM(Q),  Vp>0,¥¢eS,, L) <p,
M
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where dM is the normalized invariant measure on M = {LeSy; L= 1}.
We introduce the following space of entire functions of exponential type R on S,
Exp(Sy; R)=limind E,,,

where

RamL*(©)

~ ~ F
E,,,={Fe(9(So);|F|m=sup LFO)| <+oo}, m>1,
5 e

and 0<(g,)T1.
The Fourier-Borel transform of an analytic functional Te 0% (RB) is defined by

gST(C)=<Tz’ e<z’c>> s Cego .
In [10] R. Wada obtained the following duality result (see also [7]).

THEOREM B. The Fourier-Borel transformation establishes a topological isomor-
phism between the strong dual of O \(RB), the space O*(RB), and the space Exp(S, ; R).

This duality theorem allows us, as will be seen in the next section, to prove the
possibility of representation of complex harmonic functions in RB by Dirichlet series.

4. Weakly sufficient sets on the complex light cone.

Let A be any subset of S,. Then this subset and the corresponding sequence of
seminormed spaces

E;= {FeExp(go ; R); | Flp=sup LFQ)]
A e

R < + oo} R m>1,

where 0<(g,,) 11, generate in Exp(S, ; R) another weaker inductive topology. If these
two topologies are equivalent, then the set A is called a weakly sufficient set for the
space Exp(S,; R). So the complex light cone S itself is a weakly sufficient set for
Exp(S, ; R).

Note that

sup _|e¥? |=eRaml*® | yreS,, Ym=>1.
zeRgmB

Applying Theorem A and the remark that follows to the spaces in Theorem B we
obtain the following result.

PROPOSITION 4.1. Let *e€S, (k=1,2, - ). Then the system (e***)&_ | is absolute-
ly representing in the space O,(RB) if and only if the set A= {3} | is weakly sufficient
Jor the space Exp(S, ; R), i.e.,

VmeN3 s=s(m)eN, IC=C(m)>0
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F({ F(A%)|
sup ———I ©] < Csup _—qu,EL‘()).") R

iy TR e VFeExp(Sy ; R).
V]

The important question now is whether there exists such a sequence 4. We proceed
to study this problem.

In the paper [4], following Korobeinik’s scheme in [2] for constructing discrete
weakly sufficient sets in the space of entire functions of exponential type of one complex
variable, the second named author has proved the explicit existence of the discrete set
A = C" that is weakly sufficient for the weighted space of entire functions in C" and
obtained theorems of representation of holomorphic functions in Dirichlet series.

As was already noted in the introduction, the situation considered in the present
paper is quite different from those mentioned above: the complex light cone is never a
domain in C"*!. Nevertheless, it turns out that the ideas for the domain case can be
applied to the space Exp(S, ; R) for construction of weakly sufficient sets.

For FeExp(S, ; R) and >0 we set

C,={Le8,; LX) =1},
M(F)=sup |F()|.
{eC,

LeMMA 4.2. Let Fe O(S,). Then M(F)<M(F) for 0<t<s.

Proor. Take and fix ze C,. The expansion of F(z) in a series of homogeneous
polynomials shows that the function F(4z), A€ C, is an entire function with respect to
A. Therefore, since 0 <t <s we have

IF(Z)ISHS|UP | F(Az) | < M(F),
=s/t

| and the desired inequality follows.

LEMMA 4.3. Let F be an entire function on S, of exponential type r,, i.e., for some

A=0
|F@Q)|<Aexp{roL*()}, V(eS,.
Then Nr>r,
(4.1) tim inf M1 _
o  M(F)
ProoF. Since F has the exponential type r, from the definition of M(F) it follows
| that :

log M(F)=log sup | F({)|<log A+t .
LeC,
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Hence,

(4.2) lim jnf \°8 M{F) _,

t— t

0 .
Assume that (4.1) is not true. Then there is r>r, such that for all ¢ large enough
we have
M, . (F)=e'M(F),
which implies that

lim infM2r>ro .

t— t
This contradicts (4.2).
The following result plays a crucial role in our discussions.

PROPOSITION 4.4. For any numbers 0<p,<p, if z,we C,, and Fe 0(S,), then

| F(z)— F(w)| < 2ﬁ"("t1)1 M,(F)|z—w|.
p(1—p,/p)

ProoF. Take z,weS, with L(z)=L(w)=p,; <p. Then, by the Cauchy intergal
formula (3.2) on S, and Lemma 4.2, we have

4.3) |F(z)—F(w)|< sup  |F(p)|- sup  |Ko(z 7/p?)—Kow, 7i/p?)|
neS,, Lim=p neS . Lim=p

SAlp(Pw) * sup |K0(Z, ﬁ/pz)—KO(w’ ﬁ/pz)l .
neS , Lim=p

Consider K (&, {) with (e S,, L({)=1/p. As is well-known, in this case K (¢, {) is
a holomorphic function with respect to £ in the Lie ball pB={£eC"*1; L({)<p}. Then
the function

JO=Ko(tz+(1—-tw, ),  te[0,1],
is well defined, because L(tz+(1 —t)w)<tL(z)+ (1 —t)L(w)=p, <p, Vte[O, 1].
Consequently, for é=4/p? we have

4.4) | Ko(z, i/p*) — Ko, fi/p?) | =| f{1)— f0)] < sup FAULE

Furthermore, on the one hand

n+1 aKO . 55, =n+1 aKo

f@o=73 >

j=1 aéj ot j=1 0¢&;
On the other hand, since L{tz+(1—t)w)<p, <p, Vte[0, 1], we have

“(z;—w)).
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|6Ko < sup Kol il2-oonsl.
0¢; | tecn+1L@y<p: | OE;
Hence,
, n+1 KO
@4.5) IFOI<SY {  sup lz=wl.
i=1 e iL@son | O,

Ko

Now we estimate ’ ?3 ,Jj=1,2, -+, n+1. By the definition (3.1),

J

_ 1 +2<€9 C) n+1 N —
K& D= a2, EeC LS pi<p. LeSo, LO=1/p.
Then
4.6) 0K, [+ 1)+2n—1)E D],

o  (1-26& Oy
Since the Lie norm and its dual have a property that

I<E O ISLOL*E), V&, (eC,
and L({)=2L*(), V(e S,, we get

21<¢, C>IsL(€)L(C)S%<1 .

| Therefore, from (4.6) it follows that

0K, 2141 ~
l 35, |= (A =p, jpy T rt D+n=Dips/p]

an|fl 2/ 2n

T (=py/p)"tt T p(l—py /o)t
From (4.5) and (4.7) it follows that

4.7

) uz'(r)lspz(l\/_i”(;’p;ﬂ|z—w|, vie[0, 11, VeS,, LO)=1/p.

Combining (4.3)—(4.4) and (4.8) completes the proof of the proposition.

Now let (£,)i- ; be a sequence of positive numbers satisfying the following conditions

. t
)1+ ; lim 2L =1
k— oo tk

In the sequel in order to simplify computations we consider (#,),=(k), al-
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though the result is valid for a general case.

Take and fix some natural number Ny,>1 and mark on each Cgx (K=N,, Ny+

++) Ig points {g 1; {x.25 * * 3 (k. Which form the 1/(K+1)""!-net of Cy.

We renumerate the obtained system of points {{x ;; 1<j<Ig, K> N,} under one
sequence, denoted by A =(A¥)X. |, writing first all the points with K= N,, and then with
K=N,+1, etc.

The meaning of a choice of the number N, is that the frequencies (4*) can be
chosen arbitrarily far away from the origin of coordinates.

Now we are able to state the main result of this paper.

THEOREM 4.5. The sequence A =(A*) | constructed above is a weakly sufficient set
for all spaces Exp(Sy; R), R>0, or equivalently, the system (e<***)*_, is absolutely
representing in all spaces 0,(RB), R>0.

PrOOF. Let R be an arbitrary positive number. We recall that
Exp(S,; R)=limind £, ,

where
FOI
E = Fe(O(So),lFlm_sup R o ST P> m=1.

Consider | F|,,, which can be rewritten as follows

M(F)
| Fln=sup —,

FeExp(S,; R), m>N,.
Let K> N, be a fixed natural number.

For t <K, due to Lemma 4.2, we have

Mt(F)<MK(F) MK(F) KR

KRqm - 1

tRqm tRqm

e e e

On the other hand, since

lim {(p+1)gp_1—Pgmny=—0,

p—

there is a positive P,, satisfying
PmZSup {(p+ 1)qm— 1 _qu} .
p=1

Hence, for te(p, p+1] we have

Mt(F) < Mp+1(F) < p+1(F) R[(P+l)qm—1—qu]< Mp+1(F) eRP

ethm - ethm e(p+ 1)Rgm -1 - e(p+ 1)Rgm -1
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Thus, if C=max{e*¥, e*F~}, then for all N> K we can write

MF) M,(F)}

b
tRgm K<t<N ethm

4.9) Xy:= sup M (F) Smax{ sup

0<t<K e

{MK(F) sup MoerP) }

: 7))
eKRam—1 > g2y o+ DRam_1

=C sup m

K<p<N+1 ePRam-1

= CYN .

Furthermore, there exists w, € C,, such that | F(w,) | = M ,(F). We can find some point
{p.jo from [, points marked on C, that satisfies |w,—{, ; |<1/(p+1)"*1.

By Proposition 4.4, we have

A
M (F)—|F(,,j0) |=IFwp) | —| F(,, ;) | <] F(wp)—F(Cp,,-o)Isp—_F"lMﬁ 1(F),

where 4,=2./2n(n+1).

Hence,
MF) 1 FGpu)l _ ,  Myur(F)
ePRam -1 ePRam-1 — 777 (p+1)equm—1
My iF) | Ageint M, ((F) | AgeR
T Pt DRam -1 p+1 ~ e®tDRam-1 5417
Consequently,
M (F
Yy= sup oF)

K<p<N+1 ePRam-1

FCoid! |, o {A,.e‘*, My 1(F) }

<
Sup p+1 e(p+ 1)Rgm -1

T K<psN+1 ePRaIm-1t gk, N+1

Furthermore, since {, j € C, we have

| F(Cp.50) | | F(AY)|
ePRam-1 = ;‘l:lc)p ePRam -1 '
Choose K> N, so that
R
Ane < 1 , Vp=>K .
p+1 4
Then, denoting
k
Ty= sup sup M ,

K<psN+1 akeC, ePRam-1
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we obtain

1 Ane® My, (F)
YNSTN"“Z‘YN"' P+1 : WV +2)Rgm -1 ’

or equivalently,

3 A,e® My, ,(F)
(4.10) ZYNSTN*‘ ptl . prE e

Now take and fix a number o> r,, where r, is the type of the function F, i.e.,
|FQ)I<Aexp{rol*(D)},  V(eS,.
By Lemma 4.3, there exists (p;) T + oo such that
M, (F)<e’M,(F), Vj=1.

In (4.10) putting N=p;, p;+1, - - -, since for all j large enough
A eR+2¢r 1
L S ,
pi+1 4
we then have
3 A,er M, ,,(F) A,eRt2e M, (F)
TY‘”ST”"+p,-+1 e oRen s = Tet P+l erRam
1 M, (F) 1
= ij""Z‘ ePiRdm-1 = ij'*': Ypf >

which is equivalent to

4.11) Y, <2T,, for all j large enough .
Combining (4.9) and (4.11) we get
(4.12) X, ,<2CT,, .

Note that | F|2 can be rewritten as follows
| F(A9)|
F|A=sup su .
I l pzrl) A"egp ePRam
| If Fe E,, then in (4.12) letting p ;—> 00 we get

k
| F|,,<2C sup sup MsZCIFlﬁ,_I.
" p>K ikeC, ePRam-1

On the other hand, if Fe Exp(S, ; R), but F¢ E,, then
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| F|m=1lim X, =+ c0

j—= oo

and from (4.12) it follows that | F|4_, = + o0, too.
Thus, we always have

|Fln<2C|Fis-,, VFeExp(So;R),

which, due to Proposition 4.1, completes the proof of the theorem.
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