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1. Introduction.

Let us consider the initial boundary value problem:

ty— a(x, Ut =0 in Qp, (Y
u(x, 0)=0 for O<x<l1, (1.2)
uw(0,t)=f() and u(1,t)=0 for 0<t<T, . (1.3)

where Or={(x,1): 0<x<1,0<t<T}.

Assume that the following conditions for a and f are satisfied:
(i) for any finite M >0, a(x, z)e C}([0, 1] x[— M, M),
(ii) for fixed, positive constants v and u, 0<v<a(x,z)<p on [0, 1] x[—-M, M],
(iii) for fixed, positive constant C, | d,a(x, z)|+]|0,a(x, z)|<C on [0, 1] x[—M, M],
(iv) feH' P[0, T]) (0<p<1) with f'(r)>0 for 0<t<T,
(v) f(O)=0=f7(0).

From the conditions (i)—(v) applying Theorem 5.2 and Remark 5.1 in [5], we see
that there exists a unique solution u(x,t)e H2*#1*4([0,1]x [0, T]) to the initial
boundary value problem (1.1)—(1.3). So we may define D-N map as follows:

Ala, f): w0, t)=f(t)—>ul0,t) on [0, T].

We are interested in uniqueness results for a(x, u) of the equation (1.1) from A(a, f).
Isakov [4] proved the uniqueness for a(x, u) in the case that the spatial dimension is
greater than or equal to 2 by using the completeness of products of solutions for linear
parabolic equations. But in the case that the spatial dimension is one, the completeness
of products of solutions has not been proved yet. So we need another method for
proving the uniqueness for a(x, u). In [1] it was shown that the coefficient x of the
equation a(u)u, = k(a(u)u,), was uniquely determined from overspecified boundary data
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by transforming the original equation to the linear one v,=kv,,. In [3] DuChateau
studied the monotonicity and the uniqueness of the coefficient a(u) of the equation
u,—(a(u)u,), =0 by using the methods in Muzylev [6]. In this paper we will prove the
uniqueness for a(x, u) in an admissible class 4 by modifying and extending the methods
in [6] for the equation u,— a(x, u)u,,=0.

DErFINITION. Two functions a(x, z) and b(x, z) satisfying the conditions (i)—(iii) will
be said to belong to the admissible class A[0, 1] x [0, d] provided that, if a(x, 0) = b(x, 0)
on [0, 1], then there exists d> 0 such that a(x, z)=b(x, z) on [0, 1] x [0, d].

Our theorem is as follows:

THEOREM. Let u’ be a solution to the problem (1.1)<(1.3) with a=a’e
A[0,1]1x [0, f(T)], j=1,2. If A(a', f)=A(a?, f), then a' =a? on [0, 1] x [0, f(T)].

We will prove our theorem by using an integral identity (Lemma 2.1). This paper
is organized as follows. Some lemmas are proved in Section 2. Section 3 is devoted to
the proof of our theorem.

2. Lemmas.

From (ii) in Introduction, we may define

dz .

clx, u)=

0 a(xs Z)

Then the solution u(x,t) to the original problem (1.1)-(1.3) satisfies the equation
(c(x, w)), —u,,=0. It is easily seen that for any ¢(x, t)e C*'(Qy), we have

0= {(c(x, u)),— uxx} ¢dxdt
or

=- j {clx, W, +ud,jdxdt + J l [eCx, u)plgdx + JT [ud.—u.dlodt .
Q

o 0

This implies

f (o, W)+ b}t

Q

= Jl {cx, u(x, T)$(x, T)—c(x, u(x, 0))¢(x, 0)}dx
)

+JT {u(1, 1), (1, t)—u(1, £)p(1, £) —u(0, £)p(0, t) +u, 0, t)p(0, t)}dr .  (2.1)

Using (2.1), we prove the following Lemma 2.1.
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LeMMA 2.1. Let u’ be a solution to the mixed problem (1.1)~(1.3) with a=a’,
J=1,2.If Ala', f)=A(a?, f), then we have

Iy= J < ! ! )u,2¢dxdt=0, (2.2)
0

a’(x,u?) al(x,u?

where @(x, t) is a solution to the following mixed problem:

¢:+p(x, 1)pe=0  in Qr, (2.3)
o(x, T)=0 for O0<x<1, 2.4)
o(1,1)=0 for 0<t<T, 2.5
@0, t)=yx(2) for 0<t<T, (2.6)
here p(x, t)>0 defined by
ul —u?

Cl(x, ul)——cl(x’ u2) for ul(x, t)¢u2(x, t) ,

1
0,ct(x, ut)

and y(t) is an infinitely diﬁ”erentiablé Sunction satisfying x(t)>0 for 0<t<T and x(T)=0.

p(xs t)=
for ul(x,t)=u?(x,t),

Proor. If p(x, t) is Lipschitz with respect to x and ¢, then it is known that there
exists a unique classical solution for the mixed problem (2.3)—(2.6). First we prove p(x, t)
is Lipschietz with respect to x. From the definition of c, if u!(x, t)=u?(x, t), then we
see that p(x, t)=a'(x, u!(x, t)). Hence we obtain

| px(x, t)| <max|ai(x, z) |+ max|a;(x, z)| - max|u; | .
X,z X,z or

Therefore, using (ii) in Introduction and u'e H?>*#1*#Q,), there exists a positive
constant C, >0 such that

|p(x, )| < Cy if wl(x, t)=u?(x,1t).
If u'(x, t) #u?(x, t), by the mean value theorem, we have
ul(x, t)—u?(x,t)  u'(y, t)—u*(y,t)
j"l(x") dz/a'(x,z) - j”l(”) dzja'(y, z)

u2(x,t) u2(y,1)

<la'(x, &)—a'(y, &)l +lal(y, &) —a'(y, &)l

<max|a;(x,2)| | x—y|+max|a;(x, 2)| - [{; — &z,

X,z X,z

|p(x, t)—p(y, t)|= =la'(x, &) —a'(y, &)l

where
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L =0ul(x, t)+ (1 —0u?(x, t), 0<0<1,
Ey=nu'(y, ) +(1—mu’(y,t), O<n<l.
We define an interval such as
M(z)=(min{u'(z, t), u*(z, t)}, max{u'(z, t), u*(z,t)}).

If M(x)~ M(y)=J, then p(x, t)=a'(x, &,) is differentiable with respect to x and we
obtain

px(x9 t)=a.)§(x, él)+azl(x: élxeuzl(x’ t)+(1 _e)uf(x7 t)) .
Hence there exists a positive constant C, >0 such that
| px(x, t) | <max|a;(x, z) |+ max | a;(x, z) l(max |ug | +max |u? I>s C,.
X,z X,z or or

If M(x) n M(y)# &5, then there exists z€(x, y) such that u'(z, t)=u?(z, t). By the mean
value theorem, there exist y;, 0<y;<1 (j=1, 2, 3, 4) such that

ul(x, t)=u'(z, t) +ul(y,, t)x—2),
u*(x, t)=u?(z, t)+ul(y,, tx\x—2),
ul(y, t)=u'(z, t)+us(ys, ty—2),
u?(y, )=u’(z, t)+u(ys, t)Ny—2).
Thus there exists a positive constant C,>0 such that
|&1 =& 1=10u'(z, )+ Ou(yy, Nx—2)+(1 —O)u’(z, t) +(1 — O)u(y,, t)Xx—2)
—nu'(z, t)—nui(ys, tXy—2)— (1 —mu?(z, t) — (1 —mui(ra, )Xy —2)|
<Culx—yl,
here we have used u!(z, t)=u?(z, t). Therefofc we get
| p(x, t)—p(y, )| <(C+CC)lx—y| .

The proof is similar in the case of variable ¢. Hence p(x, t) is Lipschitz with respect to
x and ¢.

Now we are going to derive (2.2) in Lemma 2.1. From (2.1), (2.4), (2.5), (2.6) and
noting that c¢¥(x, u/(x, 0))=ci(x, 0), j=1, 2, we have

T
{cdx, u")¢,+u"¢xx}dxdt=J {x()ud(0, 1) —f(1)p,(0, t)}dr,  j=1,2.
or 0
This and the assumption #}(0, t)=u2(0, t) implies

{c(x, u')—c?(x, u))p, + (' — )P, }dxdt
or
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- f OG0, ) —u2(0, )di=0

0

Combining this equality with (2.3), (2.4), and c'(x, 0)=c?(x, 0)=0, we obtain

0=| {(c'(x, u")—=c?(x, u?)¢,+ "' —u?),,}dxdt
Or )

= {(c(x, ut)—ct(x, u?)@, + (' —~u?e,}dxdt
Or

+|  {c'x u?)—c(x, u?)} P dxdt
Or
=1 {c'Cx, u?)—c*(x, u?)}pdxdt
Jor

[t 1 1
= ) [(c*(x, u?)—c¥x, uZ))¢]gdt—fQ (az(x’ ) — pRT )ufgbdxdt

[ 1 1 ) )
= — uddxdr .
JQ‘T<612(X,“2) al(x7u2) t ¢

Therefore we get the desired equality (2.2). The proof is complete.

To prove our theorem, we need some lemmas related to the positivity of «, and ¢.

LEmMMA 2.2. Let u be a solution to the problem (1.1)—(1.3) with (1)~(v). Then the
Jollowing inequality holds:
0<z(x,t)<u(x, t)<v(x, t)< f(z) in Qr,
where z and v are unique solutions to the following problems:

U — U0y, =0 in Qr,

v(x, 0)=0 for 0<x<1,
0, )= f(z) for 0<t<T,
(1, t)=0 for O0<t<T,
2,— V2, =0 in Qr,

z(x,0)=0 for O0<x<1,
2(0, t)=f(t) for O0<t<T,
z(1,¢t)=0 for 0<t<T.

ProoF. From a maximum principle, we have
0<v(x,t)<f(t) and 0=<z(x,t)<f(t).

v—u satisfies the following mixed problem:
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(v—u)—alx, v —u),=(u—alx, W, in QOr,

(v—u)(x,0)=0 for 0<x<l1,
(v—u)0,t)=0 for O0<t<T,
(v—u)1,t)=0 for 0<t<T.

Noting that u>a, if v,,>0 in @y, then a maximum principle yields v—u>0 in Q5. So
we are going to prove v,,>0 in Q. Set w=v,. Then w satisfies the following:

Wy — Wy, =0 in QOr,

w(x, 0)=>0 for O0<x<1,
w(0,t)=f"()>0 for 0<t<T,
w(l,t)=0 for O<r<T.

A maximum principle implies that w=0v,>0 in @;. Combining this with >0 and
v, = uv,,, we have v,, >0 in Q. By the same way, we get u—z>0 in Q.

LeMMA 2.3. Let u be a solution to the problem (1.1)—(1.3) with (i)—(v), then it holds
that

ulx,t)>0 in Qr.

PrOOF. Set w=u,, then w satisfies the following:

W, —a(x, w,, —a(x, wu,,w=0 in Qr,

w(x, 0)>0, for O0<x<l1,
w(0,t)=f"(t)>0 for 0<t<T,
w(l,t)=0 for O0<t<T.

From Lemma 2.2 and ue H**#!'*#(Q), a(x, uu,, is bounded. Hence a maximum prin-
ciple yields u,(x, t)>0 in Q.

3. Proof of Theorem.

A maximum principle implies that ¢ >0 in Q;, here ¢ is a solution to the mixed
problem (2.3)—(2.6). Combining this with Lemma 2.3, we have u’¢>0 in Q. If
a'(x, 0)#a?(x, 0) on [0, 1], then there exist &y, &; >0 such that

1 1 1 1
>g, oOr

> g

a’(x,u?) a'(x,u?) al(x,u® a*(x,u?

for 0<x<1 and 0<u?<e,. Taking f(¢) such that maxy, u=f(T)=¢,, then by Lemma

2.1 and u?¢ >0 in Qr, we obtain I;>0. This contradicts (2.2). Since a' and a? belong
to the admissible class stated in Introduction, then we get a'(x,z)=a?*(x,z) on

[0, 17 [0, A(T)].
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