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Abstract. We give a complete proof of Theorem 2.1 related to the Lie norm conjectured by Prof. Mitsuo
Morimoto. His conjecture is a special case of our new theorem on convex functions on R”.

1. Introduction.

For z = (21,22, ,2,) € C*" and w = (w;, w2, -+, wy,) € C", we put (z, w) =
ziwr + 22w2 + - + zgwp and 2?2 = (z,2) = 22 + 23 + -+ 22. |zl = (z,2)1/? is the
Euclidean norm of z. For x € R, we have ||x|| = (x2)1/2.

The Lie norm L(z) on C” is defined by the formula (see [3], [4], or [5]):

L(z) = \/IZH2 IIZII4 12212

By the simple calculations, we have

llz||? — le4 12212,
L( ) \/ ll
where z = x + iy, x, y € R". Let L*(2) be the dual Lie norm defined by

zll* + 122]

L*(@z) =supflz-¢|: L(¢) < 1} = 2

2. Main results.

December 1999 at a symposium held at RIMS (Research Institute for Mathematical Sci-
ences) in Kyoto, Prof. Mitsuo Morimoto conjectured the following theorem.

THEOREM 2.1. For z € C" we put

1
1 _
wo = (e + (E1Y) . st

Then Np(z) is a norm on C", that is,
(1) Np(z) 20;Np(x) =0&2z=0,
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(2) Np(rz) = IM|[Np(z) forr € C,
B) Np(z+w) =< Np(z)+Np(w)foranyz,w e C".

REMARK 2.2. Note that N1(z) = L*(z), N2(z) = |Izll and Neo(z) = L(2). If n = 2,

Np(z) are norms because we have Np(z) = (|Z]+i22|p+|21—-lZzIp)l/p, where z = (21, 22) €
C2.

PROOF. (1) and (2) are trivial. Because L(z) and L(z) + |z2|/L(z) = 2L*(z) are
convex, and L(z) > |22| /L(z) > 0, Theorem 2.3 below implies N p(2) is convex. Therefore,
we have (3). O

THEOREM 2.3. Let f and f + g be a real-valued convex function on R", and f =
g > 0. Then the function h : R® — R defined by

h(x) = (f(x)? +g(x)”)" p=1,
is convex on R".

PROOF. First we suppose that f and g are both of C? class. We denote partial denva- ,
tives by fx; = 3f/0xi, frxix; = 92 f/3x;0x;, etc. Then we have

has, = (fP + 677 H(p — D P2 2 (f gx — 9f)?
+ P+ P FP frx + 0P Gux)} = 0

hax, = (P + 997 2{(p — D P22 (f axy — 9Fe)(F9x; — 9Sx;)
+ (P + PSP frxy + 9} -

We consider the following quadratic form.
hx1x1 hxlx,. 4 h >
hx,,xl hx,,x,, th/) In
(au aln\ (t]\ (t1\>
\ant -+ am) \tn) . \)
(bu1 -+ bin) (tl\ (1)
6wt -+ bun) \tn) s \ta) !,

where a;j = (f gy, — 9fx)(f9x; — 9fx;)> bij = (FP7! fux; + 971 gxx;). Since ai; > 0 and
any 2 x 2 minor determinant

=(p-DfP2P72(fP + gP)“2<

+(f”+g”)%“<

a;j Qik
ai;j Ak
the first quadratic form in the righthand side is non-negative definite. (e.g. [2, X §4]) By
convexity of f and f + g, the second quadratic form can be calculated as follows:

=0 forany i <!, j<k,
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biy -+ b\ [t |
< bny -+ ban) \tn) ., \In >
fx1x1 e fxlx,, 4] (tl
= s ] ! >
foaxi 0 Jraxa) \Wn/ Ktn
ax;  °° Gxyx, tl\ h
+g S I >
Ox,xy " Gxpxy | In ) » \In
(fF+Pxxy - (f+Dxyx, 4 151
zg"“< : : : : >zo.
f + g)x,,xl e (fH g)xnx,, th/) s \Un

Hence the quadratic form in the lefthand side is non-negative definite and the function # is
convex. (e.g. [6, IV 42 Theorem F])

Second, we consider the general case. Let a, be a regularizing function of Friedrichs.
(e.g. [1, §1.3) Weput f, = f *ap, go = g*xayand h, = (fF + gh)!/?. Then f, > g, = 0
because

fo(x) = /Rn fWay(x — y)dy > /l;n 9g(y)a,(x — y)dy = gp(x) =2 0.

The function f, is convex because for any Aj, Az > 0, A + A2 =1,

Jo(Rixy + Azxp) = /Rn Sfaxy + Aaxa — y)a,y(y)dy
= /R" SAi1(x1 = y) + A2 (x2 — y))a,(y)dy

< [ G — )+ haf G = a0y
=M fo(x1) +A2fp(x2), x1,x €R".

Similarly, (f + g), = f, + g, is convex. Therefore, the function %, is convex. Because A is
continuous (e.g. [6, IV 41]), h, tends to h pointwisely as p \ 0. So % is also convex. (e.g.
{7, Theorem 10.8])

REMARK 2.4. Since f and f + g are subharmonic, f, > f = Oand f, + g, >
S+ 9= 0. (e.g. [1, Proposition 4.4.16]) If a, > a; = 0,by = b1 = 0,a; < by < 2a; and
az < by < 2ay, thenal + (b1 — a1)? < aj + (b2 — a2)P. Therefore, h, tends decreasingly
tohas p \(O.
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