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Introduction.

For an integral local ring A, we consider the linear topology on Q A with fundamental
system of neighborhoods of 0:

T4 ={am(A)|a e A, a #£0}.

This topology is said to be the A-topology on QA. Here QA is the quotient field of A and
m(A) is the unique maximal ideal of A. In general, the A-topology is stronger than the m(A)-
adic topology.

For an integral local ring A, we consider the completion

A= projlimA/a (a e Xy)

with respect to the A-topology.

In this paper we shall study the fundamental properties of the completion A of an integral
local ring A with respect to the A-topology and show some related examples. The A-topology
and the completion A are very important conceptions for a valuation ring A, especially in the
case that A is not noetherian. The main results are as follows:

THEOREM 1. Let A be an integral local ring. Then
A is a valuation ring < A is a valuation ring .

Moreover, if A is a valuation ring, then the residue field of A is isomorphic to the residue
field of A and the value group of A is isomorphic to the value group of A.

For a field K and a subring A of K, let Zar(K|A) denote the set of valuation rings of K
which contain A. Then the set Zar(K|A) has a structure of local ringed spaces (see [4, §1]).

THEOREM 2. Suppose that A is a valuation ring.
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(i) The morphism of local ringed spaces defined by

Zar(QA|A) —  Zar(QA|A)
w W
R — OANR

is a homeomorphism. Moreover the inverse mapping is given by
B < B
for B # QA.
i) A=kdm(A) & kC QA, A =k ®m(A) for any subfield k of QA.
(iii) If the exact sequence 1 — A* — (QA)* — (QA)*/A* — 1 splits, then
1 > A% — (QA)X — (QA)X/AX — 1 also splits.
(iv) If the A-topology on QA is metrizable, then A is the completion of A and QA is

the completion of QA as metric spaces.

REMARK 0. There exists an integral local ring A such that A is not integral. See
Example 1, (iii).

REMARK 1. Theorem 1 can be proved by the use of the theory of completion of uni-
form spaces. See [2, Chapter 6, §5.3, Proposition 5]. Here we prove Theorem 1 without using
the theory of uniform spaces.

REMARK 2. There exists an equal characteristic complete valuation ring which does
not have the coefficient field. See Example 2.

REMARK 3. The completion A of a valuation ring A is not determined uniquely from
the residue field and the value group, if A is not noetherian. See Example 3 and Proposition
4.

REMARK 4. The converse of Theorem 2, (iii) does not hold. See Example 4.

The author wishes to express his thanks to Professor Shigeru litaka for his advices and
warm encouragement.

1. Here we consider the topologies and the completions of integral local rings.
The following results are well-known.

LEMMA 1. Foranintegral local ring A, we consider the A-topology on QA.
(i) All the sub A-modules of QA are closed.
(ii) QA is a separable topological field.

For a sub A-module M of QA, we consider the completion
M= projliimM/M Na (ae Xy)

with respect to the A-topology. Then the family Y4 ={G|ae X ) definesa separable linear
topology on QA as a fundamental system of neighborhoods of 0.
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LEMMA 2. Let A be an integral local ring.

(i) A @, QA — @ and A = QAN A. Moreover @ gives rise to a QA-
module by the natural way.

(ii) S/_l\a/zi_lﬁ =§! (aA)/:\a(S_IA)for a@id\eal a and multiplicative system S
of A. Therefore S™1A is a ring and S—1a is an ideal of S~! A.

(i) A is a local ring and m(A) = m(A). Thus A/m(A) = A/m(A).

@iv) IfA is integral, then X4 C 24

W) IfA is integral, then the following conditions are equivalent:
) Zy=2;
(@) >4 and X' ; define the same topology on A.
b)) A~ A is continuous with respect to the A- topology
(c) Foranya € A there exists a € A such that ¢ A = aA.
d ANA =0 = A = 0 for any closed ideal A of A with respect to the
E)Bology defined by 24
() QA= QA. A
(€) (QA)Y*AX =(QA)*. R

(vi) IfAisintegral and 5 = X, then A = A and (QA)* JA* = (QA)* /A~

PROOF. (i) Since é?l is a torsion-free and divisible A-module, the field Q A acts nat-
urally on @

(ii), (iii) and (iv) are easy.

(v) (¢)= (a) = (a') = (b): Obvious.

(b)=(c): Takeanywo € A. We can assume o # 0. Since o € A=A+ am(A) by (b)
there exista € A and 8 € m(A) suchthatae = a + off. Thena =a(l —B)and 1 — B € Ax
imply (c).

(c)=(d): Easy.

(d)=(b): For any o € A, o # 0, we put A = am(z@). Then 2 is a non O closed
ideal of A. Therefore A N2 # 0 by (d). Thus there exists a € A N 2A such that a # 0.
Sincea € A C am(A) + am(A), there exist B,y € m(A) such that a = a8 + ay. Then
a(l—y)=aBfand1 —y € AX imply (b).

(c)=>(e): Puta = Aand S = A — {0} in (ii). Then QA = (A — {0)~'A C QA.
Conversely, for any o € A and ,3 € A, B # 0, there exists b € A such that b # 0 and
bA ,BA by (c). Since ba € bA = ,BA there exists y € A such that ba = By. Therefore
=Ye@A-{0p 1A = QA.

()= (b): Takeanya € A, o # 0. Since 1 € QA = 0A = (A —{0})~' A, there exist
aeA—{0)and B € Asuchthat 1 = £ Since am(A) = apm(A) C am(A), we obtain (b).

(¢)= (¢/): Easy.

(¢y=(b): Take any a € A, « # 0. Since o € (QA)X = (QA)XAX, there exist
a € (QA)* and B € A* such that o = af. Since a € A and am(A) = am(A), we obtain
(b).

/3
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(vi) Since A/a = A/a holds for any a € X4, we get A = A. Moreover we obtain
A* = (QA)* N A* by (i). Therefore (QA)*/A* = (QA)*/A* by (v).

COROLLARY. A is integral and a= i e EZ is a field.

REMARK. For an integral local ring A, the family XX = {1 + a|a € X4} is an fun-
damental system of neighborhoods of 1 with respect to the A-topology on the multiplicative
group (QA)*. Moreover we have

() A* =A% =projlimAX/U (U € £%).
(i) (0A)* = (QA)* = projim(QA)*/U (U € Z5).

EXAMPLE 1. Letk be a field and ¢ an indeterminate over k. For a, b € k, we put
A=k[? +at +b, 1> +ar® + bt] 2443 rarbn -

Then A is an integral local ring.
() Ift2 +at +b € k[t] is irreducible, then A = k & (¢ + at + b)K'[[12 + at + b]]
and QA = k'(t> + at + b)). Here k' = k[t]1/(t> + at + b).
(ii) If#2+ ar + b = 0 has a double root & € k, then A = k & (t — a)2k[[t — «]] and
0A = k(t — ).
(i) If 2 + at + b = 0 has distinct two roots o, B € k, then

A ={(f,g) €kllt —all x k[[t — 11| f(@) = g(B)}
and QA = k(1 — @) x k(t — B).

The proof is obvious from the fact that the A-topology coincides with the m(A)-adic
topology.

2. Here we consider the topologies and the completions of valuation rings.
Suppose that A is a valuation ring. Then any separable linear topology on A defined by
ideals is either the discrete topology or the A-topology. Moreover

A is noetherian < the A-topology coincides with the m(A)-adic topology.

Let K be a field. For various valuation rings A with quotient field K, we consider the
A-topology on K.

LEMMA 3. Let K be a field and Ao a subring of K. For A, B € Zar(K|Ay), we define
A ~ B & the A-topology coincides with the B-topology on K .

Then ~ is an equivalence relation on Zar(K|Ay).
(i) For A,B € Zar(K|Ap), we put AV B = A[B] = B[A] € Zar(K|Ap). Then
Zar(K|A vV B) = Zar(K|A) N Zar(K | B) and

A~B < AVB#K or A=B=K.
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(i) IfdimZar(K|Ag) < 0o, then the corresponding disjoint union is given by

zar(K|Ao) ={K}U ] T4}

AeZar(K|Ap)
dimA=1

(ii") If Ag € ZarK, then the corresponding disjoint union is given by
Zar(K|Ap) = {K} U (Zar(K|Ag) — {K}) .

PROOF. (i)«: Since A C B ; K = A ~ Bholdsforany A, B € Zar(K|Ayp), we
obtain AVB#K = A~ B.
=>: It suffices to provethat A ~ B, A # K, B # K = AV B # K for any A,
B € Zar(K|Ap). Putpy = mpesi%cA p. Then
p

pa={aeK| lim a' = 0 with respect to the A-topology} € Spec A .

1—+00
Therefore A ~ B implies p4 = pp. We putp = p4 = pp. Assume that p # 0. If we put
C = Ap, then C = By. Thus AV B C C # K. Assume that p = 0. Then there exists
q € Spec B such that 0 # q C m(A). If we put C = By, thenq = m(C) and A C C # K.
Thus AVBCC#K.
(ii) and (ii") are easy from (i).

LEMMA 4. Suppose that A is a valuation ring. Then
1) AN™A=Aforany closed ideal A of A with respect to the topology defined by .
(ii) A is anintegral local ring and ¥y = X ;.

PROOF. Fora € X4, we denote by pq : A— A /a the natural projection.

(i) For any ideal 2, take an open ideal ag of A such that p,() = ag/a. Then
ag D (ANA)+aand C @ & ag = a. Since A is a valuation ring and 2 is closed, we
obtain A ¢ & = agy = A N2 Therefore ag = (A NA) + a holds for any a € X 4. Thus

AN = proj.lim((A NA) + a)/a = proj.lim pa(A) = A.
(ii) Ais integral: It suffices to prove
a,BeA, B#0, af=0= a=0.
Since B # 0, there exists ag € X4 such that 8 ¢ ay. For any a € X4, there exists b € X4
such that b C aag. If we write
pp(@) =amodb, py(B) =bmodb (a,be A),
then b ¢ ag and hence Ab ¢ ag. Since A is a valuation ring, we get ag C Ab. Moreover
af = 0 implies that
abebCaagCa-Ab=ab.

Therefore a € a and hence « € a. Since a € X4 is arbitrary, we obtain o = 0.

Si=X 4+ Obvious from (i) and Lemma 2, (v).

Then the proof of Theorem 1 is complete from Lemma 2 and Lemma 4.
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LEMMA 5. Let A be a valuation ring. If p € Spec A and p # 0, then Z\p = Aﬁ.

PROOF. Since Ay # QA, the Ap-topology coincides with the A-topology on QA by
Lemma 3, (i). Let S denote the saturation of the multiplicative system S = A — p in A. Then,
by Lemma 2, (v), we get S=A-— p. By Lemma 2, (ii), we obtain

——
e~

Ap=ST1A=8"A=5"A=4;.

COROLLARY. If A is complete and B € Zar(QA|A), thenBisalso complete.

PROOF OF THEOREM 2. (i) Since (QANR)*A* = R* holds forany R € Zar(QA | A),
the square in topological spaces:

Zar(QA|A) — Zar(QA|A)
v !
LSub((QA)*/A*) — i.Sub((QA)*/AX)

commutes. Here i.Sub(I") denotes the set of isolated subgroups of a totally ordered abelian
group I". Therefore the mapping: Zar(QAM) — Zar(QA|A) is a homeomorphism. More-
over, for any B € Zar(QA|A), B # QA, we get B € Zar(QAM) by Lemma 5 and
QANB=B by Lemma 2, (i). Therefore the completion gives the inverse mapping.

(ii) and (iii) are easy to prove.

@iv) For B € Zar(QA|A), let C4(B) denote the set of Cauchy sequences of B and
Cg (B) the set of zero sequences of B with respect to the A-topology. Then we obtain B =
Ca(B)/ CX(B). Therefore A and QA = @ are the completions as metric spaces.

REMARK. The morphism: Zar(QAM) — Zar(QA|A) of local ringed spaces defined
in Theorem 2, (i) is an isomorphism if and only if A = A.
The following result is induced from Lemma 3, (i) and Theorem 2, (i).
COROLLARY. Let K be a field and Ay a subring of K. Then
A~B = QA=0B

forany A, B € Zar(K|Agp). Here ~ is the equivalence relation on Zar(K|Ao) defined in
Lemma 3.

PROOF. By Theorem 2, (i), we have A C B ; K = QA = Qé for any A, B €
Zar(K|Ao). Therefore AV B # K = QA = QB. By Lemma 3, (i), we obtain A ~ B =
0A = 0B.

3. Here we show some examples of completions of valuation rings.

PROPOSITION 1. Let K be a field and t an indeterminate over K. If A € Zar K is
noetherian, then
@) By = Alltllmen is a valuation ring with quotient field (A — {0V~ B, and
satisfies A = K N By, Bi/m(By) = A/m(A)(t modm(By))) and K*/A* = (QB1)*/By".
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(ii) A{{t}} = {Z?i_oo ait' |a; € A, lim;—, _o a; = 0} is a complete valuation ring
with quotient field Kal{th = (X2 _ %11 |b € A,b # 0,0 € A, limi—,_ooa; = 0} and
By = A{{r}}.

(iii)) A=k@®m(A) & By =k(t) ® m(By) for any subfield k of Kuj 4.

The proof is easy.

Note that the valuation ring A[t]ma);) = K@) N By = K@) N A{{t}} is said to be the
trivial extension of A.

PROPOSITION 2. Let K be a field and t an indeterminate over K. If A € Zar K, then
(1) Bo = (A®tK[tDm@yerki:] = A @ tKltlik( is a valuation ring with quotient
field K (1) and satisfies A = KN By, A/m(A) = By/m(By) and K (t)* /By = (t mod BOX)Z X
K*/A* (lexicographical order).
(i) B = A ®tK]|[t]] is a complete valuation ring with quotient field K (¢)) and EB =
B.
(iii)) A=kdm(A) & By =k ®m(By) for any subfield k of K.
(iv) The following conditions are equivalent:
(@) The exact sequence 1 - A* — K* — K*/A* — 1 splits.
(b) The exact sequence 1 — By — K(1)* — K(t)*/B; — 1 splits.
(¢) The exact sequence 1 — B* — K ()™ — K(t)*/B* — 1 splits.

The proof is easy.

COROLLARY. Both the mappings

ZarK — ZarK(t) ZarK — Zar K(t))
fow w and g : W w
A — By A — B

are closed immersions.

PROOF. If we put Ry = K|tlik[;) € ZarK(¢t) and R = K[[t]] € Zar K(t)), then
there exist isomorphisms: Zar K = Zar(Ro/m(Ro)) = Zar(R/m(R)) of local ringed spaces.
Therefore f : Zar K — {Ro} and ¢ : Zar K — {R} are homeomorphisms, and hence f and
g are closed immersions.

EXAMPLE 2. Let k be a field. Assume that k is not algebraically closed. Take two
indeterminates ¢, u over k and an irreducible polynomial p € k[u] such that deg p = 2, and
put B = k[ul(p) ® tk(u)[[z]]. Then B is an equal characteristic complete discrete valuation
ring of dimension two, but does not have the coefficient field.

Let A be aring and I" a totally ordered abelian group. Then the set

A(D) = {x e AT {y € I' | x(y) # 0} is a well-ordered subset of "}



70 KOJI SEKIGUCHI

is a sub A-module of the direct product A”". For x, y € A(I")), we define xy € A(I")) by

I — A
W w
Xy :
y Y x@yly —a).
ael’

Then A((I")) turns out to be a ring with this product (see [2, Chapter 6, §3, Exercise 2]), and
the following two subsets

Al ={x e A(M) |x(¥) #0 = y =20},
Al ={x € A[[T'1]|{y € ' | x(y) # 0} is a finite subset of I"}

are subrings of A(I")). Moreover n = {x € A[I"]| x(0) = 0} is an ideal of A[I"] and satisfies
A[ll=A&n.

If A is integral, then A(I")), A[[I']] and A[I"] are all integral. Let A(I") denote the
quotient field of A[I"]. Since n is a prime ideal of A[I"], the ring

R(A,I") = A[l']n
is integral and local.

PROPOSITION 3. Letk be a field and I' a totally ordered abelian group.

(i) R(k, I') is a valuation ring with quotient field k(I"), residue field k and value group
r.

i) Rk, I =k®m(Rk, 1)), k(I')* = Rk, ') x I' (isomorphism of groups)
and k(I')*/R(k, I')* = I' (anti-isomorphism of ordered set).

For a proof, see [2, Chapter 6, §3.4, Example 6]).

COROLLARY. For a valuation ring A, the following conditions are equivalent:

(a) There exists an injective homomorphism ¢ : R(k, I') — A of local rings such that
Im(p) + m(A) = Im(p) - A = A.

(b) A = k & m(A) and there exists an split exact sequence 1 — A* — (QA)* —
I — 0.

EXAMPLE 3. Letk be a field and I" = Z" (lexicographical order). Then there exist
algebraically independent indeterminates f1, - - -, f, over k such that

(1) k() = k(@) - - - (1),

(2) KN =k® @i, k(@) - - - (tir1)MI1]1],

() kM= tiklty, ;Y- 12, 15 0] ® - - © ty—1kltn, 1, tn—1] © Kl ],

@) k(') =k, - -+, 11),

(5) Rﬂ) =k® D], tik(tn, -, ti+Dti 1),

(6) Rk, I')=k®t1k(ty, -, )11 ® Bi_; tik(tn, -+, tix)[tily) -

Therefore R(k, I') # k[[I"]],if n = 2.

The proof is easy.
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Let A be aring and I” a totally ordered abelian group. For o € I", we define t, € A(I"))
by ty 1 ¥ > to(¥) = 8q,,. Then (tux)(y) = x(y — a) forany x € A(1")).

PROPOSITION 4. Letk be a field and I' a totally ordered abelian group. If rank I’ =
1, then

o0
Rk, I') = {Zcit%lci ckyie0=p<yi<y<--, limy =+OO}.
1:0 1—>00
Therefore R(k, ') # k[[T'1), if " is not discrete.
The proof is easy.

EXAMPLE 4. Letk be a field of characteristic p (% 0) and I" = Z[%] C R. Put

X =1

and K = k(x, ), A = K N R(k, I') € Zar(K |k). Then

(i) K /k is the rational function field of two variables and A satisfies A = k & m(A),
K>*/A* = I'. But the exact sequence | - A — K* — I' — 0 does not split.

(i) A= R@,\F). Thus the exact sequence 1 — A% — (QA)X — I' — O splits.

4. Here we show some examples of valuation rings of infinite dimension and comple-
tions of such valuation rings.

EXAMPLE 5. For a field k£ and algebraically independent countable indeterminates
f, 1,13, --- over k, we put

K:k("'7t37t27t1)1 A:k["'1t31t21t1]'

Forn 2 0, we put

n
Ap=kC tag) @ @ tikC - tig D) -
i=1

Moreover we put

o0
Ao =k ® @h’k(' D -
i=1
Then

i) A, =R&k(--,ty+1),Z"), Ao = R(k, Z®N) € Zar(K|A).

(i) Ay = k(- tgs1) ® k(- -, 13, )[[11]] & By tik(- -, 11Dty for n =
land Ay = k @ 11k(---, 13, 2)[[11]] ® B2, tik(-- -, tix)ltily). Therefore QAy =
k(---,t3,2)(11).

(iil) A € Zar(K|A)e and Zar(K|Aso) = {Aco, -+, A2, A1, K}, Asg C --- C Ay C
Al CAy=K,Ax = ﬂzO:OAn.
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EXAMPLE 6. For a field k£ and algebraically independent countable indeterminates
t_1,t_p,t_3,--- over k, we put

sz(tflytfbtf:%"‘): Azk[t7]7t72yt73a"']o

Forn 2 0, we put

oo
By=k(t—1, . t)® @D toik(tor, - tiy)lile -
i=n+1
Then
() By = R(k(t—1,---1_n), I}) € Zar(K|A). Here

Fn:{(""an—m,"',e—n—lﬂmzn+1ae—m""’e—n—lGZ}

is a totally ordered abelian group with the lexicographical order.

(i) By = k=1, ton) X [[ 2 =ik, st D] -

(i) Bo = R(k,Iv) € Zar(K|A)¢q and Zar(K|Bo) = {Bo, B1, Bz,---, K}, By C
BiCByC---CK,UyZyB. =K.

EXAMPLE 7. For a field k and algebraically independent countable indeterminates
(th)nez over k, we put

K:k('.'atlat()at—l7"')a A:k[”'atlat()at—la"']'

Forn € Z, we put

n
Co=k(-+ tay1) & @ tkC--, tixD)til) -

i=—o00

Moreover we put

o
Coo=k® @D tik(---, tixD)ltilw) -
i=—00

Then

(i) Cp, Coo = R(k, Z%%) € Zar(K|A).

(i) Cp=k(, tagp1) X [[1e_oo tik(- -+, tixDti] ) and
Coo =k x B2, tik(- -+, tixDIti] ) ¥ l_[?z,oo tik( - tiv D@

(ili) Cxo € Zar(K|A)¢ and Zar(K|Coo) = {Coo, -+, C1,Cp, -+, K}, Coo C -+- C
CiCcCyC-CK,Coo=[2_ o Cn, U2 . Ch=K.

n=—00 n=—o0
REMARK. We can use the field k(1)) in Examples 5, 6 and 7 instead of k(I"), to obtain
similar results.
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