TOKYO J. MATH.
VoL. 25, No. 2,2002

Fourier Ultra-Hyperfunctions as Boundary Values of
Smooth Solutions of the Heat Equation

Masanori SUWA
Sophia University

(Communicated by K. Shinoda)

Abstract. We consider Fourier ultra-hyperfunctions and characterize them as boundary values of smooth solu-
tions of the heat equation. Namely we show that the convolution of the heat kernel and a Fourier ultra-hyperfunction
is a smooth solution of the heat equation with some exponential growth condition and, conversely that such smooth
solution can be represented by the convolution of the heat kernel and a Fourier ultra-hyperfunction.

1. Introduction.

T. Matsuzawa characterized the spaces of distributions, ultradistributions and hyperfunc-
tions by means of the boundary value of C*°-solutions of the heat equation with appropriate
growth rate condition [7], [8]. K. W. Kim, S.-Y. Chung and D. Kim characterized Fourier
hyperfunctions [5] and M. Budinée-vi¢, Z. Lozanov-Crvenkovic and D. Perosi¢ characterized
tempered ultradistributions of Beurling and Roumieu type by similar idea [1].

In this paper we shall treat the space Q, of Fourier ultra-hyperfunctions. In §3 we intro-
duce analytic functionals with unbounded carrier. In §4 we show that the convolution of the
heat kernel and a Fourier ultra-hyperfunction is a smooth solution of the heat equation with
some exponential growth condition (Lemma 4.3). In §5 we show that such smooth solution
can be represented by the convolution of the heat kernel and a Fourier ultra-hyperfunction
(Theorem 5.1) and in the middle of the proof we see that Fourier ultra-hyperfunction 7'(z)
has the form 7'(z) = P(—A)g(z) + h(z), where P is an ultradifferential operator, g (z) and
h(z) are entire functions with some exponential growth. Thus we can characterize a space of
analytic functionals by the same way.

REMARK 1.1. After completed the paper, the author recognized the almost same re-
sults had been obtained in [3]. Our space Q|, of Fourier ultra-hyperfunctions was called in [2]
and [3] the space G’ of extended Fourier hyperfunctions. Our argument goes on in the com-
plex space. For example in our main theorem (Theorem 5.1) the growth condition of U (z, t)
is given on C"* x {¢; t > 0} while in Theorem 2.5 of [3] it was givenon R" x {#; 0 <t < &}.
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2. Notations.
First we define some notation used in this paper.
C"=R"+1R".
=x+1y, (=§&+1n.
2=(21,22, 7))y Zj=Xj+1y;, j=1,2,--+ ,n.
(=010, .8, ¢=¢&+m;, j=12,---,n.

We denote by C; = R; + 1R the zj-plane, j = 1,2, -, n. We put

(¢.2) = Zf:]z,,z =(z2) and [xP =) |

j=1
ForR>0, Br={xeR':|xj|<R, j=12--,n}.

Let K be a convex compact set in R”. Then we define the supporting function g (x) by

hk (x) = sup (§, x) .

EeK
We denote the “complex Laplacian” by
amy 2
i 8z§
We use the multi-index notations: form = (m, my, --- ,my) € N,

ml = my 4

m! =mi!my!---m,!.

Let L be a closed set in C" and let 2 be the interior of L. We denote by H (Z) the space of

holomorphic functions on L and by C(L) the space of continuous functions on L.

3. Analytic functionals with unbounded carrier.

Now we shall recall some definitions and facts about analytic functionals with unbounded
carrier. For the details of this section, we refer the reader to [9] and [10].
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DEFINITION 3.1. Let K and K’ be convex compact sets in R”. Then we define
0»(R" +1K, K') as follows:
O»(R" +1K, K"

= {f € HR" + 1K) NCR" + 1K) : sup | f(@)e"x' M| < 400} .
zeR"+1K

0»(R" + 1K, K') is a Banach space. If K; C K7 and Ki C K/, we can define the canonical
mapping
O»(R" +1K>, K3) — Qp(R" +1K1, K}) .

DEFINITION 3.2. We define the space Qo as follows:

— 1 n /
Qo= lim QpR"+:K,K'),

K,K'CCR"
where (h_rn means the projective limit with respect to the canonical mappings.
DEFINITION 3.3.  We denote by Qj, the dual space of Q¢. An element of Q, is called
a Fourier ultra-hyperfunction.

DEFINITION 3.4. We define the space Q(R" + 1K, K’) as follows:

OR"+:K, K'):= lim Qp(R"+1K:. K,)).

£>0,6/>0
where K, = K + B, K ;, = K’ + B, and lim means the inductive limit with respect to the
canonical mappings.

DEFINITION 3.5. We denote by Q'(R" + 1K, K') the dual space of Q(R" + 1K, K').
An element of Q'(R" + 1K, K') is called an analytic functional with carrier R” +: K and of
type K'.

REMARK 3.6. The following fact is known:

o= |J o®+:k.K).

K,K'CCR"

LEMMA 3.7 ([10]). LetT e QZ). Then there exist convex compact sets K and K' and
a Radon measure |1 such that

(T,p) = / )" Odu(c), for ¢ € Qo,
R'+1K

and |u(R" +1K)| < o0.
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4. Preparations for Main theorem.

In this section, we shall prepare some lemmas for the main theorem.

LEMMA 4.1. Fort > 0andz € C", we put

1 2
E(z,1) = —e~ 4 (heat kernel) .
@rn)d
Then E(z,t) satisfies
O _AVEG1) =0
ot L=

/ E(x,t)dx = 1,

E(z,t) € Qo for fixedt > 0.

LEMMA 4.2. For ¢(z) € Qo, we put

(p,(g‘):/RE(g‘—x,t)go(x)dx, teC", t>0.

(1) @i (¢) belongs to Qo.
(i) tlirél @i (&) = @(&) in Qo.
=04

PROOF. (i) is obvious. Let us prove (ii): for # > 0 we have

90:({):/ / E( —z,)e(x)dz1---dz, .
R+inp, R+11

Then

0 (©) — p(&) = /R E@ - x.Dp()dx — ¢(7)

:/ / E( —z,)e()dz1---dzy — ¢ (&)
R+1m, R+imy

:/ .../E(g—x,t)go(x+ln)dx1---dxn—QD(C)
R R

=/R E(u, (@ —u) —(&))du.
By the definition of the projective limit topology, we have to prove

sup @i (¢) — 90" -0 (ast — 04)
teR"+1K

ey

@)

3

“
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for any convex compact sets K and K’ in R". Take R > O such that K’ C Bg. Since
(¢) € Qo, there exists a constant C > 0 such that |¢(¢)]| < ce R i 5/l On the other

@& P&

hand, by Cauchy’s integral formula, we have |ai§jg0(§)| <ce K i 851 Therefore,

L a
06 — 1) — p(0)| = ‘/ ot~ + (= 0)dr
o at

IA

1 n 9
— —t |dt
/0 ;Iagw({ )l |

n
< C/l Ze*RZ_';‘:] \‘fj\+tRZ',1'=| lu-/llujldl‘
0 =1
n
< Ce RYjmr EHFRY G lujl o Z lujl . &)
j=1

If uj| < 1, then |o(¢ — 1) — @(¢)] < Ce ™ RET=1 K715 S | that is,

9 —uw) = p(@)]e* I 1 < Ry juj.

Jj=1
Therefore, for any ¢ > 0 there exists § > 0 such that
ul < 8 = 9(C —u) — (@) ]eRXi=1 il < ¢

For §; with 0 < §; < 6,

(4>=/| | E@n& — 0~ p@)du

lul=8

+/ E(,t)p(¢ —u)du — / E(, t)p()du
|u|=81

= h+hLh+13.
[ |e"& @ < |1y |eREi=1161]
= / E(u, 0o —u) — o(©)e® == Eldu
[u]<é;

<8/ E(u,t)du =¢.
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|12|eh’(’(§) < |IQ|€RZ?:1 &1

1 5

R sl [ w2
< € 5 R 2j=1 ‘E”/ e 3 |o(¢ —u)|du
(4mt)2 [u|>8
52 2
< —C o e~ R =1 \‘fﬂ/ ef%eiRZ-”;] 5l du
(4mt)2 [u|>8
52 2
< efs_]’/ e~ TR =i il gy
(4mt)2 "
o7

|Ble" w0 ® < |15]eR 2 ]

1 5]2 n
(4mr)2 ME

¢ TORY 15 W _RY_ 181
< ———e Bre &=l e Be J=11571dy
(4mt)2 )
o7
<Ce 3% =0,

uZ
=5 (0)|du

t — 0,).

Therefore, we can conclude that ¢;(¢) tends to ¢(¢) in Qg ast — O4.

O

LEMMA 4.3. Let T € Q andt > 0. We define U(z,t) by the convolution of T and

E(z,1):
Uz, t) :=(T;, E(z—2¢,1)).
Then U(z, t) satisfies the following conditions:

U(z,t) is an entire function of z, (t > 0 fixed) .

0

— —A)U(,t)=0.

<8t ) @ 1)
There exist R > 0, b > 0 and C > 0 such that

1 n ny n A 2
|U(z,1)| < Ce¥ 2ot O+ D Ry Ixjl+n R

PROOF. By Lemma 3.7, there exist convex compact sets K1, K { such that

hgr (§)
(T, (0) :/ @({)e K
R*+:1K;

dp(g).

Therefore,

hxi(f)

U(z,t) :/ E(z—2¢,t)e du(g).
R*+:1K;

(6)
(N

®)

€)
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—h,r(x— n =&
We set K} = Bog. By |E(z — ¢, 1)] < Ce 82" ™ < ce2REj=105115D | we have

IEG — 2,0 1| < Ce2REG1x1=1E1D R Y-y 181

< CARE =i Wil = RE]- 161 (10)

By Lebesgue’s dominated convergence theorem,

hyr
lim U(z, 1) =/ lim E(z —¢, e 51
7720 Ri1K, 2720

=U(z0,1).

du(g)

Therefore, U (z, t) is a continuous function in C". Let y be a Jordan curve in C;. Then

hor n .
f/ E(z —¢.0¢ O lldu@)l1dz;] < cf AR il gz
y JR"+1K| y

< 4+ 00.

By Fubini’s theorem we have

/U(Z,I)dzj'zf /E(Z—{,t)dzje
y R"+i1K| Jy

Therefore, by Morera’s theorem U (z, t) is an entire function of z;. By Hartogs’ theorem
U (z, t) is an entire function in C".

Let K| C Bg, R > 0, K) = Bag. By E(z — ¢, 1) € Qo and Cauchy’s integral formula
there exists a constant C > 0 such that

" Qaue) =0.

< Ce_hké (x—§)

52
— EG—c¢.t
‘8Zj2 =60
< CAR - lxjl=1gD)
Therefore,

hKi(E) < C62R2§:1 lxjl=R >, l&j1 (a1

32
‘WE(Z—C,I)e

We can exchange the integration and the differentiation in (9):

hyr
AU 1) = f AEG —¢.0e " du).
R"+1K

Let0 < ag <t < ajy. Then

2 ... 2
(4na1)%|§ + 2+§ |
ao

(4map)”

—1—27”1(471611)%’1 )

=<

, 12)

‘EE( 1)
5 E¢
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which implies

Rt
sup x| &)

CeR"11K)

0
—E, e < 00.

Since agp > 0, a; > 0 are arbitrary, we can differentiate the right-hand side of (9) under the
integral for ¢t > 0. Therefore, we have (7).

By Remark 3.6 and the continuity of 7, 7' € Q} (R" 41K, K’) for some K, K. There-
fore, we can find a constant C > 0 such that

|U(th)| = I < T{sE(Z_gst) >|

<C sup |E(z—2¢,0)e'x®]. (13)
LeR"+1K

Let K C By, b >0, K’ C Bgr, R > 0. Then we have

sup  |E(z — ¢, 0)e" @)
teR"+1K

< ap e Dl R I
(4mt)2 teR"+1K

1
<O pRHRTL G g o Xm0
(4’7'!'1‘)7 {ER"«HK

2 1 2
< O MR I g ol X 05n))
4mr)2 CeR" 1K
1
< Centh-l-%-i-R 21]1_:1 [ sup e Z?:]()’j—ﬂj)z
teR"+1K

< C€4i, Yo O+ DR Y, |xjl+nR?t )

So we have

1 n .2 n . 2
|U(z,1)] < Ce¥ i1 oHlyiDTHR Y Ixj|+nR r O

LEMMA 4.4. Let P(3) = ZTZJ\:O aq0% be a partial differential operator of infinite
order with constant coefficients satisfying the following condition:

||

AL >0, 3IC >0, s.t. |ag| < vé forVa € N"*.
al

Then the operators
P@):Qo— Qo and P@®): Qy— Qp (14)
are continuous. For T € QZ), (14) is defined as follows:

(PO)T, @) = (T, P(=0)p) for ¢ € Qo.
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PROOF. Letg € Qq, K, K', convex compact sets, K C By, b > 0, K| = Bpior,. By
Cauchy’s integral theorem,

aa 1 lex|
‘_aw(z) <a! sup Gz +2L1e'", o 7y +2L1€)] X <—) .
0z 0<6;<2m 2L,
Therefore, for z € R" 4+ 1 K, we have
00 9 o 1 el
> auyge@e 0| <C s e Y (3)
lae|=0 8Z zeR"+1K la|=0 2

<C sup o)™,

zeR"+1K;

It follows that P(d) : Qo — Qo is continuous. The continuity of P(3) : Q) — Q6 is
obtained by the duality. a

The following Lemma 4.5 and Lemma 4.6 are very useful later. For the details of the
proof we refer the reader to [6]:

LEMMA 4.5 ([6]). Ifafunction f(t), defined fort > 0, satisfies the condition:

3L >0,3C >0, st |f(O)]<Cer, >0,

then there exists | > O such that f(t)eiN*(tl) is bounded, where

[PtP
N*(t) = suplog (—) . (15)
p p!

LEMMA 4.6 ([6]). Foranyl > 0and &) > 0 there exists a function v(t) € Cg°(R),
an ultradifferential operator P(d/dt) and L1 > 0 such that
supp v(?) C [0, &1],
—N ()

1
()| < 56‘ t>0,

where N*(t) is given by (15),
P d i 4\ | |<CL’11 P d @) =35+ w@)
— | = — s < —, — |V = w ,
dr)  ~ “\ar = dt

00 €1
w(t) € Cy"(R), suppw(t) C [3, 81] .

LEMMA 4.7. Let f(x) be a measurable function on R" satisfying the following con-
dition:

AIR>0, IC>0 st |f(x)] < CeRXi=lvil
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Then we can consider f(x) as an element of Q6 in the following manner:

(Tfa<ﬂ>=/Rf(X)¢(x)dx, e Q.

PROOF. The linearity of Ty is trivial. We prove only the continuity. Let K and

o
K’ be convex compact sets in R” such that K’ D Bg. Since ¢ € Qp, we have
SUP, crrik 19(2)e K’ ™| < oco. Therefore,

Ty, )| < /Rn | f ()le(x)ldx

<C sup |p(z)ec' ™) R L=t =l O
zeR"+1K R”

<C sup |p(z)elc ™).

zeR" 1K

The proof is complete. d

5. Main Theorem.

THEOREM 5.1. LetT € QyandU(z,t) = (Iy, E(z—¢,1)). Then U(z, 1) is an entire
Sfunction of z and C*°-function of t, t > 0 satisfying the following conditions:

0
<E—A> U(z,t) =0, (16)
U(z,t) > T in Qp @ —04). 17

There exist R > 0, b > 0 and C > 0 such that
[U(z, 1)| < Ce Lim G+ R TGy Ixj k2 g con 45 g (18)

Conversely, for a function U(z,t), t > 0, entire in z, C*° int > 0, satisfying (16) and
(18), there exists a unique T € Q6 such that

(Tr, E(z—¢, 1) >=U(z,1).

PROOF. By Lemma 4.3, we have (16) and (18).
Let o € Qp. By Lemma 3.7,

/ U(z,t)fp(X)dz=/ (T, E(z — ¢, D)e(2)dz
er er

= f f E(z— ¢, 0e"©du(@)p(z)dz .
n JR" 1K



FOURIER ULTRA-HYPERFUNCTIONS 391

Take R > 0 such that K’ C B, and put K, = Bog and K = B3g. By E(z — ¢, 1) € Qo and
©(2) € Qo, there exist C; > 0 and C3 > 0 such that

7]1 / —_ _ n .
EG—¢,0)] < Cre 82" = e 2R T il
<C e_hKé(x) =C e*3RZ_';'=1 xjl
lp(2)| < C3 3
Since we have

f f |E(z — ¢, )" ©du(©)ll(2)]1dz]|
R" JR"+1 K
< C2C3/ / e 2R o 1= R Y lg-’vlldu({ﬂe*”’ Y= 1%l gy
R JR"+1 K

< C/ e B2 ‘Xf'dx/ e 2REI Eilldu(0)) < +o0.
n R"+1K

By Fubini’s theorem, we have

/ Uz, )e(z)dz =/ {/ E(z — C,t)fp(z)dz}eh’(’@du(é)
R” R"+1 K R
= (T, 1 () -

By Lemma 4.2, ¢;(¢) = ¢(¢)in Qg (t — 04), we have
(Te, 01 (0)) = (T, 0(8)) (¢ — 04).
It shows that
U(z,t) > T in Q, (t—04).
Now we shall prove the converse. Let U(z, l)|R"+sz] =c(z,t),b; > 0,and F(z, 1) =
c(z, e K Yj-115j1=nR% Then we have
9 Alc(z,t) =0
. c(zZ, = )
a1 ¢
le(z, 1)] < Ce% Z?l-zl(b+b1)2+RZ;l-:1 Ixj|-+nR>t ,
[F(z, 0] < Cewn Zimi 07
~N*(})

By Lemma 4.5, there exists / > 0 such that |F(z, t)|e is bounded for r > 0. For this

! > 0, by Lemma 4.6, we construct P (%) and v(z). Let

é(z, 1) = /OO c(z,t +s)v(s)ds .
0

We need two lemmas.
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LEMMA 5.2. ¢(z,t) satisfies the following conditions:

0
<5—A>E(z,t):0, t>0, (19)
there exist R > 0, C > 0, such that
E(z, 1)] < CeRZj=rllenRt 5 g (20)
¢(z,t) is an entire function of z fort > 0. 21)

PROOF. By assumption,
oz, 1+ 9)le” REI IR pig g 4]
< CM D < CN D
By the above inequality, we have
ez, t 4 8)] < CeV DFRIGy ljlHnR2+s)
N*(3)

Since |v(s)]| < %e‘ .5 >0,

le(z, 1+ 5)u(s)| < CeR L= IxjlHnR2(t+s) (22)
By supp c(z, t + s)v(s) C [0, 1],

c(z,t+s)v(s), s>0

0, s=0. 23)

c(z, t +s)v(s) = {

Therefore, lir(r)l c(z,t + s)v(s) := c(z, s)v(s) exists for s > 0 and it follows from (22) that
t—04

lc(z,t + s)v(s)| € L([0, £1]) as function of 5. By Lebesgue’s dominated theorem, we have

e
lim ¢(z,t) = / lim c(z,t + s)v(s)ds
0 I‘)O+

t—04
&
= / c(z,s)v(s)ds .
0
Therefore, ¢(z, t) is a continuous function in ¢t > 0. Furthermore

o
lim ¢(z,1) = / lim c(z,t + s)v(s)ds
0 Z—20

=20

= ¢(z0, 1),

which proves the continuity of ¢(z, t) in z, t > 0.
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It is obvious that ¢(z, t) is an entire function of z for ¢t > 0. We see that ¢(z, t) is an
entire functions of z for t = 0. Let y be a Jordan curve in Cj, &3 > 0,

M = C/ R ‘Zf||dzj|,
14

Then by

8 €1
/ lim ¢(z, t)dz; =// c(z, s)v(s)dsdz; —i—// c(z, s)v(s)dsdz;
yt*>0+ v y F)

0

)
=// c(z,9)v(s)dsdz; ,

y J0O

we have

)
n . 2
< C/ PLOM |"J||dzj|/ PP R
y 0

=8Mm < &>.

/ lim &(z, 1)dz
Y

t—04

Since 3 > 0 is arbitrary, we have f v ¢(z,0)dz; = 0. By Morera’s theorem ¢(z, 0) is an entire
function of z;. By Hartogs’ theorem, ¢(z, 0) is an entire function in C".
Furthermore by Cauchy’s integral formula,

|Ac(z,t+5) < C sup le(z+e? 1t +59)].
0<60<2m

By supy<g<ay lc(z + el 1+ 5)||lv(s)| € L([0, &1]) for s, we have
o0
Ac(z,t) = / Ac(z, t + s)v(s)ds ,
0
By (£ — A)c(z,t +5) =0, and

8~( t)—/ooa (z,t +s)v(s)d
8tcz, = A atcz, s)v(s)ds ,

we have (19).
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By (22), (23) and supp c(z, t + s)v(s) C [0, 1],

Ic(z, )| = ‘/ c(z,t + s)v(s)ds
0

/ ] c(z, t + s)v(s)ds
0

€1
< / ezt + $)v(s)|ds
0
RS teilanr2 51 1R2
< Ce Zj:l |xj[+n t/ enR Sds
0

n X 2
< CleRZJ':l bj IR fort > 0.

Therefore, we have (20). O

LEMMA 5.3. Lett > 0 and P be an ultradifferential operator given in Lemma 4.6.
Then we have

P(—A)/Oo c(z, t +s)v(s)ds = /OO P(—A)c(z,t + s)v(s)ds .
0 0

PROOF. Since c(z, t + s) is an entire function, by Cauchy’s integral formula, we have

g2m (2m)! / e, t+5)

——c(z,t+s) = ————d{,
9B(z.4Ly) (C — )21

dz2m Q21"

where L is of Lemma 4.6. Therefore,

2m

3 2m)! Y
‘aZ—ch(z, t+5)| |vs)| < WOSSGHSPZN lc(z+4L1e", t + 5)||v(s)]|
= (:im));m CeRZ);:l bej R (1) .
1
Since
/Oa] %eR Yjor R ) o o 4o
we have

§2m oo 00 92m
_3Z2m/0 c(z,t +s)v(s)ds = /() az—zmc(z, t+s)v(s)ds .
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Furthermore by

2m

ch(z t+5)| |v(s)|ds

Z/ ||

m=0

az

RS™ ‘ ‘ R2 s 1 n
< Cef 2j=1 xjlHnRa -] <400,
< 2. (3

m=0

we have

P(—A)/ c(z,t+ s)v(s)ds = / P(—AM)c(z, t + s)v(s)ds . O
0 0

Now we resume the proof of Theorem 5.1.

We notice that v(s) € &[0, &1] since supp v(s) C [0, £1], where £'[0, &1] is the space of
Schwartz distributions with support in [0, £1] and fort > 0, c(z,t + s) € C*®((—¢&3, 00)) of
s, 0 < &3 < t. Therefore, since c(z, t + s) is a test function, for r > 0, by Lemma 5.3 and
(16), we have

P(~0)é(z. 1) = P(—2) / (2t 4+ 5)v(s)ds
0

= /oo P(=D)c(z,t +s)v(s)ds
0

= (v(s), P(—A)c(z,t +5))

<v(s) P(——)c(z t+s)>

(30

= (8(s) + w(s), c(z, 1 +5))

=c(z, 1)+ / clz, t +s)w(s)ds .
0

Namely we obtain

o0

P(=A)c(z,1) = c(z, 1) +/ c(z,t +w(s)ds, t>0.
0
Now, we put
o0
H(z,t) = —/ clz, t +s)w(s)ds, (24)
0

g(z) =¢(z,0), k()= —/ c(z, )w(s)ds, (25)
0

T(iz) = P(—QA)g () +h(2). (26)
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Then by Lemma 5.2 and supp w(s) C [¢1/2, €1], H(z, t), g(z) and h(z) are entire functions
and

d
<E—A>H(z,t)=0, t>0, 27
|H(z.1)] < CeRXim ljltnRs (28)
19@)| < CeREim Nl h)| < CeREj=1 il (29)

and by Lemma 4.7 and Lemma 4.4, T (z) € Q{). We define A(z, t) and B(z,t),t > 0 by
Az, 1) = g(2) * E(z, 1) :]1; g()E(@—¢,0dg,

B(z,t) = h(z) x E(z,t) := / h(Q)E(z —¢,t)d¢ .
R)l

Then we can see that

ad
(5 —Ax) AGx,1) =0, (30)
d
<5 - Ax) B(x,1) =0. (31)
By (29), we have
A(z,t) > g(z), t— 04, uniformlyin C", (32)
B(z,t) — h(z), t — 0y, uniformlyin C". (33)

LetO <t < T.Foré >0,

AG )] < /m 8|g<x—s>E<s,t>|ds+/s (e = OEE Dl
=h+5L.

Then we have

I < CeRZ;l':l |Xj|/ E(E, )dE < CeR Yol )

o R
1HES)
RY Ixl ) 2
— Ce#/ gRZj:l \Ej\—i—,dg
(4r)2 Jigzs
CeR =1 1x)1

— . / €7$(|§'|72RI)2+R21[[€_— . (34)
(Arn)2 Jigzs
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For § > 0, sufficiently large, there exists ' > 0 such that
RY_ Ixjl
Ce" =i i i /‘ g—%(‘é‘_ZR’)z"'thdg
@rnz  Jg=s

RZ” |X | 8/2

=1 11—
_ Ce" =i i 7 / e_é(‘é‘_zm)zd«?

(4mr)2 [HER

CoR X ] / o~ Fr(E1-2RN2 g
6126

IA

< CeR Yh=r il
It follows from (34) that I, < CeRXj=r vl Therefore, we have
Az, 1) < CeREGI= il 0 <4 < T, (35)
Similarly,
1B(z,1)| < CeREI=m Il o< <. (36)

From (19), (20), (25), (30), (32) and (35), it follows that ¢(z, ) and A(z, t) satisfy the heat
equation and the same estimates and have the same initial values. So by the uniqueness
theorem for the initial value problem of the heat equation [4], it follows that

Az, 1) =¢c(z,1). 37

Similarly,

B(z,t) = —/ c(z,t+s)w(s)ds . (38)
0

By (26), (37) and (38), we have
(Te, Ez—¢,1)) =T(@) * E(z, 1)
= P(—A)g(@) * E(z,t) + h(z) x E(z, 1)
= P(=A)i(z, 1) — /OO c(z, t + s)w(s)ds
0

=U(z,t). O
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