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A Remark on the Existence of Steady Navier-Stokes Flows
in a Certain Two-Dimensional Infinite Channel
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Abstract. We consider the steady Navier-Stokes equations
(u-Vyu=vAu—-Vp in £,
diva =0 in 2,
in a 2-dimensional unbounded multiply-connected domain §2 contained in an infinite straight channel R x (—1, 1),
under general outflow condition. We look for a solution which tends to a Poiseuille flow at infinity.
In this note, we shall show the existence of solution to this problem under the assumption of symmetry with

respect to the axis for the domain and the boundary value, and for small Poiseuille flow. We do not assume that the
boundary value is small. The regularity and the asymptotic behavior of the solution are also discussed.

1. Introduction.

The problem of existence of solutions to the stationary Navier-Stokes equations in chan-
nels which are cylindrical outside some compact set was suggested in the nineteen fifties by
J. Leray when he visited Leningrad (Ladyzhenskaya [13], Ladyzhenskaya-Solonnikov [14]).
The solvability of Leray’s problem was shown firstly by Amick [3] and also by Ladyzhenskaya-
Solonnikov [14]. However in their case, the domain was simply connected. We consider
2-dimensional multiply-connected unbounded domain. Namely, let £2 be a 2-dimensional
domain as follows.

N
=T\ U 0;
i=1
where T is a straight channel

T:Rx(—1,1)={x=(x1,x2)eR2| -0 < x1 <400,—1 <x <1},

and O;’s are simply connected bounded domains mutually disjoint, closure of which are con-
tained in 7. We denote the boundary by

N
o2 =Jr.
i=0
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where I is the boundary of T and [ is thatof O; (1 <i < N, N > 2). Let 1"0+ (resp. I, )
be the upper part (resp. the lower part) of 1. We consider the boundary value problem of the
Navier-Stokes equations

(u-VyYu=vAu—Vp in £,

(NS) . .
divu =0 in 2,

with the boundary condition

u=_73 on 052,

(BO) :
u— uU as |[x;] > oo in 2

where u is the velocity, p is the pressure, v is the kinematic viscosity (positive constant), 3 is
a given function on 952 = U1N=0 I'; compactly supported, U the Poiseuille flow in 7" with flux
1:

3
L) U=301-1x3,0)
and p a constant. For the boundary value 3, we suppose only the general outflow condition
N
(GOC) ﬁ-nda:Z/ﬁ-ndc:O,
852 i=0 Y1

n being the unit outward normal vector to d§2. We note that under a more stringent outflow
condition

(SOC) /ﬁ-nda:O (1<i<N), / B-ndo = B-ndo =0,
i I 0+ Iy

the existence of solution is known for small |u|.

Suppose that the domains O;’s are symmetric with respect to the xj-axis, every I (1 <
i < N) intersects the x1-axis and the boundary value 3 is also symmetric. Then we can show
the existence of solution to (NS) (BC) for small |«| without the stringent outflow condition nor
smallness assumption on 3. Here the vector field ¢ (x) = (¢1(x1, x2), @2(x1, x2)) is called
symmetric with respect to the x-axis if

p1(x1, x2) = @1(x1, —x2),  @2(x1, x2) = —@2(x1, —X2)

holds.

As for the regularity of the solution, Amick [4] proved it together with the exponential
decay of the solution at the infinity under his setting. We also study these properties of the
solution. Lemma 5 below plays a key roll in our proof of the exponential decay of the solution.

In Section 2, we state the notation and results concerning the extension of the boundary
value (Lemma 1), the existence of solution (Theorem 1), the regularity of the solution obtained
(Theorem 2) and the asymptotic behavior of the solution (Theorem 3). The proof of Theorem
1 and Theorem 2 is found in Section 4, the proof of Theorem 3 in Section 5.
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For the bounded symmetric domain in R? with symmetric data, Amick [2] obtained
the existence result by contradiction argument. The second author showed the similar re-
sult constructively by the virtual drain method, i.e., by constructing explicitly an appropriate
solenoidal extension of the boundary value [9]. We make use of this result.

2. Notation and results.

Let C3°(£2) be the set of all smooth vector valued functions with compact support in
2. Let L?(£2) be the set of all vector valued square integrable functions in £2 with the
inner product (-, -)o and the norm || - ||. If there is no confusion, we denote the inner
product and the norm by (-, -) and || - ||. L?($2) is the set of all vector valued functions u
such that |u|” is integrable in £2. The norm is denoted by |u|z»(2) or simply by [[u],.
W™ P (£2) is the standard Sobolev spaces; W(')"’p(.Q) is the closure of Cg°(£2) in WP (£2).
H™(2) = W™2(2). Hl'(2) = W] ().

Let C3°, (£2) be the set of all smooth solenoidal (i.e. divergence free) vector valued
functions with compact support in £2. H, = H,($2) is the closure of C3° (£2) in L2(£2).
V = V(£2) is the completion of Cgfa (£2) in the Dirichlet norm ||V - ||, which is equivalent to

the H!(£2)-norm by virtue of the Poincaré inequality (Lemma 3). Let CS? (;S(.Q) be the set of
functions in Cg?o (£2) symmetric with respect to the xj-axis. VS = VS5(£2) is the completion

of CSO(;S (£2) in the Dirichlet norm |V - ||.
By definition, u is called a weak solution to (NS), (BC) if u is expressible of the form

u=w+b+ uU,
where w € V, b € H!(£2) is a solenoidal extension of the boundary value
b=Fg—uU on 082,
and satisfies the weak form of the Navier-Stokes equations:
(1) v(Vu, Vv) + ((w-V)u,v) =0 (Vv e Cg,(£2)).
Next lemma is crucial for the existence proof.

LEMMA 1. Suppose that 052 is smooth and symmetric with respect to the x1-axis, that
every I} (1 < i < N) intersects the x1-axis and that the boundary value 3, € HY282) is
symmetric with respect to the x1-axis, vanishes on I'y and satisfies (GOC). Then for every
& > 0 there exists a symmetric solenoidal extension b, of B¢ such that

(V- V)v.be)| < e[| VV]> (Vv e VI(R)).
The proof of Lemma 1 is similar to [9] and is omitted.

REMARK 1. Asis noted in [9], the support of b, is contained in the union of narrow
collar neighbourhood of the boundary I, - - - , I'y and a narrow neighbourhood of segments
on the xj-axis joining I and I, --- , I'yv—1 and I'y.
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THEOREM 1. Suppose that the boundary 052 is smooth and symmetric with respect to
the x1-axis, that every I'; (1 <i < N) intersects the x1-axis and that the boundary value 3 is
a smooth function on 052, symmetric with respect to the x1-axis, vanishes on I'y and satisfies
(GOCQ). If || is sufficiently small, then there exists a symmetric weak solution to (NS), (BC).

REMARK 2. The boundary value 3 is not necessarily small.

REMARK 3. Itis well known ( e.g. Ladyzhenskaya [12], Galdi [10]) that for the weak
solution u to (NS) ( BC), there exists a scalar function p € leo - (§2) such that
v(Vu, Vv) + ((u - Vu),v) = (p,divy) (Vv e Ci°(£2)).
p is called an associated pressure of u. We call {u, p} solution pair to (NS) (BC).

THEOREM 2. The solution pair {u, p} to (NS), (BC) obtained in Theorem 1 is smooth
in £2.

Before stating a slight generalization of Theorems 1 and 2, we introduce the following
notation. For ¢ < s, we put

29 ={(x1,x2) € 2|t < x1 <s)}.
Let R be a positive number such that
() QRNT =(xeT|xi>R}, Q2 BNT={xeT|x <—R}.

REMARK 4. Theorems 1 and 2 hold true if the set £2 \ {£27°>"® U 28>} is not
contained in the channel 7', and if the boundary value 3 does not vanish identically on I,
but is of a bounded support and satisfies the following condition.

/ ,B-ndxlzf ﬁ-ndxlzo.
ry Iy

Let P = — %vx 1 be an associated pressure of U. Let « = (o1, a2) be a multi-index and
D* = D{'D3?, D; = 9/dx; (i = 1,2).

THEOREM 3. Let R be a sufficiently large positive number mentioned in (2). The so-
lution pair {u, p} to (NS), (BC) obtained in Theorem 1 tends to the Poiseuille flow {uU, u P}
exponentially, as |x1| — 0o, that is, there exist positive constants o and Cy such that

3) |D*{u(x) — uU@x)}| < Coe M1l (x| > R)
(4) ID(Vp(x) — uVP(x)}| < Coe M1l (Ix1] > R)

for every multi-index «.

3. Preliminaries.

We begin with some lemmas which are necessary later. The straightforward calculation
yields
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LEMMA 2. Let U be the Poiseuille flow (U). Then
(WU, W < [Iwl® (Yw e V()
holds.
Since the Poincaré inequality holds for a domain bounded in one direction, we obtain

LEMMA 3. The following inequalities hold with some domain constants ko, k1.

(5) lwll g2y < kol Vw2, (Yw € Hy(T))

(6) lwll oy < kilVwll2y  (Yw € Hy(T)).

We need the following result for divergence operator which is due to Bogovskii [6]. See
also Galdi [10], Babuska-Aziz [5].

LEMMA 4. Let Q be a bounded domain, star-like with respect to every point of a ball
B(xg,a) C Q. Suppose f(x) € LP(Q) satisfying

/ fx)dx =0.
0
Then there exists vV € W& "P(Q) such that

divv=f in Q
(7

v =0 onaQ
satisfying

IVilwir oy < cll flirco)

where c is a constant dependent only on the diameter of Q and a.

In order to prove the exponential decay of the solution to the Poiseuille flow, we need
next lemma proved originally by Horgan-Wheeler [11]. For the completeness, we give a proof
following Galdi [10, Lemma VI. 2.2].

LEMMA 5. Supposey(t) € Cl[R, 00), y(@) > 0(t = R), andforsome& > 0,n € R,
y(t) satisfies the differential inequality

®) (1) +§/tooy(5)ds =ny(@®) (~t=R).
Then there exist positive constants A and o such that

y(0) <re 7R (1 = R)
holds true.

PROOF. Let « be the positive root of the equation «®> — na — £ = 0, i.e.,

a=G/n?+4+n)/2.



312 HIROKO MORIMOTO AND HIROSHI FUJITA

Note that « > 7. Put

F(t) = e 0B {y(t) +a /oo y(s)ds} )
t

Differentiating with respect to ¢, we have
F'(t) + aF (1) = {y’(t) —ny(@) + (&% — na) /w y(s)ds} e =R,
t
By the differential inequality (8),
F'(t) + aF (1) < (& — no — £) /OO y(s)dse =R
t

holds true. Since > — na — & = 0, F'(t) + « F(r) < 0. Integrating the differential inequality
(e*' F (1))’ <0 from R to t, and using the definiton of F(¢), we get

o
y(1) +a/ y(s)ds < F(R)ye~ @ mt=FR
t

Therefore, we have
d

_E {e_ol(t—R) /Ooy(s)ds} < F(R)e—(Za—n)(t_R).
t

Since 2o — > 0 and e~ ¢ =R ftoo y(s)ds — 0 (t — 00), we integrate the both sides and
obtain
o F(R)
y(s)ds < .
R 2

Q@ —7n
Using the definition of F' and this estimate, we have

200 —
F(R) = y(R).
o—n

Therefore
y() < F(R)e_(“_”)(’_R) < za—_ny(R)e—(a—n)(t—R).

We can choose o and A as follows.

Vit 44
?y(R)

and the lemma is proved. Q.E.D.

o=a—n=G/n+4-n/2, 1=

4. Existence and regularity of solution.

First, we give a proof of Theorem 1. The pressure corresponding to the Poiseuille flow
U= %((1 — x%), 0) is given by P = —%vxl. That is, U and P satisfy the Navier-Stokes
equations.

—VvAU+ U -V)U+VP=0 inT
divU =0 inT
U =0 on Iy.
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Remark that uU and p P also satisfy the above equations. Assume that |u| is so small that
the inequality v — Kglm > 0 holds, where kg is the constant introduced in Lemma 3. Let us
choose ¢ > 0 such that v — Kglm — & > 0 holds. Since 3 — U satisfies the hypothesis of
Lemma 1, there exists its solenoidal symmetric extension b satisfying

[(W- V)b, w)| < e[ VW[> (YW e V().

Note that b is of compact support. Furthermore, since 352 and 3 are smooth, b is also smooth.
We look for the solution {u, p} to (NS) (BC) in the following form.

©) {u i w+uU+Db
p=q+uP.
The function w € V (£2) satisfies the following equation.
(10) V(VW, V) + (W - VIW, @) + (W - V)U, @) + (U - V)w, @)
+ ((W- V)b, ) + ((b- V)W, )
= (F,¢) —v(Vb, Vo) (Yo € C5,(£2))
where

F=—-b -V)b—uU-V)b—pubd- -V)U.
Let 2", n = 1,2, ---, be an expanding sequence of bounded symmetric domain with
smooth boundary such that

Q" S5 2, 42"NIN — IR as n— co.

We suppose that I, I3, ---, I'y are the inner boundary of 92!, and the support of b is
contained in £2!. We consider the stationary Navier-Stokes equations in £2".

{(u-V)u:vAu—Vp in 2",

(NS diva =0 in ",

with the boundary condition

u=7. on 02 Na2",
(BO)»

u=uU on 92"\ 082.
A function u is called a weak solution to (NS),, (BC),, ifu € H!(£2"), divu = 0,
v(Vu, V) + ((u- Viu,v) =0 (Vv e V(2"),

and u satisfies the boundary condition (BC),, in the trace sense.
It was established by Fujita [9] that there exists u,, = w;,, + b + uU, satisfying

(11) v(Vu,, VV) + (0, - Viu,, v) =0 (Yve V(2M),
where w, € VS5(£2"). Substituting v = w,, in (11), we have
VIVWall> = = (W - VIU, Wa) = (W - V)b, Wa) = v(Vb, YW,) + (F, W) .
Since w, € VS(2") C VS (£2),
[((Wn - V)b, w)| < e[ VWal*  (¥n).
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According to Lemma 2 and Lemma 3,
[((Wn - VYU, )| < (ol VWal)*  (Vn).
Therefore,
VIVWall® < (ilig + ) IVWall® + (b, Yw,)| + [(F, wy)

Since v — K§|,u| — ¢ > 0 holds and F and b are independent of n, we obtain an estimate for
w,, i.e., there exists a constant M > 0 independent of n such that | Vw, || < M holds true. We
remark that the norm ||| 51 g is equivalent to [|Vul|;2). By the standard argument, we
can show the existence of the weak solution u to (NS) (BC). Since w;,, b, U are symmetric,
u is also symmetric. We obtain the solution pair of the form (9), with w € V5(£2) and
q € leoc(.Q) and Theorem 1 has been proved. Q.E.D.

Now we study the regularity of the solution to (NS) (BC) obtained in Theorem 1. Let
{u, p} be the solution pair having the form (9). Thenw € V3(£2) and g € Lfoc(.Q) satisfy
the following equation.
(12)  v(Vw, Vv) — (g, divv) + (W- V)W, V) + u((w- VYU + (U - V)w, v)
+(W-V)b+(b-V)w,v) = (F+vAb,v) (Vve Ci7(2)).
Since b is smooth in £2 and of compact support, it is easy to see that w and Vg are smooth

in the closure of £2. See, e.g., Galdi [10]. However, for the sake of completeness, we give a
proof in Appendix, which is based on the regularity theorem for the Stokes equations.

5. Asymptotic behavior of the solution.

5.1. Uniform convergence of the solution. Let us study the asymptotic behavior of
the solution to (NS) (BC) obtained in Theorem 1. First, we prove the uniform convergence of
the solution to the Poiseuille flow.

LEMMA 6. The solution pair {u, p} to (NS), (BC) obtained in Theorem 1 behaves
asymptotically as follows:

(13) sup |[D*{u(x) — pU)} — 0 (t — 00),
Q1.0
(14) sup |[D*{Vp(x) = uVP)} - 0 (t > 00)
01,00

for every multi-index «. Similar result holds for t — —oc.

Let us prove the lemma when ¢+ — +400. The case t — —oo can be proved similarly.

Since w and V¢ are smooth in £2%% (Theorem 2), and b = 0 in 25>, we see that
{15) —VAW+ (W-VIW+ u(W-VYU+ u(U-V)W+ Vg =0 in 28>
divw =0 in QR>

hold. Let
Qo ={(x1,x2)| —=5/8 <x1 <5/8, -1 <x2 <1},
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O1={x,x)| —-1l<x1<1,—-1<x<1}.
Let wg and £2¢ be bounded symmetric domains with smooth boundary satisfying
Qo Cwo C§20 C Q1
such that the right (resp. left) component of dwg \ 952 is congruent with the right (resp. left)
component of 382 \ 9§2. Let fp > R and put
QW = {1, x) [ (1 —k,x2) € 20}, k=to+100+2,---,

o® = {(x1, x2) | (x1 —k,x2) €wo}, k=to+1,00+2,---.

2®s (resp. w®¥)’s) are congruent figures.
Let 1/ (x) be a scalar function in C*(T), ¥ (x1, —x2) = ¥(x1,x2), 0 < ¥(x) < 1,
Y(x)=1((xewp); =0(x €T\ ), and put

Vi (x1, x2) = Y(x1 —k, x2) .
Let my be the mean value of g over 2®), i.e., m = (1/|2W)) [[ 5w q(x)dx, where |2®)]
is the measure of 2% . Since the pressure ¢ is free by additive constant, we take g — my
instead of ¢ in (15). Put
W® =y w
7® =Yg —mp).
Using the equation (15), we can write

(16) vAW® — vz ® = 4, Gy + Gy
(17) divw® =w.Vy, in 2%, WO =0 on 002®,
with

Go=Gow, U)=(w-VYW+ pu(U-V)w+ pu(w-V)U
G = Gi(w, @) = 2vVWV + v(AY)W — (Vi) (g — my) .
Since divw =01in 2®, andw = 0 on 82 N 2% we have

div(yew) = (Vi) - w € Hi(2®), / div(yrw)dx = / (Yrw) -ndo = 0.
2 90 ®

2
Let us show Go, G € L*3(£2%). By the inequality (6), we obtain

(18) W - Wl a3 0wy < IVWHIWI s @0y < k1l VW]
On the other hand,
[(U- V)W + (W - VU 4530wy < all(U- V)W + (W V)Ullgw < a(l+2k0) VW ow ,

where K is the constant in (5) and a = |2 ®) | 174 Note that k¢ and a are constants independent
of k. Therefore

(19) ||1/ka0||L4/3(_Q(k>) =< ||G0”L4/3(Q(k))
< KIHVW”?Z(I() +a(l + 2k0) |ulllVWllow < C1lIVW] gw
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where C; = k18 + a(l 4+ 2kp) || and B = ||[VW| . Since g € Lfoc(.Q), we have

(20) 1GkllLa3@wy < allGrllguw < C2{vIIVWIgw + llg — millgw}

where C; = a(2sup [V{r| + ko sup |Ayr]). Therefore, Yy Go + Gy is in L*3(£2W). Accord-
ing to the well known estimate for solutions to the Stokes inhomogeneous boundary value
problem (16), (17) (Cattabriga [7]), we have

WO e w2450y va® e L3 2®).
Furthermore

1) VIWR 2 a0y + 1Vl a3 a0,
=< G3{llYnGo + Gill pars oy + W - Viellyias oy}
< C{liVwllgw + llg — millgw '}

where the constants C3 and C4 do not depend on k. Now we proceed to the estimation for the
pressure q.

LEMMA 7. There is a constant Cs independent of k such that the estimate
(22) lg —millow < Csl|IVW]low
holds.
PROOF. From (15) we have
—VAW+ Vg =—w- V)W — u(w-V)U - u(U- V)w = —Gp(w, U).
Multiplying this equation by v € H(} (£20), integrating over 2% and also noting
(const., divv)ow =0,
we obtain
(23) V(VW, VV) om — (@ — mk, divv) o = —(Go(w, U), V) o) .
We look for a function v satisfying the following equation.

divv =g —m; in 2%

24
@4 v =0 on 920

Since ¢ —my € L?(£2®) and the integral ff_Q(k) (g — my)dx vanishes, we can apply Lemma
4 and find the solution v € H& (£2%0) to (24) such that the estimate

”V”HO' (20 < Collg —millow
holds true where Cj is a constant independent of k. Substituting this v into (23), we obtain

VYW, V¥) om0 — llg — mil e = —(Go(w, U), ¥) ga -
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Therefore
lg — mil 5 = v(VW, V¥) gw + (Go(w, U), V) g
= v[IVWlow IVVligw + 11Goll 473 @) IVl L4 2wy
<VIVWlow IVVligw + killGoll L3 w0y I VVIiga
= Collg — millgw WIVWIgw + k1llGollL432w)) -
According to the estimate (19) for Gg, we obtain
lg — mill2@wy < CslIVWigw
where Cs = Co(v + k1C1). The constant C5 does not depend on k. Q.E.D.
We continue the proof of Lemma 6. Substituting (22) into (21), we obtain
(25) VW y24m@wy + 1V O 4wy < Coll VW g
where C¢ = C4(1 4 Cs). Since Y = 1 on the set o®,

w=W® and q= 7® +mp in 0® .

Therefore
we W23 ®) vg e L3 0W)
and
(26) VWl w2as w0y + 1V Las 0y < Coll VWIow -

According to the Sobolev imbedding theorem, the inclusion
w243 (0®) ¢ C(®)
holds. Therefore w is bounded and continuous in »® and

Wil < Clwllw2auwy < C7IIVW @

Clo®) =
where the constants C and C7 = CCg do not depend on k. Since
(27) R® c @klkl - *=D y ® Y *k+D |
it holds that

(28) Wllcewy < sup  |Wlewuy = sup  C7llVWlign
k=1<j<k+1 k—1<j<k+1

<CiB (Vk=R+1)
where 8 = ||Vw| . Furthermore, by (28), we see Gg € LZ(Q(k)) and
1Gollow = IWllc@w)IVWIlgwm + [1l(1 4+ 2k0) VW om < CIVWIow®

where C = C78 + |u|(1 + 2kg) is a constant independent of k. As for Gg, using (20) and
(22), we obtain
IGkllow = ClIIVW]gw

where C = C2(v + Cs)/a is a constant independent of k.
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Here and after C denotes various positive constant independent of k. Repeating the
preceding procedure, we conclude that Wk ¢ H2(.Q (k)) and V' ® ¢ L2(.Q (k))

VWO 2000y + IV O 2wy < CIVWI g

therefore, w € HZ(w™®), Vq € L?(@®). Thanks to the inclusion (27), we have

k+1

(29) VWl 2wy + 1Vall 2wy < C Y IVWlga
j=k—1

for a constant C independent of k. This estimate assures that w € H?(£2%°°) and Vq €
L2 (82509,

Now we can show easily div(yw) € H2(2W) N HO1 (£2%0) and that VGg, VG €
L*(£2W), that is, Go, G € H'(2(®). We apply the argument as before and obtain

We H3QW), vreH'(QW),

This means that
we H®), vgeH @?).

As before we can show easily

k+2
(30) VWl g3 2wy + 1IVall i guy <C Y 1VWlga) -
j=k=2
Similarly,
k+1+¢
31) VWl g2eeowy + IVl ey <€ Y IVWlgo
j=k—1—¢
fort =2,3,---.

Now we estimate w in $2%°°. Using (29) and the inclusion

o) c W), @k Uw(j) c @kl

Jj=k
we obtain
(B2 AWlagi=, < sup Wl < sup Wl 55
C(£2+k) =k C(w) ik c(2W)
j+1
< Csup [Wlg20m) < Csup Y [VWlgn < 3C| VW gi-20c -
Jj=k Jj=k

j—1

The right hand side tends to 0 as k — 00, because the constant C does not depend on k and
Vw € L2(£2). Therefore (13) for || = 0 is proved. Repeating the above argument, we have
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the estimate for || > O:
(33)  ID*Wll - grmy < sup ID*WIl . o5 < sup [ DUW| . o5, < C sup [ Wl etz (@0
jzk j=k Jj=k

JH1+|o|

<Csup Y [VWlgo < Qlal+ 3)CIVW] gi-2-lalos -

7=k j-1-al

Vg can be similarly estimated by (30) and (31).
This completes the proof of Lemma 6. Q.ED.

5.2. Exponential decay of the solution. Now we state the outline of the proof of
Theorem 3. For R <t < s, we set

U ={(x1,x) et <xi<s}, DO ={tx)eR]—1<x<1}.

Put H(t) = [[ gioo |Vw|2dx. Then, differentiating with respect to , we obtain
H (1) = —/ [(VW)(t, x2)*dxs .
(@)
The similar argument to [10] yields
o0
(34) vH' (1) +2(v — |M|K§)/ Hxpdxy <CH@E) (=R,
t

where C is a constant. If || is so small that v — | /L|I(g > (, we can apply Lemma 5 to (34) and
obtain the exponential decay of the Dirichlet norm of w, that is, there exist positive constants
o and A such that
HE) < A2e 2R (1> R).
Consequently, using the estimate (33), we obtain
(35) 1D Wl ¢ @, < Qlal + 3)CIVW 2(-2-lioe) < Qla| + 3)CH( —2 — o)/
< Q2la| +3)Cre =27 lI=R)

and the estimate (3) is proved. The estimate for Vg can be shown similarly and Theorem 3 is
proved. Q.E.D.

REMARK 5. In the forthcoming paper [16], the first author studies several symmetric
flows in symmetric channels involving general outflow condition and shows the existence and
asymptotic behavior of the solution in the criterion of Amick [3], [4].

Appendix. PROOF OF THEOREM 2.
Letw e V(£2) and g € L? (£2) satisfy the following equation.

loc
v(Vw, Vv) — (g, divy) + (W - V)W, v) + u((w- VU + (U- V)w, v)
+(wW-V)b+ (b -VIw,v) = (F,v) (¥ve CF (),
where F/ = F+vAb is a smooth function of compact support. Let us show that w, g € C*(®)

for any bounded domain w containing £2 %X and contained in 2. Leta” < a’ < —R <
R<b <b,o=02n{ad <x1 <b),o =82N0Nn{a" <x <b"}and Q be a bounded
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domain with smooth boundary such that ® C ' C @” C Q C £2. Let ¥(x) be a smooth
function defined in the closure of §2 such that
Yo =1 (red), Yy@=0 xe2\0).
Put
W=vyw, nm=vgqg.
Then, it is easy to see that W € HOl (0), m € L*(Q) and they satisfy
(36) V(VW, Vv) — (7,divv) = =(¥Go + G1,Vv) (Vv e C;°(£2))
divWw =div(yw) =V -w, W]p=0
where
Go=wW-VIYWH+uw-VHU+uU-VYIw+w-V)b+ b -V)IwW-F,
G| =2vVyVw+ v(AY)w — (VY)g .
Note divW = div(yw) = V¢ - w4+ ¢divw = VY - w € HOI(Q). According to Holder’s
inequality and the Sobolev imbedding theorem, we have
[ (w - V)W||L4/3(Q) = ||W||L4(Q)||VW||L2(Q) = C||W||H1(Q)||VW||L2(Q)
and it is easy to show Gq € L4/3(Q). On the other hand, we can easily check G| € LZ(Q).
Therefore v Go+ G € LY 3(Q). Using the well known result of Cattabriga [7] for the Stokes
boundary value problem, we have W € W2’4/3(Q), Vr e L4/3(Q). Since
w=W inw and g=7 in w,
it holds that
we W>*3w) c C@), Vqel*3(w).
According to the above estimate, it is easy to check Gy € L?(w). Repeating the previous
argument, we see that
we HX(w), Vgel*(w).

Now, let us show further regularity of the solution w, g. Let w and Q be as before. It is easy to
check that VGo, VG| € L2(Q), thatis, Go, G| € H!(Q). We apply the argument as before
and obtain

We HQ), VxeHY0).
This means that

we H w), VgeH' (w).
We continue in this fashion to show that

weH"(w), VgeH" X(w), m=2.3,--

And we see

weC®@), VgelC®w).
This completes the proof of Theorem 2. Q.E.D.
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