TOKYO J. MATH.
VoL. 28, No. 2, 2005

Hecke Modular Form Expansions for Eighth Order
Mock Theta Functions

Bhaskar SRIVASTAVA

Lucknow University

(Communicated by K. Shinoda)

Abstract. By using Hecke type modular forms, we relate the eighth order mock theta functions with theta
functions.

1. Introduction

In his last letter to Hardy, Ramanujan wrote, “I discovered very interesting functions
recently which I call Mock theta functions”. Ramanujan listed seventeen such functions and
assigned them orders three, five and seven. According to McIntosh, the order is analogous to
the level of a modular form. Later Watson [9] found three more mock theta functions of order
three.

Recently Gordon and MclIntosh [4] considered eight mock theta functions and called
them of order eight.

By using Bailey pair method, Andrews [1, 2] gave Hecke type modular form series for
fifth order, sixth order and seventh order mock theta functions. Watson [9, pp. 64—66] gave
Hecke type modular form series for the third order mock theta functions. Recently Choi [3]
gave Hecke type modular form series for the tenth order mock theta functions.

In this paper we use Bailey pair method to derive Hecke type modular series for the eighth
order mock theta functions. By using these Hecke type series, we give a relation between the
eighth order mock theta functions So(g), S1(g), and theta functions.

In our paper [8], by using these Hecke type modular series we have given these eighth
order mock theta functions as coefficient of z¥ in the Laurent series expansion of rational
expression of various theta series.
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2. Notation

n—1
W= =[]0 —¢'0), n=0. @.1)
i=0
If|g| <1
(Moo = (@, @loo = lim () =[] (1 =¢"x). 22)
i=0
(X1 5 X5 Qoo = (Xoos > ()oo = [ [A = g'xD) - (1 —¢'x,),  (23)
i=0
JE) =@/ g o= Y (—D"qDx" x#£0. Jgl<1,  (@24)
where (;) = ”2; n
Form > 1
Jam =" g™, 25)
J_a,m =j(—=q“.q"). (2.6)
Im = Im3m = j@",q") =(q";q")oo - (2.7)

DEFINITION 1.

n
S ~1ig . nz0

j=-n
Sn =13 _._i (2.8)
S ~1g, n<o.
j=n+1
DEFINITION 2. Ifn is an integer
1 if n>0
sg(")_{—l if n<0. 29)

With the help of s g(n) we can convert the summation notation

b
Y Cu= > sgn —a)Cy . (2.10)

n=-—00
sgn(b—n)=sgn(n—a)

We state the following theorem of Hickerson [6, Theorem 1.6, p. 646], which we shall
be using in the text:



EIGHTH ORDER MOCK THETA FUNCTIONS 565

Forlg| <x <1,|ql <y <1

J24j(qxy, q))j(—qxy~t g% j(x*y?, ¢*
S gy = 247(qxy. 47)Jj(=9Xy" . 47)J X"y 47)

sg(r)=sg(s)
r=s(mod2)

2.11
Jx2,¢%j(% g% @1

3. Definition of the mock theta function of order eight

Gordon and Mclntosh [4] defined the following mock theta function of order eight:

9" (=q: ¢Pn
so(q)—Z o

q(qq)n
vola) = Z I

and
S1(q) = o """ (=q: qHn
= (—4% 4%
n:O k] n
00 (n+1)2(_ . 2)
Uig) =Y 2 7.9 In

4. Bailey pairs

To(q) =

S G/ A PR R

o0 q(”+1)("+2)(—q2; qZ)n

= (Ca: gD

2
Volq) = _1+22q ( 959)n

(q : q*n
__1+2§:q2"( 7% q4n
(45 9)2n+1

& qn(n-i-l)(_qZ; qZ)n
= (454D

Ti(q) ==

2
Vita) = i gtV (=q: qPn
H= (43 4Pn+1
n:O k] n+
2
0 q2n +2n+1(_q4; q4)

= (@ q)me

In this section we give Bailey pairs which will be used in section 5 to give Hecke type

identities.

BAILEY’S LEMMA. [If forn > 0, the sequences {a,} and {B,} are related by

:3n=

then forn > 0

/

n

0 (@n—r(aq)nir

—o (@Dn—r@@n+r

(073

.1

/

a,

4.2)
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J
P aq ,
- (pl)j(m)j(mpz)nj(mpz) Pi

r 1
() (=) =

P1 P2/,

(01)r(p2)r (ﬂ) oy
, p1P2

GG
p1/),.\p2/,
COROLLARY. If{wa,} and {B,} form a Bailey pair relative to then,

00 (pl)n(pZ)n(ﬂ) op (a‘I)oo(ﬂ)

where

and

for any given numbers py and p;.

%) n
P102 P1P2 a
E = = E (pl)n(pZ)n<_q> ,Bna
0 P1P2

GG GG

provided both sums converge absolutely.

By letting n — oo for B, we have the corollary.
We give eight Bailey pairs in the following lemmas.

LEMMA 4.1. The sequences oy, By, form a Bailey pair, where

" (00" (1 — ag¥)(a/b))a/c)
apla,b,c,q) =
(1- a)(qb)n(qc)n

5 Z (—1>f'/(1 - ag””)(a),,'_l(b) i(©);
o qBwe)i@)ja/b)jale);

and

.(a,b,c,q) = ————.
Pna €4) (gb)n(goln

PROOF. See Andrews [2, Theorem 2.3, p. 72].

LEMMA 4.2. The sequences «, and By, form a Bailey pair, where

30240

(=D"(1 —ag® g™ 2 (aq/b).b"
(I —aq)(bq),
i (l—aqu')(aq)j1(b)jaqu2bf}
1+
) [ X_(:) (q9)j(aq/b);

a,(aq,b,q) =

4.3)

4.4)

4.5)

(4.6)

4.7

(4.8)
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and
Bl (aq,b,q) = . 4.9)
" (gb)n
PROOF. See Andrews [1, Theorem 4, p. 119 and Lemma 6, p. 120].
LEMMA 4.3.
2 - 2 2 (nil) 2
a1, =1, =g Y (=g =g Y (=1)ig
j=—n —(n—1) (4.10)
— q3n2+nSn _ q3n2—n’5n_1 , n> 1
aO(lv_lqu)zl
and
5 1
Bu(l, —1,g%) 4.11)

B (_qz; qz)n
form a Bailey pair.
PROOF. By Andrews [1, Theorem 4, p. 119] and Andrews [1, Lemma 7, (5.6), p. 121].

LEMMA 4.4.
(1- q4n+2)q3n2+n

an(g®, —1,q%) = ey [1 +22(—1)-jq_2-j2}

J=1

a1- q4n+2)q3n2+n n

(-2 [ 2 (_1),,(]_2,1

j==n (4.12)

and
1

- 4.13
(—4% qn “-13)

IBn(qzv _17 qz)

form a Bailey pair.
PROOF. By Andrews [1, Lemma 7, (5.7), p. 121] and Andrews [1, Theorem 4, p. 119].

LEMMA 4.5.
(- q4n+4)q3n2+4n+] 2n+1

2. .
't —q.q%) = _nHE L0 4.14
@' ~4.4) = — T ]X:(j)< )7 g (4.14)
and
1
"Gt —q,¢%) = ———, 4.15
bua* ~a.4) = (4.15)

form a Bailey pair.
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PROOF. Letting ¢ — ¢2 and putting a = g%, b = —q, in Lemma 4.2, we have
2
(D" (1 = g* g3 30 (—g)" (—q%; ¢?)
(1 — g% (=¢% g
. 2 . .
5 [1 +i (—1)7g=2"3(1 —q“f”)(q‘&q2>,-_1(—q;q2>,}
= (4% 4 j(—q q?);

a,(q* —q.q%) =

(1—g% I-9)
(11— q4n+4)q3n2+4n+1

DRIy <—1>fq2f2f]
(I-pU-g9 L= =

(11— q4n+4)q3n2+4n+1

> g -y <—1>f'q<”z“>}
I-U-g9 L= =

2 - 2n+1
3 (11— q4n+4)q3n +4n+1 20t

(I-pl-¢bH | 20 b

2 n j —2j2-3j 2j+1
<1—q4"+4)q3”+4"[ (—1)/g=2" 73 (1 — ¢¥ >]
- 1+)°
j=1

fzzf”q(f;‘)]

and
1
Br(@* —q.94") = ———.
" (=43 ¢
LEMMA 4.6.
2 2n
(1 _q2n+1)q3n +2n /2g it
(g% —q.4") = =0 Y (=g () (4.16)
q =0
and

1

(g% —q.q°) = ———, 4.17
Bnla™ —q,47) % an (4.17)

form a Bailey pair.

PROOF. Letting ¢ — ¢2 and puttinga = 1, b = —g in Lemma 4.2, we have

(1- q2n+1)q3n2+2n n

1 V(1 +g? —2./2—/}
o [+Z( )/ (14 ¢%)q

j=1

o (g —q.q%) =
B (1- q2n+1)q3n2+2n

1—q) [Z (D7g 7+ 3 (=g _2j2+"}

Jj=0 J=1

2 2
B a1- q2n+1)q3n +2n <N 4

72 J+l
—1) 2 _(2)
=) =D7¢q

J=0
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2n—2

and
Bi(a* —q.q%) = ;.
e (=435 ¢%)n
LEMMA 4.7.
2 2n j+1 2 j+1
_ _(/ _ _(J
a;l(l,q 1’q2):(_1)n|:q3n+2n2q (2)_q31’l 2n2q (2)
j=0 j=0
and
1
Bu(l.g7 ' qH) = ———.
" (@ 9%

form a Bailey pair.

PROOF. By Andrews [1, Lemma 7, (5.8), p. 121].

LEMMA 4.8.
o, ) (_1)n(1+q2n+l)q3n2+2n 2n
a,(q%.q.97) = T+q .
j=
and
Bi(a®. q.4°) = m,

form a Bailey pair.

PROOF. By Andrews [1, Lemma 7, (5.9) p. 121].

5. Hecke type identities

3 PR

569

(4.18)

(4.19)

(4.20)

4.21)

Using Bailey pair method, given by Andrews [1], we give Hecke type identities for the
eighth order mock theta functions. We shall be using the Bailey pairs, given as Lemmas in

the previous section.

THEOREM 1.

o n
2 . 2
NaSo@ = Y q" " Y (=g

n=—o0o j:—n

5.1

PROOF. Making ¢ — ¢2 and letting p; — 00, p» = —g, a = 1 in (4.5), we have

e¢]

N2 @% 4P 2 5
E q" oy = ———— E q" (=q;q)nPn .
n=0

I A B
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Taking the Bailey pair in Lemma 4.3 i.e. o, = q3"2+"5'n — q3"2_"5'n_1 and B8, =

n > 1 and since we have defined «g = 1, in Lemma 4.3, we have

(=4 4P oo (=425 4%)n

o 2. .2 © w2
1+Z[q4nz+”8n—q4"27”8n,1]= (q ,q )oo q ( q.q )n )
n=1

n=0
Now

Right side = J1 450(q)

and

o
nz*ﬂ
Left side =1 + Z [q4n2+n8n—q4 Su-1].,

n=1

But §,—1 = —&_,, by definition 1. So

00
Leftside =1 + Z [q4"2+"5n + q4n2_n5~_n]

1

(7q2;q2)n ’

(5.2)

n=1
ad 2 = 2
=1+Zq4n +nSn+ Z q4n +nSn
n=1 n=-—1
ad 2 ad 2 " 2
— Z q4n +n8n — Z q4n +n Z (_l)jquj .
n=—00 n=—00 j=—n
Hence the Theorem.
THEOREM 2.
0 5 n ' 5
JiaSi(q) =Y g™ A =gt Y (=g
n=0 Jj=—n
PROOF. Making ¢ — ¢2 and letting p; — 00, p» = —¢q, a = ¢ in (4.5) we have,
2
— A G 1R O A T fi‘fﬂ+h(_q.q5 p
n — ) nrMn -
= (=7 g (=41 4700 =

Taking the Bailey pair in Lemma 4.4 i.e.

= q4n+2)q3nz+n n

(I — g% > hig

j==n

n —

and
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we have

2 2
o g (1 = g* ) (=q: gD i (C1)g2 = (4% 4)oo i 4" *"(=q; 4Hn
= U-dd=gke = (—a%aM0 I (—q% gD

and therefore

00 n 2.2 0 p242p )
2 P o2 (g% 99) q (—q:;9°)
Z q4n +3n(1 _ q2n+l) Z (_l)jq 2] — oo Z n

) _ 2. 2
= (43990 i (=47 9%
= J1.451(q) .
THEOREM 3.
(qz. qz)oo - 2 3 2 2 Eas i +]+2 J+1
~ 9% 1yg) = Z gH I3 (] o242 Z( 1 g (2, (5.3)
(=97 %) e =

PROOF. Making ¢ — ¢2 and letting p; — 00, p2 = —q2, a = ¢* in (4.5) we have

EOO: n +3n( q q )I‘l o = (qﬁ’ qz)OO zoo qn2+3n(_q2. qZ)nﬂn
n — s .
e (—q* q*) (=% 4% oo et

Taking the Bailey pair in Lemma 4.5 i.e.

2 2n+1
(1— q4n+4)q3n +an+1 2n+

4 2 Jetit2 +J+2 (/ )
an(q”, —q,q°) = (=72
" - -¢% 4
and
1
Bhn="——5—>5—:
" (=47 gD
we have
2
00 q4n2+7n+3(1 _q4n+4)(_q2; qZ)n i( it +]+2 (./;])
S (-0 -g4%d =
2
L (@% 4D o 42— g
(=447 = (=q% g7
or

2n+1

00
Z q4n +7n+3(1 _ 2/1+2) Z(_ )] +]+2 (/ )

n=0 j=0
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2
_ (@540 o ¢" P (=g% g
(4% qPoc = (=4 qPnt

Now right side is M

To(q)-
Hence the Theorem.
THEOREM 4.
(0% 4% oo An?43 Jevas 2 Pri i
Coa @)= Zq R ) N IR (5.4)

i =0
PROOF. Making ¢ — ¢? and letting p; — 00, p» = —¢2, a = ¢* in (4.5) , we have

00 4. 2 0

2 (a7 q97) 2
2 a" =y T =0 Db
n=0 (_q i q )OO n=0

. . .. . (17q2n+1)q3n2+2n
Taking the Bailey pair in Lemma 4.6 i.e. o, =

(T—q>—23no(—1) £ g=(3)

and 8, = m we have
2
i q4n +3n(1 _ q2n+l) Z( 1)/7‘*'/ _(] )
= I-9)

j=0

2
AT i 4" " (=4% ¢
(4% 4P = (=431 qPn

and therefore

iq4n2+3n(l_ 2n+1) Z( 1) (H—l)
n=0

(@ Ds = (4% D)
(4% Do = (=43 qPnt1

N . : : (42;42)oo
ow right side is mﬂ (q).
Hence the Theorem.

THEOREM 5.

oo 2n

Nall + V@1 =23 S (=1 2= (1 4 g*+2).

(5.9
n=0 j=0
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PROOF. Letting g — q2 and p; — 00, p» = —¢, a = 1, in (4.5), we have
2 (g5 9°)
Z q" on = (_72)00 Z qz(—q; qz)nﬂn .
n=0 1> 97 ;5
Taking the Bailey pair in Lemma 4.7 i.e.
2n o 2n—2 o
@ = (—1)" |:q3n2+2n ST RERIEGE PR G )]

j=0 j=0

and
1

Pn = (@99

we have
00 " 5 2n+1 -
J _ _
22:(_1)n|: 4n+2n§:q 3 _q4n 2n§:q (2):|
n=0 j=0

5, 4% 0))w 5 4" *(—q: 4
(qqz)oonX:: CHDI

Right side = J; 4[1 + Vo(g)].

oo 2n ) oo 2n _
Left side = 2|: Z Z (_1)nq4n2+2n—(’§1) 4 Z Z (_1)nq4n2+6n+2—(]42rl)i|

n=0 j=0 n=0 j=0
oo 2n -

=23 3 gD 4 g,
n=0 j=0

Hence the Theorem.

THEOREM 6.

oo 2n

Jl 4Vl (q) Z Z( 1)}1 4}1 +4n+1— (/+l . (5.6)

n=0 j=0

PROOF. Letting g — qz, Pl — 00, 00 = —q,a = q2 in (4.5), we have

2
i q" " (—g; qz)na _ (CI4§ 9% oo i qn2+2n(_q_ qz) B
n — I nFn -
= (=a% P (=471 4%)o0 =

Taking the Bailey pair in Lemma 4.8 i.e.

(—1)"(L4 g g™ 2 Sy
q
(I+49)

n =
j=0
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and
B = 1
T @ g
we have
2 2
i i(—l)”q“"zﬂnﬂf(@‘) _ @500 5 ¢ (=g g7
n=0 j=0 (—4: 4% o (45 4%In+1
q% g%
= .7200V1(Q)
(_qs q )OO
= 14Vi(g).

Hence the Theorem.

We will apply the constant term method to J; 4S0(g) and J1.4S1(g) and shall use (5.1)
and (5.2) to obtain identities for them. For this we prove two relations which we will require
in section 6.

r2+2r.v+s2+r+s

haSol =Y, sg)(=DT g g 1, (5.7)
sg(r)=sg(s)
r=s(mod 2)

and
r—s r2 rs 52 438

HaSi@ = Y sgl)(=1)Tg¥reg T (5.8)
sg(r)=sg(s)
r=s(mod?2)

PROOF OF (5.7). Apply (2.11) to the inner sum of (5.1) andputr =n+j,s =n — j,
to get

o n
: 2 -2
JiaSolg)= Y Y (=Dig* 2

n=—oo j:—n

: 2 2

= D syt D gt
n,j

sg(n—j)=sg(n+j)

= > sg(=D7Tg"q

sg(r)=sg(s)
r=s(mod 2)

2 +2rs+s2 +r+s
2

which proves (5.7).
Similarly we can prove (5.8).



EIGHTH ORDER MOCK THETA FUNCTIONS 575

6. Mock theta functions as coefficients

In this section we will define theta functions B(z, g), C(z, ¢) and give a relation with
mock theta functions Sy(q), S1(q).

RELATION FOR Sp(q). The Hecke type identity for So(g) given in Theorem 1 of sec-
tion 5 is

t—s r2+2rs+s2+r+s
JiaSol =Y, sg(=D)7Tg7q . (6.1)

sg(r)=sg(s)
r=s(mod 2)

DEFINITION. For |¢| < 1 and z not an integral power of g%, let

2L 1203 (=2, 4%)
J2 iz 4%

B(z) = B(z,q) = Jjzq.q"%. (6.2)

THEOREM 7. In the annulus |q4| < |z, the coefficient afz2 in B(z) is So(q).

PROOF. Letting ¢ — ¢ and putting x = —z%, y = z% in [6, Theorem 1, (2.12),
p. 646], we have

v oors ras aj(—2g%q%) i g% (22 4%
Yoo sg)(—1)g7 T = T
sg(r=sg(s) J(zqMjz.q
r=s(mod?2)

Naj(=z,4%
== 7 7 6.3
iz, g% 63)

Hence
2 2. 2
=NhIpdij(=z,97) .
e (CE
J1,4](Z1q )

2Nhj(—z,4%) . .
= #J(QZ#] )
Jj(z.q%)

:Z2 Z sg(r)( l)rq2rs Z ( l‘ 212t l‘ (64)

sg(r)=sg(s) 1=—00
r=s(mod?2)

J1,4B(2)

From (6.4) the coefficient of z2 is obtained by putting r = —~ +S and it is

r—s r242rs 452 4rts
Yo s T g

sg(r)=sg(s)
r=s(mod?2)
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which equals J1 4S0(g) by (6.1). Dividing by J 4 we have the Theorem.

RELATION FOR S1(q). The Hecke type identity for S;(g) given in Theorem 2 of sec-
tion 5 is

r242rs 45243435

haSi@ =Y. sg(=D7Tg"q T . (6.5)

sg(r)=sg(s)
r=s(mod?2)

DEFINITION. For |g| < 1, z # ¢ and z not an integral power of ¢*, let
2NN 207 (-2, ¢

),
/a4
DGy e

Cla) =

THEOREM 8. In the annulus |q*| < |z|, the coefficient of z* in C(z) is S1(q)

PROOF. Letting ¢ — ¢ and putting x = —z%, y = z% in [6, Theorem 1. p. 646], we
have

r—s r+s J 1 (— 2’4'2’4'2,8
3 gy (=) T g¥s 7 = 2.4j(=297.97)Jj(q".47)j(z", 4°)

J(z,9%j(z, g*
sg(r)=sg(s) (z,4%)Jj(z, q%)
r=s(mod2)

_ Nhj(—z.9%)
o JGgh
Hence
2NN 2J7j(=z,q%)
J12,4J’(Z,q4)
22 Nhj(=z.q4%)
S &g
o
=2 Y sgD T Y gL (66

5g(r)=sg(s) 1=—00
r=s(mod?2)

J1.4C(2) = iz/q.qh

iz/g,q"

From (6.6) the coefficient of the coefficient of z2 is obtained by putting = —% and it is

Y sg(=1)T ¢*q

sg(r)=sg(s)
r=s(mod?2)

r240rs 452 4+3r43s
2

which equals Jj 451(g) by (6.1). Dividing by J1 4 we have the Theorem.
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