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Abstract. A filtration of the loop group of unitary group by singular complex algebraic varieties defined by
S. Mitchell and G. Segal is studied, focusing on determining the singularities of those varieties.

1. Introduction

The (based) loop group §2U, is the space of all smooth maps (that we shall call loops)
y S' > U, such that y (1) = I. Here S! is the unit circle in the complex plane. 2U, is an
infinite dimensional Lie group. Notice that each loop has a Laurent series expansion. Consider
those loops that have finite Laurent series expansion, called algebraic loops. Denote the set of
all algebraic loops by £24;4U, which is a subgroup of £2U,,. S. Mitchell in [3] and G. Segal in
[5] define a filtration by singular complex algebraic varieties of §2,/4Uy. In [3], this filtration
is used to study the stable homotopy type of £2SU, while, in [5], it is used to study harmonic
maps from the two sphere to U,,. The space of holomorphic maps from the two sphere to
this filtration is studied in [1] by M. Guest. In [2] Guest and Ohnita use this filtration to
study deformations for harmonic maps. In this article, we determine the singularities of each
stratum of this filtration. The strategy is to realize each stratum of the filtration as intersection
of two smooth varieties and study the intersection of the tangent spaces.

The outline of this article is as follows. In Sect. 2, we gather some facts about 2U,
and $244U,. Sect. 3 is devoted to describing the said filtration. In Sect. 4 we determine the
singular points of the filtration (Theorem 4.1).

2. Basic facts about 22U, and $2,,,U,

The basic reference for this section is [4].

There are isomorphisms 7o (£2U,) = w1 U, = Z. Each connected component of 2U,, is
determined by the degree of the determinant of loops. All connected components are diffeo-
morphic to each other.
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The subgroup £2,4U, is an approximation to £2U, in the sense that its natural inclusion
in £2U, is a homotopy equivalence. Hence 7 (£2,/4U,) = Z with each connected component
determined by the degree of the determinant of loops. Notice that £2,;4U, is not a smooth
manifold. On the other hand, similar to the case of smooth loops, all components of £2,;4Up,
are homeomorphic to each other.

While §2SU, is properly included in the identity component of 2U,, the subgroup
$2414SUy is equal to the identity component of £24;4U,.

There is a “Grassmannian model” for £2U,, defined as follows.

Let H = L%(S', C") = H, & H_, where

Hy=(Zej:i>0,j=1,---,n)
and H_ its orthogonal complement. Here {ey, - - - , e,} is the standard basis of C" and {zi ej:
ieZ,j=1,2,---,n}abasis of H and the closure is taken with respect to the L? norm

topology. The Grassmannian Gre, consists of all closed subspaces W C L*(S', C") such
that

1. the orthogonal projections pr+ : W — Hy are Fredholm and Hilbert-Schmidt oper-
ators respectively;

2. zW C W;

3. the images of both orthogonal projections W — H_ and W+ — H, consist of
smooth functions.

It is an infinite dimensional smooth manifold with connected components determined by
the Fredholm index of pry : W — H_, called the virtual dimension of W. The map

¢ : 82U, > Groo : Yy = YH+

is a diffeomorphism such that if deg.det(y) = —k, then virt.dim(¢(y)) = k.
Let Gry4 be the subspace of Gr, consisting of elements W such that for some k € N,

ZkH+ cWCcC ZikH+ .

Notice that this condition implies that W must be closed and that the orthogonal projections
pr+ : W — Hy are Fredholm and Hilbert-Schmidt respectively. So one has

Grayg={W CH|ZXHy c W Cz7"Hy, zW Cc W}.

One can check that Gr,;4 is precisely the image of 244U, C 22U, under ¢.

3. A filtration of algebraic loops

We describe a filtration of §24;4U, defined in [3] and [5]. For each k, denote by
(£241gUn)i the connected component with deg.det= k. Let M be the set of all loops in
(£241gUpn)—k that are polynomials in z~!. One can “shift” M; by multiplying z™ to obtain
a set

"My ={"y |y € My}
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for any integer m. It is easy to see that z" My C (£241¢gUn) —k+mn and it is homeomorphic to
M. Moreover, there is a filtration

My C zM, C ZZMZn c---C U ZkMkn = (QalgUn)O = QalgSUn .
k>0

One can define a Grassmannian analogue: For each k, define

Fy ={W € Grag | HL CW C z *H;,dim W/H,; = k}
={(WCH|H,CWcCz* H,, dmW/H =k, zW C W}.

It is easy to see that Fj is contained in (Gro )i, the connected component with virt.dim= k.
Moreover, the homeomorphism ¢ : $24;4Uy — Graig restricts to a homeomorphism ¢ :
M — Fy.

Similar to the situation for My, one can “shift” Fj to a set

Fe={"W | W e F)
= {(WCH|{"H, CW Ccz™"H,_ dmW /Hy =k, zW C W'}.

This set is contained in (Groo)k—mn and is homeomorphic to Fy. We have a sequence

FoCzFy C2?Fy C--- C U K Fn = (Graig)o -
k>0

For each k, Fi can be realized as an algebraic subvariety of a finite dimensional Grass-
mannian. To see that, we first notice that by taking quotient by H, we obtain a homeomor-
phism

Fe={(Vcz*H /Hy|zV CV,dimV =k} .
With the identifications
TRH H = (Zejj=1,-,ni=—1,---, —k) = C™,
multiplication by z induces a map
N:z*H /H, =C"% > ;7 *H, /H, = C™*,
This map is nilpotent: N¥ = 0. So we have
Fe Z{V € Gr(C™) [NV C V} C Gr(C™).

LEMMA 3.1. Fj embeds into a complex projective space as the intersection of two
smooth subvarieties.

PROOF.  Consider the linear map I + N : C% — C™ where I : C"% — C"¥ is the
identity map. It is an isomorphism, and 1 is the only eigenvalue. It induces an isomorphism
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(I + N)gr : Gri(CF) — Gri(C"). Notice that for any E € Gry(C*), we have
NECE & (I+N)grE=E.
Embed the Grassmannian Gri(C*") in projective space using Pliicker embedding ¢

Gri(C*y = CP" ™!, where r = ( nkk >

Consider the induced linear map
AT+ Ny AFCR = 7 > AR =
Again, 1 is the only eigenvalue. Consider the 1 —eigenspace
V= {ve AFC™ | AK1 + Ny = v}
Its quotient V* = V/C* ¢ CP"~! is a smooth subvariety. It is clear that
Fr =V N u(Gri(C™)). o
The above argument also applies to the “shifted” Fy : There are homeomorphisms
MEFZ{VC MM H )" H, NV C V,dimV =k}
= (Ve Gn(C™) | NV C V)
with the identifications
THMHL ) H = (fej i j =1, i =m— 1, m—k) = CF,

Again, 7" Fy, is an algebraic subvariety of the Grassmannian and embeds into a complex
projective space as intersection of two smooth subvarieties.

4. Singularities of Fj

In this section, we assume that n > 2.
Define the subset

F/={E € F |dim(ENC") > 2}

of F, where C" = (z ey, -+, z tep).

LEMMA 4.1.
Fl={(EeF | 'E={0)}.
PROOF. We need to show that for any E € Fg, the two conditions
(i) dim(ENC") > 2;
(i) ZH'E =1{0}
are equivalent. Recall that dimzE < dim E, dimz?E < dimzE etc. This means the

dimension drops at least by one each time we apply z. Assuming (i), the dimension drops by
at least two when we apply z to E. Since E is of dimension k, condition (ii) must be satisfied.
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Similarly, if zZF~1E = {0}, then there must be a jump
dimz "'E < dimZ'E — 2.
That is,
dim(zZ"'ENCY) > 2.

Since z'T1E C E, condition (i) is satisfied. a
Since condition (ii) in the above proof is an algebraic condition, F} is a subvariety of F.
THEOREM 4.1. Fj is precisely the set of all singular points in Fy.

PROOF. Recall from the previous section that the space Fj is the intersection of two

smooth subvarieties of CP"~!, r = ( nkk ):

Fr = V* N u(Gri(C™),
where ¢ is the Pliicker embedding; V* = V/C*, where
V={veC = AKC"*| AX(I + N)v = v}.

Since Fy is the intersection of two smooth subvarieties, a point £ € Fj is singular if and
only if the tangent space

TeV* N Te «(Gri(C™))

is not of minimal dimension. This gives us a criterion to find all such points. To do this, let
us compute the above intersection of tangent spaces in general. Put a metric on C"* = (z'e i
i=—-1,---,—=k; j=1,---,n) suchthatthebasis{z"ej ==, =k; j=1,---,n}
is orthonormal. This naturally induces a metric on C" = AXC™ . Then for any n € V*, we
have

T,V* = Hom(n, Ny,

where 1 is the orthogonal complement of  with respect to the metric described above.
On the other hand, we have, for any E € Gri (C"Fy,

T,g ((Gre(C™)) = di T Gri(C™) = di Hom(E, E*) .

To compute this tangent space, let f; : E — E-* be a family of linear maps such that
fo = I, the identity map. Write £ = (uy,--- , ug), we then have a curve oy = (uj +
fiur, -+, ug + frug) on Gry(C"™) such that g = E. Hence
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d d
di <—at ) = —ui(oy)
dt |- dt

d
E(“l + fiur) Ao A (ug + fruk)

t=0

t=0

k
UL A Al > Z(ul + four) Ao A(ui—1 + foui—1)

i=1

A foui A (Wiv1 + fouir1) A=+ A (ug + four)
k
:ul/\---/\uki—>Zu[/\---/\ui_l/\f()u[/\ui+1/\---/\uk
i=1

€ Hom(AKE, (AKE)Y).

Notice that here fo € Hom(E, E1). We can now see that 7,z t(Gry(C™)) consists of
maps

k
ul/\~~/\ukr—>Zul/\~~/\u,',1/\v,-/\u,'+1/\o~/\uk
i=1

forvy,---, v € EL. Itis isomorphic to @;‘zl E~L because vy, - - -, vy are arbitrary.
Hence for any n = AKE € V* N ((Gre(C™%)), where

E=(uj, - ,ug) € Gre(C™),
we have
T, V* N T, 1(Gri (C™%))

k
F@iA-Aug) = Yi_juir A Ai—) AVA }

L
= . —> ﬂV
{f g g Uip] A=~ ANug €V

k
I+ N)YQ iy ur Ao+ A A
U,’/\u,'_;,_l/\---uk):
Zf-‘zlul/\---/\ui_l/\v,-/\uH_l/\---/\uk

Zleul/\---/\u,-_l/\
Vi ANUj+1 N - N U

12

We now look at the condition (the equality) defining the above space more closely. First
notice that the left hand side of the equality is equal to

k
DT+ Nyur A AT+ Ny A== A+ Nug

i=1

k k \
:Zul/\~'o/\vi/\'o'/\uk+22g1u1/\ou/\g,'v,'/\uo/\gkuk,
i=1 i=1
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where 3"V sums all terms such that g ; = N for at least one j, and g; equals the identity for
other j’s.
Therefore the equality becomes

k v
DY g A Agivi A A grug =0. (4.1)
i=1

We consider the following two cases:

Case 1: dim(ENC") < 1.

Since N is nilpotent and NE C E, we must have dim(E N C") = 1, and E must have
the form (uy, - - - , ug) such that Nu; = u;_ for alli and Nu; = 0.

PROPOSITION 4.1. The complex dimension of the above intersection of the two tan-
gent spaces is equal to k(n — 1).

PROOF. First notice that the possibly non-zero terms on the left hand side of equation
(4.1) are:

k k k k
U]/\Z]{, —vz/\z.]i, U3/\2Ji, —U4/\2Ji,
=2 =3 =4 =5

and

k k k k
Nvl/\Z],', —sz/\ZJ,', Nv3/\ZJ,', —Nv4/\Z],',
i=1 i=2 i=3 j=4

k k
...... , (_1)]‘va71 A Z Ji, (—1)k+1va/\ZJi,

i=k—1 i=k

where J; = uj; A -+ AU A -+ Aug. Here if; means omitting the factor u;.
Adding and regrouping all the terms above, equation (4.1) becomes

Nvy A Jp
+(Nvi + v — Nva) A 2
+(Nvy +vi — Nvy — vy +Nuv3) A J3

HU+ N1 —v2+v3 — -+ (=Dfo) + (=D INy b A Ty = 0.
Write
& = Nvyp,
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& = Nvi + v — Nua,
& = Nvi+v; — Nvp —v2+ Nus,

G=0+N)@ —v+v3— 4+ =Dy + (=D Ny

Then (4.1) becomes
k
> & AT =0. (4.2)
i=1

By wedging both sides of (4.2) with u;, one can see that & A (41 A --- A ug) = 0 for all
i. Itis easy to see that this is equivalent to the conditions that

—Nv; € E,
vy — Nv e E,

vy — Ny eE,

Vk—1 — Nv, € E.

Moreover, if we write & = ZIJC‘:] E,.j uj for each i, then (4.2) implies that

- +E &+ =0.
Hence T,V* N T, L(Gre(C™)) is isomorphic to the set of (vy,---,n) € ET @ --- ® E*
which satisfy
(1) —=Nvi,vi = Nvp, - ,v—1 — Nug € E,

Q) & -g+8-&+ =0
LEMMA 4.2. Condition (1) above implies condition (2).
PROOF. First, modulo E-+, we have

&1 = Nuvy,

& =N —v),

& =N —v2+v3),

‘i:k = N(Ul — Uy + V3 — ...+(_1)k71vk).
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Let Nv; = ZIS‘ZI alus modulo E-L. We then have
&= ajus,
s
g= (a} —adu;,
N

£=Y (@ —a)+aus,
N

&= (ai—aj+ai— -+ (=D apuy.

s
Hence
511 —s§+s§—§j+m=a} —(a%—a%)—l—(a?—ag—i-ag)
—(af—a§+a§—aﬁ)+---
=@ —aj+af =)@ -ayai =)
+@—ai+- )+t (@),
On the other hand, modulo EL, we have (I + N)v; = Nv; for each i. Therefore
0=v=—-N+N" =N+ )Ny
= Nv; — N?v; + N3v; + -
For i = 1, this equality becomes
0= Nv; — N?v; + N3v; + - -
:(all—a%+a13—---)u1+---,

which implies that al —a? +aj —--- =0.
Also, for each i,

0= N(Nv;i — N>vi + Nv; +--+)
= N%v — N3v; + N*v; +--- .
Fori =2,
0= N2y — N3vy + N*vp + - --
=(a%—ag+ag—...)ul+...,

which yields a% — ag + ag — .. =0.
Proceeding in a similar way, one gets & 11 — gzz + g; — gj +..-=0. a
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Consider the linear map

T-Etge. . .9E+t > C*g...qC*

(v1, -, v) = (=Nvy, vy — Nvp, -+, vp—1 — Nwg) .
Write E+ =< wi, w2, -+, W, >, where m = nk — k. The vectors
{ug, - ug, wi, -+, Wi}

form an ordered basis B of C"¥. This naturally gives an ordered basis B¥ of C"* @ - - - @ C"¥.
With respect to this basis, the map T has the form

-N" 0
1 -N" 0
0 )

I —N

where N’ and I + N’ are the restrictions of N and I + N on E+. Write

w-(3) ()

where A: EX - E; 1,B:E+ — E-L.

We can see that T'(vy, -+ ,vk) € E @ --- @ E if and only if
—B V]
1 —B v
=0.
1 -B Uk

Denote the above matrix by D. We have
T,V* N T, «(Gry(C™)) =ker D .

We now calculate the rank of D. First notice that since B : E- — E7 is just the
restriction of N followed by a projection, it must be nilpotent. Hence by choosing the basis
{wy -+, wy} appropriately, we can assume that — B has the form

X
X
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where

1 O
Observe that because of the presence of the blocks 1, the row vectors in D with such
blocks (that is, from the (nk — k + 1)-st row to the last row) are linearly independent, while,

because of the form of — B, the first nk — k rows can be expressed as linear combinations of
the rows below them. Hence the rank of D is equal to (nk — k)(k — 1), which implies that

dimker D = (nk — k)k —rank D = (nk —k)k — (nk —k)(k—1)=k(n — 1) .

The proof of the proposition is completed. a
Case 2: dim(E N C") > 1.
Let us first examine the case dim(E N C") = 2.
Then E must be of the form (uq, u3, --- , uo, ug,---) such that Nu; = Nup = 0 and
Nu; = u;_».
The possibly non-zero terms on the left hand side of (4.1) are

Nvy A Jy, —NuAJp,
{T+ N)(=v1) + Nv3} A J3, {1+ N)(v2) — Nva} A Jg,
{1+ N)(wi —v3) + Nust A s, {(1 + N)(—v2+v4) — Nv} A Js,
{(1+ N)(—v1 +v3 —vs5) + Nv7} A J7, {(1+ N)(v2 —va +vs) — Nug} A Jg,

As in case 1, let & be such that the above terms become & A J; = O for all i. Then (4.1)
implies §; € E.

We claim again that, if we write & = le & uy, then we automatically have éll — 522 +
533 — -+ =0. Writing Nv; = ) a’uy; modulo E-L, we have

& =Nv = Zafus,

& =—Nuy = —Zajus,

& =—Nvi+ N3 = Z(—af +a3)uy
&4 =Nvy — Nvg = Z(ai—ai)us,

£s=Nvi — Nv3 + Nvs = Y (@] — a3 + ad)u; ,
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Therefore
5l =& +8 — - =af +ay+(=a] +a3) — (@f —a}) + (@) —a3 +a3) — -
=(af —aj+aj —aj +-- )+ (@ —a3+a3 — )
Manipulating &1, &3, &5, - - - as in case 1, one gets
al —aj +a; —al +---=0,
ag’—a§+ag—---=0,
while combining &, &4, &6, - - - as in case 1 gives
ag_aﬁ'_i_ag_...zo’
Consider the linearmap T : EL@---®EL — C™ @ .. C™ which sends (v; - - - , v¢)
to (&1, - -, &). In terms of the basis B¥ defined in case 1, we have
-N 0
0O —-N O
T = 1 0O —-N O
1 0 —N

A
Writing N = ( B > as in case 1, we again have

T,V* N Ty 1((Gri(C"™%)) = ker D,

where
-B 0
0 —-B O
D= 1 0 —-B O
1 0 -B

Arguing as in case 1, one can see that rank D = (k — 2)(nk — k) because of the presence of

the submartix
—B
B /)
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at the upper left corner of D. Hence
dimker D = (nk — k)k — (k —2)(nk — k) =2k(n — 1).
In general, one can see that if dim £ N C" = d, then
rank D = (k — d)(nk — k)
because there will be a submatrix

—-B

—B
of size d (nk — k) at the upper left corner of D. Hence we have

LEMMA 4.3. IfdimENC" =d, then T)V*N T, «(Grg (C"™)) has complex dimension
dk(n — 1).

In particular, if dim ENC" > 1, the dimension of 7,,V*NT, (G (C™)) is greater than
the case 1 situation. In other words, in the case 1 situation we have the minimal dimension,
while in the case 2 situation the dimension is greater. Therefore we can conclude that E € Fj
is a smooth point if and only if dim(E N C") = 1. And the proof of the theorem is now
complete. O

To finish, let us make two remarks.
First, for a general segment

1
2" Fopn — Zm+ F(m+1)n

of the filtration, we can ask if the first set is precisely the set of singularities of the second one.
This is equivalent to asking the same question for the shifted inclusion:

2 Feen — Fr,

where we write k for (m + 1)n = mn + n.

PROPOSITION 4.2.  The space Fj contains VR,

PROOF. Forany W € 7 VP,

'Hicwc" 1 H, .
So
#'W c " ?H, Cc Hy

because n > 2. But this is equivalent to the condition (ii) that defines F; ,é O

PROPOSITION 4.3. Inthe case of n =2, F} = Fy_».
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PROOF. Notice that when n = 2, we have

EcF &dmENC>26ED>C* S Ec F ). o

Whenn > 2, 77 'F_, C F{ is a proper inclusion. For example, look at the case
n=%k=23.Thesetz 'F,_, =z 'Fyisa point whereas F3’ is easily seen to contain more
than a point.

The second remark has to do with a “desingularization” of Fy defined in [3]. Assume that

n > 2. For any k, define F to be the subspace of the flag manifold Fi 7.... ,k(C”k ) consisting
of flags of the form

{(0y=EyCE I CEyC---CEcCC*

that satisfy the conditions:
(1) dimE;/E;—; = 1foralli,
(2) NE; C E; foralli,
where C™* is identified with (z’iej =12, ,k; j=1,2,--- ,n).
It is proved in [3] p. 358 that Ey is a smooth complex manifold and the projection

ﬂ:ﬁk—>Fk:EoCE]CEQC"'CE}H—)E;C
is surjective and restricts to a biholomorphism
min Y (Fy — F)) - F, — F[.

(In [3], Fy is denoted Xnk and Fy — F] is denoted Vj, x.)
Since F} is precisely the singular set of Fj, we see that the above projection is a genuine
desingularization of Fy.
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