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Abstract. Let M be an m-dimensional compact complex manifold and £2 a Kéhler class of M. Assume that
M admits an £2-preserving 0-pseudofree S1-action and that £2 contains a Kihler metric of constant scalar curvature.
Then using the fixed point formula for the Bando-Calabi-Futaki character obtained in [5], we can obtain information

on the fixed point data of the S L_action. Our main result is Theorem 2.

1. Introduction

Let M be an m-dimensional compact complex manifold, Aut(M) the complex Lie group
consisting of all biholomorphic automorphisms of M and h(M) the Lie algebra of Aut(M),
which consists of all holomorphic vector fields on M. Let §2 be a Kihler class of M and
w € £2 a Kihler form, which is identified with the Kihler metric in this paper. Let s, be the
scalar curvature of w and ug areal number defined by

" U (M)[M]
Ho = 27 [M]

where c1 (M) is the first Chern class of M and [M] is the fundamental cycle of M. Then a Lie
algebra character fg; : h(M) — C is defined by

1
fe(X) = / XFw(Um
2 M

where F,, is a function which satisfies A, F,, = s, — mug. Thenin [1], [2], [4], it is proved
that f> does not depend on the choice of the Kéhler metrics w € £2 and that fo (X) = 0 for
any X € h(M) if §2 contains a Kéhler metric of constant scalar curvature.

Assume that Aut(M) contains a positive dimensional compact connected subgroup G
and let g be the Lie algebra of G. Then, under the assumption that £2 is equal to the first Chern
class c1(L) of a holomorphic G-line bundle L, Nakagawa [10] defined a group character
f}g : G - C/(Z + npZ) which is a lift of fo|g by using a Simons character of a certain

Received July 23, 2007



542 KENIJI TSUBOI

foliation. Then fo(X) = 0 for any X € g implies that f}; (o) = 0 for any o0 € G and hence
j‘:q (o) =0 for any o € G if £2 contains a Kéhler metric of constant scalar curvature.

In this paper, a faithful biholomorphic action of S' on M is called simply an S'-action.
An S'-action is called 0-pseudofree when the action is not free and the fixed point set

Msl:{xeM|g-x=xforallgeSl}

consists only of points (cf. [6], [9]). Let R(SY) = Z[t,17!] be the representation ring of s!
where ¢ is the standard 1-dimensional representation of S! defined by the natural inclusion
S' c GL(1; ©).

Now we assume that M admits a 0-pseudofree S'-action. Suppose that the fixed point

1 . .
set M5 consists of 7 points g1, ..., g, and that

m
T,M=Y P eRSY) (1<j<r)

s=1

as an S!-representation space where p s are integers. Let 8; be an integer defined by

Bi=Y pjis (1<j=r.

s=1

Set M9 ={x € M|g-x = x}for g € S! and let P be the set defined by
P = {odd prime numbers p | M°? = MSI}

where 0, € St is the primitive p-th root of unity. Note thatnone of pjs (1 < j <r, 1 <s <
m) is a multiple of p if p € P and that the set of prime numbers p which are not contained
in P is a finite set because the number of orbit types of an S'-action on a compact manifold
is finite.

Assume moreover that a Kihler class £2 is equal to the first Chern class c¢j(L) of a
holomorphic S'-line bundle L and suppose that Lig, =17 € R(S") for vieEZL 1<j<r.
Then p; is a rational number and there exists an integer g such that g is an integer. Let
a € C denote the primitive p-th root of unity.

Then using Theorem 2.1, Lemma 2.3 and Theorem 2.5 in [5], we have the next theorem.

THEOREM 1. Forany p € P, set

Fo(op)=(m+1) Y (=1)! (’:’) (S41(m — 20) = S_1 (m = 20)
i=0
m+1

—mpg Y (—1) <’" jr 1) So(m + 1 — 2i)

i=0
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where

p—1 r

m
1
efik+nyjk _ 1ym+1
Se(n) = Zzl_a (o™ ! D l_[l_a—pj:k
s=1

kl]l

fore =+1, =1, 0. Then fo (o) is equal to Fo(o,) modZ + pnoZ.

2. Main result

For any p € P, letu, be an element of Z" defined by

m m
Up = l_[pls’~-~a l_[prs
s=1 s=1

where n (1 <n < p — 1) denotes the mod p inverse of the integer n which is not a multiple
of p. Then we have the next theorem.

THEOREM 2. Assume that 2 = c1(L) contains a Kdhler metric of constant scalar
curvature and suppose that qug € Z for q € L. Let v, be an element of Z" defined by
U = q(m+ Dy —muoy™', .. (m+ DBy —muoy!h.

Then the inner product i, - Vg € Z is a multiple of p for any p € P such that p > m + 1.
We need the following lemmas to prove Theorem 2.

LEMMA 1. Let p be an odd prime number, pj, A; integers and jj an integer which is
not a multiple of p. Then we have

N ok 1—1 1Y
]‘[ kﬂz = ;]_[ i (mod Z).
j=l j=1

1
P
PROOF. For any integers n, £, we have

- Lo’ (if ¢ is not a multiple of p)
Zn(ak)gz n 1_()[@ n=-—-n 1 1S not a multuple or p

k=1 n(p—1)=—-n+np (if £ is a multiple of p)
and hence it follows that

p—1
Z DX, a ) =—d(1,1) (mod p)
k=1

for any polynomial @ (x, y) with integer coefficients. Therefore we have

p—1 N N p—1 ki iNTTA

N | LR § PIFCR i
_ i _

P = Pili= o 1
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i Xt — 1
E_;n)}inl x—1
j=1
1 N
=—;]_[Aju—j (mod Z). O

1

~.
I

LEMMA 2. Let X be a positive integer and |1 a non-negative integer. Then we have

s
oS . 0 ifu<iorp=xr+1
—1) — 2 =
_X(;( ) <i>()\ 2i) {m! AT
1=
PROOF.  Set

A

1 oy
NO,uw=——— -1 1
W) = Sy >_(=D <,~>l
i=0
Then since f¥(—1) = 0 for f(x) = (1 +x)*, 0 < u < A, it follows from the binomial
theorem that

A /o
Z(—l)’(i)i(i —D...(i—p+D)=0
i=0

if 0 < p < X. Using the equality above, we can prove that N(A, u) =0 for0 < u < A by
induction. Hence we have

! 2 (=1
NG, 2 = (_l—)m(—x);(—l)’*‘ (i - 1>i“

1 = A1
=—Z<—1)f( . )(j+1>“=N(A—1,A—1)
(=D*16. - D! j

and therefore it follows that
A A
NOLAN =N1,1) =1 Z(—l)’(,)ik = (=Dl
i=0 !
Moreover we have

1 r—1 A 1
_ (TG e
NG+ 1) = ;)( 1)( ; )(1+1)
1 “ (A= 1\, o, o
=(—1)x__1(x—1)!j=0(_1)1< j )(] Y
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=NA-—1LAMN+INAL—1,A—D=NAX—-1,0)+A
and therefore it follows that

AMA+ 1)

NG A+ D =NG 1) +h= =N+ 24+ 0= D +d ="

A ' PN '
= Y <?)i’\+l _Cher Dy

Using equalities above, we have

Z( 1) ( )(}\ 204 =0 ifu<h,
Z( b’ ( )(x 2i)* = Z( b’ ( )( 2i)" = (=M (=" Al =22,
Z(_l)z( >()L 2l)k+1
T A+1 & (A A
= Z(—l)'(.)(—zl) o+ DA Z(—l)'(.)(—zl)
i=0 ! !

i=0
a1 (ZD*AG+ D!

= (-2) >

+ 4+ DA (=D =0. O

Using the lemmas above, we can prove Theorem 2 as follows. Since nn’ = nn’
(mod p), it follows from Lemma 1 that

m
_ kepi+nyy) _ )" 1
SS(”)__ZZ 1—0[k ( ! ! 1) l_[ l_a—kpj:

p k=1 j=1 s=1
1 r p—l1 k(eﬂ,+ny, -1 m k(sﬁﬁrnyj)_l
I
Pjs —
j=1k=1 o 1

1 & m
— Y @B +ny)" [ pis  (mod Z).
P o =1
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Hence it follows from Lemma 2 that

qFq(op)
(m + 1)%(—1>"<’?)
- % r fon - 2lz':>0y,- + B = (On =20y - B ﬁ Pjs

=2 fpem 0By = gy 2 0 [T s
j=1 s=1

= Loty Dlii, -9, (modZ),
p
which is contained in ¢g(Z + npZ) C Z because S ! is connected and £2 contains a Kihler

metric of constant scalar curvature. Here since p is prime to 2! (m + 1)!, the equality above
implies that i, - U, is a multiple of p. This completes the proof of Theorem 2. g

Let w be an element of Z" defined by

m+1 m m+1
m+1 m+l
(:3 ) ) (Zpls) s (;prs)

COROLLARY 1. Assume that the first Chern class c1 (M) of M contains a Kdhler met-
ric of constant scalar curvature. Then for any p € P such that p > m + 1, the inner product
Up - W is a multiple of p.

PROOF. Let L be the anticanonical bundle K ,_wl of M. Then ¢ (L) is equal to c¢1 (M)

and the S! action naturally lifts to an action on L. Since uo = 1 and yj = Bj, we have
v, = w for g = 1 and hence it follows from Theorem 2 that i, - w is a multiple of p. O
3. Examples

EXAMPLE 1. Let M = CP™ be the m-dimensional complex projective space. Let
[zo : z1 : -+ : zm] be the homogeneous coordinate of M and H the hyperplane bundle over
M = CP™ = (C"*! — {0})/C* which is defined by

H = (C"™ —{0}) x(c+, py C

where p is a representation of C* on C defined by p(z)w = z'w. Set £2 = ¢|(H). Then 2
is the positive generator of HZ(M; Z),c1(M) = (m+ 1)$2 and hence we have uo = m + 1.
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Moreover £2 contains a Kéhler metric of constant scalar curvature associated to a positive

constant multiple of the standard metric (Fubini-Study metric) of M. S!-actions on M, H are
defined by

g-lzotzii - tzml=lzo:9z1: - ¢"2ml .

9102t zm) Bl = (20, 921, -, g"zm) ] (g € 8Y).
Then the fixed point set M S' of this action consists of following m + 1 points
qg=[1:0:---:0],q1=[0:1:---:0], ..., gm=1[0:---:0:1]
and P consists of all odd prime numbers which are greater than m. Then since

i—1 i+l
i gl g g g ), B

g- [z, T, Ltjgt, oo, tw), Rl = [(11, ..., g
=gt g LgTigt, o 6" ), 97N,
we have

T, CP" =t/ + -t pr+ 1" e R(SY, Hlgj =177,

Hence it follows that

m 1
,Bj=SX=1:pjs=(—j)+~-~+(—1)+1+~-~+m—j=E(m+l)(m—2j),

m
[[ris=EDijtm=j.  yi=-j

s=1

and therefore we have

- o L 1
iip- 1=y (—1)ijlm — ) {(m + 15 0m 4 D(m = 2))(=j)" - mu.q(—j)'"“}
j=0

= zm{;oﬂ #120m =205 i+ 7]

Since p¢ is an integer, it follows from Theorem 2 that i, - U1 is a multiple of p for any prime
number p > m + 1. In fact, we have the following results.
If m =2 and p =5, we have

1 _ _ _ 1
—12,,-171=§(2-0+—1-6+2-12)=5(3-0+4-6+3~12)=126Z.
P
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Further computation shows that the values of i, - U;/p are as follows:

p=>5 p=17 p=11 | p=13| p=17 | p=19
m=2 12 12 12 12 12 12
m= —344 —128 —344 —128 —344 —128
m=4 6080 6720 4480 5120 2240
m=>5 —220080 | —70080 | —92580 | —205080 | —55080

All values in the table above are integers.

EXAMPLE 2. Let CP?, CP? be complex projective spaces and set M = CP? x CP3,
2 =c1(K Ajll). Then £2 contains a Kihler metric of constant scalar curvature associated to

the product of standard metrics. An S'-action on M is defined by
g ([zo:z1:z2], [wo : wy : wy : w3])

= ([z0: 921 : ¢°22), [wo : gwi : g?wy : g>w3]) (g e Sh.

Then the fixed point set MS " consists of following twelve points.

g1=((1:0:0],[1:0:0:0D, ¢g=((0:1:0],[1:0:0:0]),
g3=((0:0:1],[1:0:0:0D), gqa=(1:0:0],[0:1:0:0]),
gs=((0:1:0],[0:1:0:0D, g6¢=(0:0:1],[0:1:0:0]),
qg7=(1:0:0],[0:0:1:0D), ¢gg=(0:1:0],[0:0:1:0]),
qgo=((0:0:1],[0:0:1:0D, gqro=(1:0:0],[0:0:0:1]),
g1 =(0:1:0,[0:0:0:1]), gi2=(0:0:1,[0:0:0:1])

and P consists of all prime numbers which are greater than 3. Since

(ti:gn: gl nigu:gs: @D =>Ig u: g 'n: 1.0y n: g g 5 1),

g € S! acts on the tangent space T4, M via multiplication by the diagonal matrix of diagonal

1 -3 -2 -1
’ g ’ g ’ g

entries g2, g~ and hence we have

{P121, P122, P123, P124, p125} = {—2, -1, -3, =2, —1}.

It follows from the same argument that

{p11. p12, P13, p14, p1s} = {1,2,1,2,3},
{p21, P22, p23, p24, p2s} = {—1,1,1,2,3},
{p31, P32, P33, P34, p3s} = {—2,—1,1,2,3},
{pa1, pa2, pa3, pas, past ={1,2, -1, 1,2},
{ps1, ps2, P53, psa, pss} ={—1,1,—1,1,2}
{pe1. p62, P63, pea, pest = {—2,—1, -1, 1,2},
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{p71, P72, P73, P74, P75} = {1,2, =2, -1, 1},

{psi, ps2, P83, ps4, pgs} = {—1,1, -2, -1, 1},

{po1, P92, po3, po4, pos} = {—2, -1, -2, -1, 1},
{P101, 102, P103, P104, pros} = {1,2, -3, =2, -1},
{p111, p112, P13, pri4, prisy = {—=1,1, -3, -2, -1},
{p121, p122, P123, p124, p125} = {—2, -1, =3, -2, -1}

and therefore we have

5 6 5
= (Zp]s) (Zpu.;)
s=1 s=1

= (531441, 46656, 729, 15625, 64, 1, 1, 64, 15625, 729, 46656, 531441)

6

5

5
(1_[ p157 ceey Hprs) = (127 _67 121 _41 27 _4741 _25 47 _127 65 _12) .
s=1

s=1

Since —n = —7n (mod p), we have

5 5
ip=|[]piss-- [] o | = (12.-6.12.-3,2, -3.3, 2.3, -12,6, - 12)
s=1

s=1

and hence we can see that i, - w = 0 (mod p) forany p € P.

EXAMPLE 3. Let M be the surface obtained from CP? by blowing up two points [1 :
0:0],[0:1:0]and 7 : M — CP? the canonical projection. Then since g is not reductive
(see [3] p.100), it follows from the result of Lichnerowicz [7], [8] that M does not admit any
Kéhler metric of constant scalar curvature, and therefore ¢ (K ;41 ) does not contain any Kéhler
metric of constant scalar curvature in particular. An S!-action on M is naturally induced by
the action

g-1z0:21 221 =20 : 921 : g°z2] (g e ShH

on CP?. Then the fixed point set M " consists of five points q1, g2, g3, q4, g5 where g1=
a7 1([0:0:1]), g2 € 7~ '([1 : 0 : 0]) is the point in M defined by the line z; = 0 through
the point [1: 0 : 0] in CP2, g3 € 7~ '([1: 0 : 0]) is the point in M defined by the line z» = 0
through the point [1 : 0 : 0] in CP?, q4 € 710 : 1:0]) is the point in M defined by the
line zg = 0 through the point [0 : 1 : 0] in CP? and qs € 7710 : 1 : 0]) is the point in M
defined by the line zo = 0 through the point [0 : 1 : 0] in CP2. Then we can see that
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(plla PIZ)Z(_Za_l)’ (p217 p22)=(_172)7 (p317 p32)=(1a1)a
(pa1, pa2) = (=2, 1), (ps1, ps2) = (—1,2).

Hence we have

ip-w=(2,-2,1,-2,-2)-(=27,1,8,-1,1) = —14.2-2+8 - 1= -6 (mod p),

which is not a multiple of p unless p = 3.
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