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1. Introduction

S. Ramanujan listed 17 mock theta functions of orders 3, 5 and 7 in hislast letter to G.
H. Hardy. A mock theta function isafunction f(q) for |¢| < 1 satisfying the following two
conditions:

(i) For every root of unity ¢, there is a theta function 6, (¢) such that the difference
f(q) — 0:(q) isbounded asg — ¢ radially.

(i) Thereisno singlethetafunction whichworksasin (i) for al ¢: i.e., for every theta
function 6(q) there is some root of unity ¢ for which f(¢) — 6(¢) isunbounded as g — ¢
radially.

G. N. Watson found in [5] three more mock theta functions of order 3. Ramanujan gave
more mock theta functions in his lost notebook. B. Gordon and R. J. Mclntosh also found
in [4] eight mock theta functions of order 8. A formal definition of order is unknown until
now. It is, however, known that mock theta functions with the same order are related to
each other except for order 7. In this paper we show an interesting new relation between
mock theta functions with distinct ordersin Theorem 1, and we further prove two new series
representations of some 8th order mock theta functionsin Theorem 2.

In section 2, we give the relation mentioned above in Theorem 1, which connects two
mock theta functions with distinct orders, 3rd and 6th , to a generalized Lambert series.

In section 3, we introduce a function F(q, t) defined by G. E. Andrews in [1]. There
he consider three specializations of ¢; here we add to them the fourth specialization of ¢,
and we will further show that there are relations, called half-shift in [4], among these four
functions (see Definition 4 and below). We next give three examples of the function F (g, 1)
in Propositions 1-3. The last one is particularly interesting, because we again see two mock
theta functions appeared in section 2. Finally we give new series representations of two 8th
order mock theta functions.

We close this section by introducing some notation.
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DEFINITION 1. Supposeq and a are complex numbersand » isan integer. Forn > 1,
we define

n—1

(@n = (a; Q) = [ [A—ag),

i=0
forn =0,
(@o=1,

andforn < 0, whena doesnotequa ¢, g2, ---,q ",

@n=(aiq@n=]]d-ag™H"

i=1

If |¢] < 1, wedefine

(@)oo = (a; Qoo = [ [A = ag"),

i=0
and more generally,

(X1, -, X3 @)oo = (X)oo -+ (Xr) oo -

Throughout this paper, ¢ will denote a fixed complex number of absolute value less than 1.
Then, for all integer n we have

(x; @)oo

> 1.1
(xq"; @)oo D

(x;q)n =

and for other real n, we take this as the definition of (x; ¢),, .
We introduce some mock theta functions which will be used in this paper.

DEFINITION 2. 3rd order mock theta functions [5]:

00 n2

X@=>)_ 1

- —2q),
= (Cog)n (=g,
S 2n(n+1)

p@)=>_ 1

= (04: ¢Dn+1(0%q; qPns1”

where, and throughout this paper, » denotes a primitive cube root of 1.
5th order mock theta functions [1]:

fo =31
n=0

1‘12

(=@)n '
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o 2n(n+1)
q
A@=) ——.
; (@: 411
6th order mock theta function [2]:

0 n2 0
y@ =Y qs.(q)n -y q

=@ adn (0@

n2

8th order mock theta functions [4]:

9" (- qq)n
So(q)—z :
= (=% g

n(n+l)(_ 2; 2)
ng=y 19
n=0 (_qvq )n+l

q" (qq)n
Uo(q>—2 Catiah,

n+D%_ .

q (=45 4P)n
Ui(g) = —
; (=42 qMns1

DEFINITION 3. The basic hypergeometric function:

o 4
9 (al, Camy g Z):Z (ay)j---(am);z’
" b, o by pary (@)j(b1)j -+ (bp)j’
where |z| < 1and b; # ¢~* for any non-negative integer k.

2. Mainresult
Untill now, it is not known that mock theta functions with distinct orders are related to
each other. Here we derive a new relation between 3rd order x (¢) and 6th order y (¢).

THEOREM 1.

0 —1)ng3nn+1)/2
@)oo BX(@) — (@} =6 Y (gt

n=—oo

1+q2n +q4n :

PROOF.  We begin with the Watson-Whipple transformation[ 3, Ch16]:

¢( a, gqya, —qa, b, c, d, e f; q;azqz/bcdef)
8P7
Ja, —Va, aq/b, aq/c, aq/d, aqle, aq/f
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_ (aq)so(agq/de)o(agq/df)ec(ag/ef)oo ¢(aq/b6, d, e, I
(aq/d)oo(aq/e)oo(aq/flos(aq/def)o  °\ aq/b, aqjc, def/a,

provided that each of d, e or f isof theform ¢~ , where N is a positive integer.

Now

(gNa)n(—q/a)n _ 1- aq" ) 1+ Jaq" _ 1—aq2”
(Va)u(=v/a), B 1—./a 1+ .a o 1—a

Also, when x tendsto oo,

On=A-x)L—xq)---(1—x¢",

n 1 1 1 n—1
=(—X)<——+1)(——+q)~'(——+q )
X X X

~ (_x)nqn(n—l)/Z .

Leta—>1,d— o0, e > o0, f—>oo,b:eieandc=e_i9;wefindthal

2

14 i (D" +q")(@ = 2c086)g"& D2 i q"
prt 1— 2g" cost + g2 = e

n=0
Inthisrelation, G. N. Watson in [5] took 6§ = 7/3 to get

(_1)n(1+qn)qn(3n+1)/2
1-q"+q%

@oox(@) =14
n=1

Similarly, wetake 6 = 27 /3 to get

(_1)n(1+qn)qn(3n+l)/2
1+q"+q% '

@)ooy (@) =143
n=1

Hence,

X (=D + gt)g"GntD/2
@ Bx(@) — y (@} =3+3Y ELEH I

_ 2n
n=1 1 qn+q
00
1" (1 ny n(Bn+1)/2
_1_32( )(+C])q2n
= 1+4"+¢q

1

(qeig)n(qeiig)n .

o0

n=1

I N e L At )
=<+ Z 1+q2n+q4n
n=1

1_qn+q2n_1+qn+q2n

)
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(_1)nq3n(n+1)/2

203

=2+6(i

n=1

=2+6(§:

n=1

=2+6(§:

n=—oo

14 g2 + g™

(_1)nq3n(n+1)/2
14 g2 + g™

(—1yngdn+1/2
14 g2 + g%

(—1y1g3n+D)/2
14 g2 + g%

This completes the proof of Theorem 1.

3. Another relation between x (¢) and y (¢)

00 (_1)nq3n(n+l)/2+n )

2n 4
= l+q7+q™

-1

(_1)nq3n(n—1)/2—n
14q=2+q= )

n=—0oo

1 (_1)nq3n(n—1)/2—n+4n
Z 1 + q2n + q4n >

n=—0oo

G. E. Andrews defined the following function F(q, t) in [1], while the notation here is

dlightly changed from his original one.

DEFINITION 4. Supposea € N,z,t,a;,byp, € CL <] <s,1<m < j),lz| <1,

then

ai, -+ ds;

F(q,t):=F< bu - b,

a, z; q, t>

an(n—1)/2

— i (a1t)y - - - (as)n"t"q
=0 (t)n—',-l(bl[)n v

There he considered three functions of ¢:

' (bjt)n

(—a1)n - - (—ag)n (—1)anzngan(i=1/2

(_Q)n(_bl)n co (_bj)n

bl

2
(alql/Z)n . (asql/Z)nanan /2

(ql/z)n+l(blq1/2)n ce (qul/z)n

n ,an(n—1)/2

- (as)n?"q

() Hi(g) = ,J‘_Tw(l")”q’”:;)
2 Hag):=F(g.¢"H =)

n=0

and
— i _ _ — (@1)n
®  Ha(q):= lim 1-0F(q,1) = go
Now we define the function:
> (_alql/z)n"

(4 Haq):=F(q,—q"* =)

(@n(b1)y -~ (bj)n

. (_asql/Z)n (_1)anznqan2/2

n=0

(_ql/z)nJrl(_blql/z)n s (_qul/z)n
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We will observe the relation among these four functions. Consider the two series

00 00 1 .
Za L Z (—q"+ , _blqn: Tty _qun ’ Q)oo (_1)anznqan(n—l)/2
n =
"0 "0 (—a1q™, -+, —asq" ; qQ)o
(_qv_bls"'s_b';q)
= == Hig)
(—a1, -+, —as ; q)o
and
> (- n+3+1 —b oL —b; nt3. ) 1 1 1 1
an — Z q 116] , , 1]6] 34 )oo (_1)a(n+z)zn+zqa(n+z)(n—2)/2
n=0 n=0 (_alqn-i_?a ) _asqn-‘r?; fI)oo
_ 12 12 ... _p.,1/2.
=(—1)%z%q7%( qrc, —bigV*, . —bjq ’Q)ooH4(q).
(—a1q¥/?, -, —asqY?; q) o

In these formulas, we obtain last equalities by using (1.1). These two series are related by a
shiftp,, = R That isto say, thefunction Ha(g) is obtained from the function H1(g) when

we replacen by n + % in the sum of a,. We say that Ha(g) is obtained from Hy(g) by the
half-shift. Similarly H»(g) can be obtained from Hz(g) by the half-shift.

Now we give three typical examples of F(q, t).
PrRoOPOSITION 1 (G. E. Andrews[1]). Let

1 et qn2t2n

i 2,959t
My 1) :=F -
51(q, 1) ( ) 1_t§

i (IQ)n

Then we have

D) lim A—0)Msi(g,1) = folg),

t——14+0

(2 Mvs1(q.97% = Fi(¢"?),

3) IIqu(l— NMvs1(q.1) = G(q),

@ Mosa(q. —¢"?) = Fi(—¢™?).
where

S n?
"—0 (@)n (q; 45)00(44; q5)oo .

PrRoOPOSITION 2. Let

2
1 q; g%t ) 1 i (=145 q®ng" 1"

B (tq% qn

Mg (g%, 1) = F( o 1,
n=0
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Then we have
@ _)Ii_nl1+0(1—t)Mﬂ8,1(q2, 1) = So(—q) .
2 Mdgi(g® q) = Ta(—q).
@ lim (1-)MIs1(g% 1) = Alq) .
= (0% gD (=D)"g"
4 Mvg1(q> —q)=n§) 1 f_q;qz)ni :
where

2
Alq) = i 0" (=q: 4% _ 1
= @5an (0:4%%0(q% 4@ 4500
NoOTE: This proposition is similar to Proposition 1, but it is still unknown whether
Mg 1(q%, —q) isamock theta function.

The following Proposition 3 is particularly interesting, because all four specializations
are mock theta functions and only one of them has a distinct order from others.

ProPOSITION 3. Let

00 2 op
q 12,9549, 1 q"t
Mb33(q,1) = F( > = E .
wg, w’q 1=t = (0gDn(@?q1)n
Then we have
D lim (1—-1)Mv33(q,1) = x(q),
t——14+0

144244 @2

Q)  lim 1-1)Md33(q,1) =v(q),
t—1-0

(2 Mv33(q,qY? =

1-¢"%+4 12

4 Misslq, —q"%) = = gz P

Table I lists the functions in Proposition 1, 2 and 3. Here we attach the order to each
mock theta function.

Table |
| | 1) | B | 3 | &) |
MVs1(q,1) folq) : 5th F1(q*?) ; 5th G(q) F1(—qY/?) ; 5th
Mvg1(q%.1) |  So(—q):8th T1(—q) ; 8th A@@) ?
Mv33(q,1) x(q) ;3rd 0(qY?) ; 3rd y(q) ; 6th p(—qY?); 3rd
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NOTE: In the bottom row, we see again the mock theta functions x (¢) and y (¢) in
Theorem 1.

As an appendix, we give a new representation for 8th order mock theta functions Ug(g)
and U1(q), by using a transformation of the basic hypergeometric function.

THEOREM 2.
(lq i 9 (=4 ¢9n; ¢Pn . .,
U = E , 4.1
o= Ciga 4%o0 =4 (% gD (g% qn () 0
(—ig% gHn(—ig)"
U = E . 4.2
l(q) i =0 (lq qz)n-i-l ( )

PROOF. We use the transformation [3, Ch16]:
(a, b, ¢ q; de/abc)
3¢2 d
N e
_(e/a)oo(de/bc)oo a, d/b, djc; q; ela
T (©w(dejabe)s 2P\ d, de/bc ’

where |de/abc| < 1and|e/a| < 1.
Replace ¢ by ¢? in this equation and then let ¢ tend to co. Then we have

i (@; q2)n(b; g2 (=11 (k)n _ (e/as 4% oo i (@; g% (d/b; g% (f)n
= (@%q9)n(d:q?n(e; qPn \ab (€490 ‘= (4% q?n(d; g0 '

Now takea = —¢q, b = qz, d = iqz, e = —iqz. This gives (4.1). Similarly take a =
g% b= —q, d =iq° e = —ig®and multiply the resulting identity by ¢/(1+ ¢?) . This
gives (4.2).
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