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1. Introduction. In [9], Lepowsky and

Milne observed a similarity between the characters

of the level 3 standard modules of the affine Lie

algebra of type A
ð1Þ
1

chV ð2�0 þ �1Þ ¼
1

ðq; q2Þ1
1

ðq; q4; q5Þ1
;ð1Þ

chV ð3�0Þ ¼
1

ðq; q2Þ1
1

ðq2; q3; q5Þ1
;

and the infinite products of the Rogers-Ramanujan

identities X
n�0

qn
2

ðq; qÞn
¼

1

ðq; q4; q5Þ1
;ð2Þ

X
n�0

qnðnþ1Þ

ðq; qÞn
¼

1

ðq2; q3; q5Þ1
:

Here, the q-Pochhammer symbols are defined for

n 2 Z�0 t f1g as follows:

ða; qÞn ¼
Y

0�j<n
ð1� aqjÞ;

ða1; . . . ; ak; qÞn ¼ ða1; qÞn � � � ðak; qÞn:

Later, Lepowsky and Wilson promoted the

observation to a vertex operator proof and gave a

Lie theoretic interpretation of the infinite sums in

the Rogers-Ramanujan identities [10]. The goal of

this paper is to show that a result of Kashiwara

crystals which is motivated by the representation

theory of Hecke algebras [1, Corollary 9.6] promotes

the equality (1) into a proof of the second Rogers-

Ramanujan identity (2). Note that it is well-known

that the Rogers-Ramanujan identities and the

solvable lattice models from which the quantum

groups originated are related (see [3, Chapter 8]).

Several relationships between Rogers-Ramanujan

type identities and Kashiwara crystals are also

known (see [5] and the references therein). The

author was inspired by a recent work of Corteel

which gave a proof of (2) using the cylindric

partitions and the Robinson-Schensted-Knuth cor-

respondence [4].

2. The main result. A partition (resp.

strict partition) is a weakly (resp. strictly) decreas-

ing sequence � ¼ ð�1; . . . ; �‘Þ of positive integers,

i.e., �1 � � � � � �‘ � 1 (resp. �1 > � � � > �‘ � 1). We

denote the set of partitions (resp. strict partitions)

by Par (resp. Str). We also denote the size �1 þ � � � þ
�‘ (resp. the length ‘) of � by j�j (resp. ‘ð�Þ). When

� is empty (i.e., ‘ð�Þ ¼ 0), we put �1 ¼ 0.

Theorem 2.1 ([1, (The transposed version of)

Proposition 9.7]). Let k � 1. Under the A
ð1Þ
1 -crys-

tal isomorphism Str ¼� Bð�0Þ due to Misra-Miwa

[11], the canonical image Bðk�0Þ in the tensor

product Bð�0Þ�k coincides with

Sk ¼ f� ¼ ð�ð1Þ; . . . ; �ðkÞÞ
2 Strk j ‘ð�ðiÞÞ � ð�ðiþ1ÞÞ1 for 1 � i < kg:

This result is credited to Mathas in [1, §9]. It

is also a Corollary of [7, Theorem 3.8] and

[8, Theorem 10.1]. An element of the connected

component Sk is called a Kleshchev multipartition

in the context of the representation theory of Hecke

algebras. For a generalization to A
ð1Þ
p -crystal, where

p � 2, see [1, Corollary 9.6]. For a different charac-
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terization, see [6].

Theorem 2.2. For k � 1, we haveX
�2Sk

x‘ð�Þqj�j

¼
X

i1;...;ik�0

q
Pk

a¼1
a
�

1�ia
2

�
þ
P

1�a<b�k aiaib

ðq; qÞi1 � � � ðq; qÞik
x
Pk

a¼1
aia :

Here, for a k-tuple of strict partitions � ¼
ð�1; . . . ; �kÞ 2 Strk, the size j�j and the length ‘ð�Þ
are defined as follows:

j�j ¼ j�1j þ � � � þ j�kj; ‘ð�Þ ¼ ‘ð�1Þ þ � � � þ ‘ð�kÞ:

3. A proof of Theorem 2.2. As usual (see

[2, Definition 3.1]), we define the q-binomial coef-

ficient

n

m

� �
q

¼
ðq; qÞn

ðq; qÞmðq; qÞn�m
for n � m � 0. It is well-known (see [2, Theorem

3.1]) that we have

n

m

� �
q

¼
X
�2Par
‘ð�Þ�m
�1�n�m

qj�j:ð3Þ

For i; j � 0, considering the staircase �j ¼
ðj; j� 1; . . . ; 1Þ 2 Str, we seeX

�2Str
‘ð�Þ¼j
�1�iþj

qj�j ¼ qj�jj
X
�2Par
‘ð�Þ�j
�1�i

qj�j:ð4Þ

Proposition 3.1. For k � 1 and j1; . . . ; jk �
0, there is a size preserving bijection

fj1;...;jk : Vj1;...;jk !Wj1;...;jk ;

where

Aj1;...;jk ¼ f� ¼ ð�ð1Þ; . . . ; �ðkÞÞ 2 Strk j ‘ð�ðiÞÞ
¼ ji þ � � � þ jk for 1 � i � kg;

Vj1;...;jk ¼ Sk \ Aj1;...;jk ;

Wj1;...;jk ¼ f� 2 Aj1;...;jk j ðð�ðiÞÞjiþ1; . . . ; ð�ðiÞÞ‘ð�ðiÞÞÞ
¼ �‘ð�ðiþ1ÞÞ for 1 � i < kg:

Proof. We prove the claim by induction on k.

The case k ¼ 1 is trivial.

Similarly to (4), for i; j � 0 we see

X
ð�;�Þ2Vi;j

qj�jþj�j ¼
X
�2Str
‘ð�Þ¼j
�1�iþj

qj�j
qj�iþjj

ðq; qÞiþj
;ð5Þ

X
ð�;�Þ2Wi;j

qj�jþj�j ¼
qj�iþjj

ðq; qÞi
qj�jj

ðq; qÞj
;

which are equal to each other thanks to (3) and (4).

This settled the case k ¼ 2.

For k � 3, it is easily seen that the composite

� ¼ ð�ð1Þ; . . . ; �ðkÞÞ 7! � ¼ ð�ð1Þ; . . . ; �ðkÞÞ
:¼ ðfj1;j2þ���þjkð�ð1Þ; �ð2ÞÞ; �ð3Þ; . . . ; �ðkÞÞ
7! ð�ð1Þ; fj2;...;jkð�ð2Þ; . . . ; �ðkÞÞÞ

is a size preserving bijection from Vj1;...;jk to Wj1;...;jk .

�

Theorem 2.2 is proved as follows: Clearly, we

haveX
�2Sk

x‘ð�Þqj�j ¼
X

j1;...;jk�0

xj1þ2j2þ���þkjk
X

�2Vj1 ;...;jk

qj�j:

By Proposition 3.1, the right hand side is equal

to X
j1;...;jk�0

xj1þ2j2þ���þkjk
X

�2Wj1 ;...;jk

qj�j:

Similarly to (5), we seeX
�2Wj1 ;...;jk

qj�j ¼
Yk
a¼1

qj�jaþ���þjk j

ðq; qÞja
:

Using j�sþtj ¼ j�sj þ j�tj þ st for s; t � 0, we have

j�jaþ���þjk j ¼
Xk
b¼a
j�jb j þ

X
a�b<b0�k

jbjb0

and thus we haveXk
a¼1

j�jaþ���þjk j ¼
Xk
a¼1

aj�ja j þ
X

1�b<b0�k
bjbjb0 :

4. A proof of the second Rogers-

Ramanujan identity. In the proof, let

F ðx; qÞ ¼
X
s;t;u�0

q

�
sþ1

2

�
þ2
�
tþ1

2

�
þ3
�
uþ1

2

�
þstþsuþ2tu

xsþ2tþ3u

ðq; qÞsðq; qÞtðq; qÞu
;

Gðx; qÞ ¼
X
s�0

qsðsþ1Þx2s

ðq; qÞs
:

Proposition 4.1. We have the following

q-difference equation.
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Gðx; qÞ ¼ ð1þ x2q2 þ x2q3ÞGðxq; qÞ � x4q7Gðxq2; qÞ:

Proof. It is easy to verify that for all M 2 Z we

have

ð1� qMÞgM � qMð1þ qÞgM�2 þ q2M�1gM�4 ¼ 0;

where g2s ¼ qsðsþ1Þ=ðq; qÞs for s 2 Z�0 and gM ¼ 0 for

M 2 Z n 2Z�0. �

Proposition 4.2. We have the following

q-difference equation.

F ðx; qÞ ¼ ð1þ xqÞð1þ x2q2 þ x2q3ÞF ðxq; qÞ
� x4q7ð1þ xqÞð1þ xq2ÞF ðxq2; qÞ:

Proof. Our proof is a typical application of a

q-version of Wegschaider’s improvement of Sister

Celine’s technique (see [12]).
Let F ðxÞ ¼

P
n2Z fnðqÞxn and put

fðn; t; uÞ ¼ q
n�2t�3uþ1

2

� �
þ2 tþ1

2

� �
þ3 uþ1

2

� �
þðn�2t�3uÞðtþuÞþ2tu

ðq; qÞn�2t�3uðq; qÞtðq; qÞu

for n; t; u 2 Z, where we regard 1
ðq;qÞv
¼ 0 if v < 0.

Because fðn; t; uÞ is q-proper hypergeometric

(see [12, §2.1]), one can automatically derive a

q-holonomic recurrence for fn thanks to fn ¼P
t;u2Z2 fðn; t; uÞ.

Let ðNgÞðn; t; uÞ ¼ gðn� 1; t; uÞ, ðTgÞðn; t; uÞ ¼
gðn; t� 1; uÞ, ðUgÞðn; t; uÞ ¼ gðn; t; u� 1Þ be the

shift operators for g : Z3 ! QðqÞ and let

A ¼ ð1� qnÞ � qnN � qnð1þ qÞðN2 þN3Þ
þ q2n�1N4 þ q2n�2ðð1þ qÞN5 þN6Þ;

B ¼ ðqn � q2tþuÞ þ qnð�1þ qt þ quÞN
þ qnþuð1þ q1þtÞN2 þ qnþ2tþuUN3;

C ¼ qnð1� qtÞN þ q1þnþuð1� qtÞN2

þ qnð1þ q1þuÞN3 � q2n�1N4

� q2n�2ðð1þ qÞN5 þN6Þ:
One can check that

ðAþ ð1� T ÞBþ ð1� UÞCÞfðn; t; uÞ ¼ 0:

By this certificate recurrence operator (see [12, §3]

and [13, §7.1]), we get

ð1� qnÞfn � qnfn�1 � qnð1þ qÞðfn�2 þ fn�3Þ
þ q2n�1fn�4 þ q2n�2ðð1þ qÞfn�5 þ fn�6Þ ¼ 0

for n 2 Z. This is equivalent to the q-difference

equation in the Proposition. �

Corollary 4.3. We have F ðx; qÞ ¼ ð�xq;

qÞ1Gðx; qÞ.
Proof. By Proposition 4.1 and Proposition 4.2,

F ðx; qÞ and ð�xq; qÞ1Gðx; qÞ satisfy the same q-

difference equation presented in Proposition 4.2.

Then, the equality follows from the fact that both

the coefficients of x0 (resp. xn for n < 0) in F ðx; qÞ
and ð�xq; qÞ1Gðx; qÞ are equal to 1 (resp. 0). �

Remark 4.4. After submission to arXiv of

the first version of this paper, we learned from Ole

Warnaar that Corollary 4.3 is easily deduced by a

trick to use fn ¼
P

t;u2Z fðn; t� u; uÞ instead of fn ¼P
t;u2Z fðn; t; uÞ noticing

fðn; t� u; uÞ ¼
q

�
nþ1

2

�
þtðt�nÞ

ðq; qÞn�2tðq; qÞt
ðq�t; qÞuðq�ðn�2tÞ; qÞu

ðq; qÞu
:

Thanks to the q-Chu-Vandermonde identity

2�1ða; q�m; 0; q; qÞ ¼ am for a nonnegative integer

m (see [3, (2.41)]), we have

fn ¼
Xbn=2c

t¼0

q

�
nþ1

2

�
þtðt�nÞ�tðn�2tÞ

ðq; qÞn�2tðq; qÞt
¼
Xbn=2c

t¼0

q
n�2tþ1

2

� �
þtðtþ1Þ

ðq; qÞn�2tðq; qÞt
:

This is equivalent to Corollary 4.3 by Euler’s

identity ð�xq; qÞ ¼
P

m�0
q

mþ1
2ð Þxm
ðq;qÞm

.

The second Rogers-Ramanujan identity (2) is

proved as follows: By Theorem 2.2, Lepowsky-

Milne’s observation (1) is translated to

F ð1; qÞ ¼ 1

ðq; q2Þ1
1

ðq2; q3; q5Þ1
:

By Corollary 4.3 and Euler’s identity

ðq; q2Þ1ð�q; qÞ1 ¼ 1, we have

Gð1; qÞ ¼
1

ðq2; q3; q5Þ1
:
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