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Abstract: Stembridge characterized regular crystals associated with a simply-laced

generalized Cartan matrix (GCM) in terms of local graph-theoretic quantities. We give a similar

axiomatization for B2 regular crystals and thus for regular crystals associated with a finite GCM

except G2 and an affine GCM except A
ð1Þ
1 ; G

ð1Þ
2 ; A

ð2Þ
2 ; D

ð3Þ
4 .
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1. Introduction.

1.1. Kashiwara crystals. Let A ¼ ðaijÞi;j2I be

a symmetrizable GCM and fix a Cartan datum

ðP; P_;�;�_Þ [6, §2.1]. A Kashiwara crystal is a

6-tuple ðB;wt; ð~eiÞi2I ; ð~fiÞi2I ; ð"iÞi2I ; ð’iÞi2IÞ, where

B is a set and wt : B! P; "i; ’i : B! Z t f�1g;
~ei; ~fi : B! B t f0g are functions that satisfy the

axioms [6, (7.1)–(7.5)].

1.2. Highest weight crystals and regular

crystals. For a dominant integral weight � 2
Pþ, Kashiwara proved the existence and uniqueness

of the crystal basis Bð�Þ (called the highest weight

crystal) of the integrable highest weight module

V ð�Þ of the quantum group UqðAÞ [5]. Under a

condition [7, (2.4.1)], regular crystal is a disjoint

union of the highest weight crystals [7, Proposition

2.4.4].

1.3. Crystal graphs. A Kashiwara crystal

gives an I-colored directed graph (called the crystal

graph) by the rule: there is an i-colored arrow from

x to y if and only if ~fix ¼ y.
Definition 1.1. An I-colored directed graph

X is good if for any x 2 X and i 2 I
(G1) there is at most one i-colored arrow from x,

(G2) there is at most one i-colored arrow to x,

(G3) the length of the i-string through x is finite.

When there is an i-colored arrow from x to y in

a good I-colored directed graph X, we define as
~fix ¼ y and ~eiy ¼ x. ~fix ¼ 0 (resp. ~eix ¼ 0) means

that there is no i-colored arrow from x (resp. to x).

Thanks to the axioms, ’iðxÞ ¼ maxfm � 0 j ~fmi x 6¼
0g and "iðxÞ ¼ maxfm � 0 j ~emi x 6¼ 0g are well-de-

fined. The crystal graph of Bð�Þ is good and the

quantities "i; ’i are the same as above [5, (2.4.1)].

Definition 1.2. Let X be a good I-colored

directed graph. We say that x0 2 X is maximum if

(M1) for i 2 I we have ~eix0 ¼ 0 (i.e., "iðx0Þ ¼ 0),

(M2) for x 2 X there exists s � 0 and ði1; � � � ; isÞ 2
Is such that ~fi1 � � � ~fisx0 ¼ x.

Definition 1.3. Let X be a good I-colored

directed graph. For g 2 fe; fg, � 2 f"; ’g and x 2X,

i; j 2 I with ~gix 6¼ 0, we define

�g
�ði; j; xÞ ¼ �jð~gixÞ � �jðxÞ:

1.4. Stembridge crystals.

Theorem 1.4 ([9, Definition 1.1, Theorem

2.4]). Let A ¼ ðaijÞi;j2I be a symmetrizable GCM.

For a dominant integral weight � 2 Pþ, the highest

weight crystal Bð�Þ is an A-regular graph (defined by

the axioms (S1)–(S5) below) having a maximum b� 2
Bð�Þ with ’iðb�Þ ¼ hhi; �i for all i 2 I.

(S1) X is a good I-colored directed graph in the

sense of Definition 1.1.

(S2) 8x 2 X; 8i 2 I; ~eix 6¼ 0) 8j 2 I n fig;
�e
’ði; j; xÞ ��e

"ði; j; xÞ ¼ aji.
(S3) 8x 2 X; 8i 2 I; ~eix 6¼ 0) 8j 2 I n fig;

�e
’ði; j; xÞ � 0 � �e

"ði; j; xÞ.
(S4) 8i 6¼ 8j 2 I; 8x 2 X, ~eix 6¼ 0 6¼ ~ejx) (A�i;j),

(B�).

(S5) 8i 6¼ 8j 2 I; 8x 2 X, ~fix 6¼ 0 6¼ ~fjx) (Aþi;j),
(Bþ).

(A�k;‘) �e
"ðk; ‘; xÞ ¼ 0) 9z ¼ ~e‘~ekx ¼ ~ek~e‘x;

�f
’ð‘; k; zÞ ¼ 0.

(B�) ð�e
"ði; j; xÞ;�e

"ðj; i; xÞÞ ¼ ð1; 1Þ ) 9z ¼
~ei~e

2
j~eix ¼ ~ej~e

2
i ~ejx; ð�f

’ði; j; zÞ;�f
’ðj; i; zÞÞ ¼ ð1; 1Þ.

(Aþk;‘) �f
’ðk; ‘; xÞ ¼ 0) 9z ¼ ~f‘ ~fkx ¼ ~fk ~f‘x;

�e
"ð‘; k; zÞ ¼ 0.

(Bþ) ð�f
’ði; j; xÞ;�f

’ðj; i; xÞÞ ¼ ð1; 1Þ ) 9z ¼
~fi ~f

2
j

~fix ¼ ~fj ~f2
i

~fjx; ð�e
"ði; j; zÞ;�e

"ðj; i; zÞÞ ¼ ð1; 1Þ.
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Remark 1.5. As in [9, p. 4810], (B�) (and

(A�k;‘)) has a redundancy in that some are forced.

However we will not consider minimization of

axioms and use abbreviations involving 9.
Theorem 1.6 ([9, Proposition 1.4, Theorem

3.3]). Let A ¼ ðaijÞi;j2I be a simply-laced GCM and

let X be an A-regular graph with a maximum x0 2X.

Then, there exists a unique I-colored directed graph

isomorphism between X and Bð�Þ, where � 2 Pþ
satisfies hhi; �i ¼ ’iðx0Þ for all i 2 I.

Example 1.7. The left (resp.right) figure

below is an A2-crystal which gives a visualization

of (A�1;2) (resp.(B�)). Here, thick arrows are 1-

arrows.

z
x

z x

1.5. The main result.

Theorem 1.8. Let A ¼ ðaijÞi;j2I be a symme-

trizable GCM with 8i 6¼ 8j 2 I; Aji;j ¼ A1 � A1; A2;

B2;
tB2 and let X be an A-regular graph with a

maximum x0 2 X that further satisfies

8i 6¼ 8j 2 I; Aji;j ¼ B2 ) (S6),(S7),(S8),(S9):

Then, there exists a unique I-colored directed graph

isomorphism between X and Bð�Þ, where � 2 Pþ
satisfies hhi; �i ¼ ’iðx0Þ for all i 2 I.

(S6) 8x 2 X; ~eix 6¼ 0 6¼ ~ejx;�ðxÞ ¼ ð1; 2Þ ) ðD�Þ.
(S7) 8x 2 X; ~fix 6¼ 0 6¼ ~fjx;�

0ðxÞ ¼ ð1; 2Þ ) ðDþÞ.
(S8) 8x 2 X; ~fix 6¼ 0 6¼ ~fjx; �0ðxÞ ¼ ð1; 1Þ; ’iðxÞ �

2) ðCþ1 Þ.
(S9) 8x 2 X; ~fix 6¼ 0 6¼ ~fjx;�

0ðxÞ ¼ ð0; 2Þ;
~fj ~f2

i x 6¼ 0;�f
’ðj; i; ~f2

i xÞ ¼ 0) ðCþ1 Þ.
(D�) y :¼ ~e2

i ~ejx, 9y0 ¼ ~e2
i ~e

2
j~eix, (P�1 ), (Q�1 ), (R�),

ð�f
’ði; j; yÞ;�f

’ði; j; y0ÞÞ 6¼ ð1; 0Þ.

(Dþ) y :¼ ~f2
i

~fjx, 9y0 ¼ ~f2
i

~f2
j

~fix, (Qþ1
0).

(Cþ1 ) 9z ¼ ~fi ~f
2
j

~f2
i x ¼ ~fj ~f3

i
~fjx.

(P�1 ) ð�f
’ði; j; yÞ;�f

’ði; j; y0ÞÞ ¼ ð1; 1Þ ) ~fjy
0 ¼ ~eiy;

�f
’ðj; i; y0Þ ¼ 1.

(Q�1 ) ð�f
’ði; j; yÞ;�f

’ði; j; y0ÞÞ ¼ ð0; 1Þ ) 9z ¼
~ej~e

3
i ~e

2
j~eix ¼ ~ei~e

2
j~e

3
i ~ejx;�

0ðzÞ ¼ ð1; 2Þ.
(R�) ð�f

’ði; j; yÞ;�f
’ði; j; y0ÞÞ ¼ ð0; 0Þ ) ~fjy

0 ¼ ~eiy;

�f
’ðj; i; y0Þ ¼ 2;�f

’ðj; i; ~f2
i y
0Þ ¼ 0.

(Qþ1
0) ð�e

"ði; j; yÞ; ð�e
"ði; j; y0ÞÞ ¼ ð0; 1Þ ) 9z ¼

~fj ~f3
i

~f2
j

~fix ¼ ~fi ~f
2
j

~f3
i

~fjx.

Here, we define �ðxÞ ¼ ð�e
"ði; j; xÞ;�e

"ðj; i; xÞÞ
and �0ðwÞ ¼ ð�f

’ði; j; wÞ;�f
’ðj; i; wÞÞ for w ¼ x; z.

We adapt a convention for B2 that �1 (resp.�2) is

short (resp. long). Note that y in (D�) (resp.(Dþ))

is just defined. The existence is not a part of

the axiom because it follows from �e
"ðj; i; xÞ ¼ 2

(resp.�f
’ðj; i; xÞ ¼ 2). Note also that we have ~eiy 6¼

0 in (P�1 ),(R�) by �e
"ðj; i; xÞ ¼ 2 and "iðxÞ � 1.

Example 1.9. We duplicate [9, Figure 5] as

Figure 1, where thick arrows are 1-arrows. We can

see an appearance of (Q�1 ),(P�1 ),(R�) from left to

right, (S7) (resp. (S8)) in the left (resp. middle)

graph at z, and (S9) in the right graph at y0.
1.6. Variants of axioms. By Proposition 2.1,

we can replace (P�1 ), (Q�1 ) with

(P�) ð�f
’ði; j; yÞ;�f

’ði; j; y0ÞÞ ¼ ð1; 1Þ ) y0 ¼
~ei~ej~ei~ej~eix ¼ ~ej~e

3
i ~ejx;�

f
’ðj; i; y0Þ ¼ 1.

(Q�) ð�f
’ði; j; yÞ;�f

’ði; j; y0ÞÞ ¼ ð0; 1Þ ) 9z ¼
~ej~e

2
i ~ej~ei~ej~eix ¼ ~ej~e

3
i ~e2
j ~eix ¼ ~ei~e

2
j ~e3
i ~ejx ¼ ~ei~ej~ei~ej~e

2
i ~ejx;

�0ðzÞ ¼ ð1; 2Þ.
respectively (and independently). A reason why the
shorter version works is that Proposition 3.1 that is
used in the proof of Theorem 1.8 just needs weak
Church-Rosser (a.k.a. local confluence) property.
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2
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x
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Fig. 1. B2 crystals Bð�1 þ �2Þ; Bð3�1Þ; Bð2�2Þ from left to right.
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Definition 1.10 (see [1, §2.7]). Let X be a

good I-colored directed graph. We say that X has a

homogeneous local confluence property if for x 2 X
and i 6¼ j 2 I with ~eix 6¼ 0 6¼ ~ejx there exists s � 2

and ði1; � � � ; isÞ; ði01; � � � ; i0sÞ 2 Is such that

is ¼ i; i0s ¼ j; 9z ¼ ~ei1 � � � ~eisx ¼ ~ei0
1
� � � ~ei0sx

and fik j 1 � k � sg ¼ fi0k j 1 � k � sg as multisets.

Remark 1.11. In (Q�1 ), ~f2
i

~fjz ¼ ~fiy
0;

~f2
i

~f2
j

~fiz ¼ ~fiy (see Figure 1) and (S2) imply

ð�e
"ði; j; ~f2

i
~fjzÞ;�e

"ði; j; ~f2
i

~f2
j

~fizÞÞ ¼ ð0; 1Þ.
1.7. Comparison with previous studies.

Finding a local characterization of B2 regular crys-

tals has been a well-known open problem since [9].

Comparison with [10]. The confluence rela-

tions in (P�),(Q�) (and (R�) that implies ~ei~e
2
j~eix ¼

~ej~e
2
i ~ejx by (S4)) were observed in [9, p. 4822] and

were proved in [10]. To determine which occurs for

x with �ðxÞ ¼ ð1; 2Þ from the local structure of x,

existences of y and y0 in (D�) are crucial.

Remark 1.12. In this paper, ‘‘local condi-

tion’’ for x 2 X is an axiom that involves only

�g
�ðk; ‘; yÞ; �kðyÞ and ¼ between y’s, where k; ‘ 2 I;

g 2 fe; fg; � 2 f"; ’g and y is ‘‘near’’ x. It means

that we can go back and forth between x and y

at most N arrows, where N is a constant. In

Stembridge’s axiom N ¼ 4 and in ours N ¼ 7. Note

that the existence of a (unique) maximum element

in Theorem 1.4 and Theorem 1.8 is not a local

condition.

Other missing axioms play the following role.

(S8) compensates the symmetry breaking in (P�1 )

in that �0ðzÞ ¼ ð1; 1Þ instead of �0ðzÞ ¼ ð1; 2Þ,
where z ¼ ~e2

i ~e
2
j~eix ¼ ~ej~e

3
i ~ejxð¼ y0Þ,

(S9) handles the fact ~f2
i

~f2
j

~fiz is ‘‘under’’ or ‘‘below’’

x in (R�), where z ¼ ~ei~e
2
j ~eix ¼ ~ej~e

2
i ~ejx not-

withstanding �0ðzÞ ¼ ð1; 2Þ.
Remark 1.13. As [9, Remark 1.5], Theorem

1.6 gives an iterative algorithm that draws simply-

laced highest weight crystals (the proof of

[9, Proposition 1.4] provides an algorithm). Espe-

cially thanks to (S9), it is similarly applied to

Theorem 1.8 (the proof of Proposition 3.3 provides

an algorithm).

Comparison with [2]. In [2], they gave a set

of axioms and claimed that it characterizes B2

regular crystals (see the first paragraph of [2, §3].

In [3], they gave a set of axioms for graphs G ¼
ðV ;EÞ equipped with labels ‘ðvÞ 2 fL;C;Rg on the

vertices v 2 V ). Their idea in [2] is different from [9]

while this paper is a small modification of [9] as in

Remarks 1.12 and 1.13. For example, it is not clear

how the axioms of [2] are translated to an iterative

algorithm mentioned in Remark 1.13.

2. Proof of Theorem 1.8: Bð�Þ satisfies

the axioms in Theorem 1.8.

2.1. A reduction to A ¼ B2. Combined with

Theorem 1.4, to prove that Bð�Þ satisfies the

axioms in Theorem 1.8, it is enough to prove that

B2 highest weight crystals satisfy (S6),(S7),(S8),

(S9) putting i ¼ 1; j ¼ 2. In the rest of §2, we

assume A ¼ B2 (indexed by I ¼ f1; 2g, where �1 is

short) as §1.5 and prove Proposition 2.1, Proposi-

tion 2.2, Proposition 2.3 in §2.4, §2.5, §2.6 that

imply ((S6),(S7)),(S8),(S9) respectively thanks to

Proposition 2.4, which is a version of the Lusztig

involution.

Proposition 2.1. Fix � 2 Pþ and take x 2
Bð�Þ. If ~e1x 6¼ 0 6¼ ~e2x and ð�e

"ð1; 2; xÞ;
�e
"ð2; 1; xÞÞ ¼ ð1; 2Þ, then 9y0 ¼ ~e2

1~e2
2~e1x and we have

exactly (i.e., exclusively) one of the following 3

cases. Here �0 ¼ ð�f
’ð1; 2; zÞ;�f

’ð2; 1; zÞÞ and �00 ¼
ð�f

’ð1; 2; yÞ;�f
’ð1; 2; y0ÞÞ, y ¼ ~e2

1~e2x.

(case �00 ¼ ð1; 1Þ)
y0 ¼ ~e1~e2~e1~e2~e1x ¼ ~e2~e3

1~e2x;�
f
’ð2; 1; y0Þ ¼ 1.

(case �00 ¼ ð0; 1Þ)
9z ¼ ~e2 ~e2

1 ~e2 ~e1 ~e2 ~e1x ¼ ~e2 ~e3
1 ~e2

2 ~e1x ¼ ~e1 ~e2
2 ~e3

1 ~e2x ¼
~e1~e2~e1~e2~e2

1~e2x;�
0 ¼ ð1; 2Þ.

(case �00 ¼ ð0; 0Þ)
~f2y
0 ¼ ~e1y;�

f
’ð2; 1; y0Þ ¼ 2;�f

’ð2; 1; ~f2
1y
0Þ ¼ 0.

Proposition 2.2. Fix � 2 Pþ and take x 2
Bð�Þ. If ~e1x 6¼ 0 6¼ ~e2x and "1ðxÞ � 2, ð�e

"ð1; 2; xÞ;
�e
"ð2; 1; xÞÞ ¼ ð1; 1Þ, then 9z ¼ ~e1~e2

2~e2
1x ¼

~e1~e2~e1~e2~e1x ¼ ~e2~e3
1~e2x.

Proposition 2.3. Fix � 2 Pþ and take x 2
Bð�Þ. If ~e1x 6¼ 0 6¼ ~e2x and ð�e

"ð1; 2; xÞ;
�e
"ð2; 1; xÞÞ ¼ ð0; 2Þ, ~e2~e2

1x 6¼ 0;�e
"ð2; 1; ~e2

1xÞ ¼ 0,

then 9z ¼ ~e2~e3
1~e2z ¼ ~e2~e2

1~e2~e1x ¼ ~e1~e2
2~e2

1x.

Proposition 2.4 (see [6, §7.4]). For � 2 Pþ,

there is an involution w : Bð�Þ �!� Bð�Þ such that

(a) 8b 2 Bð�Þ; 8i 2 I; "iðbÞ ¼ ’iðwðbÞÞ,
(b) 8b 2 Bð�Þ; 8i 2 I; ~eib 6¼ 0) wð~eibÞ ¼ ~fiðwðbÞÞ.

2.2. A realization of B2 highest weight

crystals. The choice i ¼ s1s2s1s2 (resp. j ¼
s2s1s2s1) of a reduced expression of the longest

element w0 gives the convex order on the positive

roots. Lusztig’s PBW parameterization associated

with k 2 fi; jg gives a realization of Bð1Þ on N4,

where 4 ¼ ‘ðw0Þ. The function R switches the two

parameterizations [4, §3].
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Definition 2.5. Let R : N4 ! N4;

ða; b; c; dÞ 7! ðn1; � � n2; n2 þ n3 � �; n4 � 2n3 þ �Þ
be a bijection with R�1 : N4 ! N4;

ða; b; c; dÞ 7! ðp1; � � p2; 2p2 þ p3 � 2�; p4 � p3 þ �Þ.
n1 ¼ maxðb;maxðb; dÞ þ c� aÞ;
p1 ¼ maxðb;maxðb; dÞ þ 2ðc� aÞÞ;
n2 ¼ maxða; cÞ þ 2b; p2 ¼ maxða; cÞ þ b;
n3 ¼ minðcþ d; aþminðb; dÞÞ;
p3 ¼ minð2cþ d; 2aþminðb; dÞÞ;
n4 ¼ minða; cÞ; p4 ¼ minða; cÞ;
� ¼ maxð2n3; n2 þ n4Þ; � ¼ maxðp3; p2 þ p4Þ:

In Bð1Þ 	 T�, thanks to [6, Proposition 8.2],

Bð�Þ is isomorphic to

fb	 t� j b 2 Bð1Þ; 8i 2 I; "
i ðbÞ � hhi; �ig;

where T� is given as [6, Example 7.3]. Though we

do not explain the 
-structure (see [6, §8.3]), we use

the fact "
1ðxÞ ¼ x4 (resp. "
2ðaÞ ¼ a4) (see [8, §2.11])

for x 2 N4 (resp. a 2 N4) in the parameterization

associated with j (resp. i). Thus:

Proposition 2.6. For � 2 Pþ, Bð�Þ is real-

ized as ðBð�Þ;wt; ð~eiÞi2I ; ð~fiÞi2I ; ð"iÞi2I ; ð’iÞi2IÞ.

Bð�Þ ¼ fða;xÞ 2 N4 �N4 j RðaÞ ¼ x;

x4 � hh1; �i; a4 � hh2; �ig;
wtða; xÞ ¼ �� ðx2 þ 2x3 þ x4Þ�1 � ðx1 þ x2 þ x3Þ�2;

"1ða; xÞ ¼ a1; "2ða;xÞ ¼ x1;

’iða; xÞ ¼ "iða;xÞ þ hhi;wtða; xÞi;

~e1ða; xÞ ¼
ðða1 � 1; a2; a3; a4Þ; Rða1 � 1; a2; a3; a4ÞÞ
0

�
;

~e2ða; xÞ ¼
ðR�1ðx1 � 1; x2; x3; x4Þ; ðx1 � 1; x2; x3; x4ÞÞ
0

�
;

~f1ða; xÞ ¼
ðða1 þ 1; a2; a3; a4Þ; Rða1 þ 1; a2; a3; a4ÞÞ
0

�
;

~f2ða; xÞ ¼
ðR�1ðx1 þ 1; x2; x3; x4Þ; ðx1 þ 1; x2; x3; x4ÞÞ
0

�
:

Here, ~eiða;xÞ ¼ 0 (resp. ~fiða;xÞ ¼ 0) if and

only if "iða;xÞ ¼ 0 (resp. ’iða;xÞ ¼ 0) for i ¼ 1; 2.

2.3. Auxiliary formulas.

Lemma 2.7. For a ¼ ða1; a2; a3; a4Þ 2 N4

with a3 � a1, RðaÞ is given by ðmaxða2; a4Þ þ a3 �
a1; a1;minða2; a4Þ; a3 þ 2a2 � 2 minða2; a4ÞÞ.

Corollary 2.8. For � 2 Pþ, take m ¼
ðða1; a2; a3; a4Þ; ðx1; x2; x3; x4ÞÞ 2 Bð�Þ. If a3 � a1

and x1 � 1, then �e
"ð2; 1;mÞ ¼ maxð0; 2þ a1 � a3 þ

2a2 � 2 maxða2; a4ÞÞ.

Lemma 2.9. For x ¼ ðx1; x2; x3; x4Þ 2 N4

with x3 � x1, R�1ðxÞ is given by ðmaxðx2; x4Þ þ
2ðx3 � x1Þ; x1;minðx2; x4Þ; x3 þ x2 �minðx2; x4ÞÞ.

Corollary 2.10. For � 2 Pþ, take m ¼
ðða1; a2; a3; a4Þ; ðx1; x2; x3; x4ÞÞ 2 Bð�Þ. If x3 � x1

and a1 � 1, then �e
"ð1; 2;mÞ ¼ maxð0; 1þ x1 � x3 þ

x2 �maxðx2; x4ÞÞ.
Lemma 2.11. For a ¼ ða1; a2; a3; a4Þ 2 N4

with a3 � a1, RðaÞ is given by

ða2; a3; a4; a1 þ 2a2 � 2a4Þ
if a2 � a4 þ ða3 � a1Þ=2;

ða2; 2a3 þ 2a4 � a1 � 2a2; a1 þ 2a2 � ða3 þ a4Þ; a3Þ
if a4 þ a3 � a1 � a2 � a4 þ ða3 � a1Þ=2;

ða4 þ a3 � a1; a1; a2; a3Þ
if a2 � a4 þ a3 � a1:

8>>>>>>>>><
>>>>>>>>>:

Lemma 2.12. For x ¼ ðx1; x2; x3; x4Þ 2 N4

with x3 � x1, R�1ðxÞ is given by

ðx2; x3; x4; x1 þ x2 � x4Þ
if x2 � x4 þ x3 � x1;

ðx2; 2x3 þ x4 � x1 � x2; 2x1 þ 2x2 � 2x3 � x4; x3Þ
if x4 þ 2ðx3 � x1Þ � x2 � x4 þ x3 � x1;

ðx4 þ 2ðx3 � x1Þ; x1; x2; x3Þ
if x2 � x4 þ 2ðx3 � x1Þ:

8>>>>>>>>><
>>>>>>>>>:

Corollary 2.13. For � 2 Pþ, take m ¼
ðða1; a2; a3; a4Þ; ðx1; x2; x3; x4ÞÞ 2 Bð�Þ. If a1 > a3

and x1 > x3, then �e
"ð1; 2;mÞ�e

"ð2; 1;mÞ ¼ 0.

Proof. By Lemma 2.11, x1 > x3 implies a2 �
a4 þ ða3 � a1Þ=2 or a2 � a4 þ a3 � a1. In the former,

a2 � a4 þ ða3 � ða1 � 1ÞÞ=2 holds by a2 ¼ x1 > x3 ¼
a4 and a1 > a3. This implies �e

"ð1; 2;mÞ ¼ a2 � a2 ¼
0. The latter is similar by Lemma 2.12. �

2.4. Proof of Proposition 2.1. Put

Y :¼ fm 2 Bð�Þ j "1ðmÞ; "2ðmÞ > 0;

ð�e
"ð1; 2;mÞ;�e

"ð2; 1;mÞÞ ¼ ð1; 2Þg;
X1 :¼ fðða; b; a; bÞ; ðb; a; b; aÞÞ j a; b � 1g \ Bð�Þ;
X2 :¼ fðða; b; a; cÞ; ðb; a; c; aþ 2b� 2cÞÞ

j a � 1; 0 � c < bg \ Bð�Þ;
X3 :¼ fðða; b; c; aþ b� cÞ; ðb; a; b; cÞÞ

j b � 1; 0 � c < ag \ Bð�Þ:

We show Y ¼ X1 tX2 tX3. Since the inclu-

sion � is verified by direct calculation, take

m ¼ ðða1; a2; a3; a4Þ; ðx1; x2; x3; x4ÞÞ 2 Y . By Corol-

laries 2.8 and 2.10, we have a1 � a3; x1 � x3

and thus we get a1 ¼ a3 or x1 ¼ x3 by Corollary
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2.13. By Corollaries 2.8 and 2.10, this implies

a2 � a4 (i.e., m 2 X1 tX2) or x2 � x4 (i.e., m 2
X1 tX3).

By direct calculation, one can check x 2 Xi

satisfies the formula in case �00 ¼ ð0; 1Þ; ð1; 1Þ; ð0; 0Þ
depending on i ¼ 1; 2; 3 respectively.

2.5. Proof of Proposition 2.2. Put

L ¼ fm 2 Bð�Þ j "1ðmÞ � 2; "2ðmÞ > 0;

ð�e
"ð1; 2;mÞ;�e

"ð2; 1;mÞÞ ¼ ð1; 1Þg;
M ¼ fðða; b; aþ 1; cÞ; ðbþ 1; a; c; aþ 2b� 2cþ 1ÞÞ

j a � 2; 0 � c � bg \ Bð�Þ:
It is enough to show L ¼M since one can check

~e1~e2
2~e2

1m ¼ ~e1~e2~e1~e2~e1m ¼ ~e2~e3
1~e2m for m 2M.

A direct calculation verifies L �M. To prove

L M, it is enough to show a3 � a1 for m ¼
ðða1; a2; a3; a4Þ; ðx1; x2; x3; x4ÞÞ 2 L by Corollary 2.8.

Assume a1 > a3. Corollary 2.13 implies x1 � x3 and

Corollary 2.10 implies x1 ¼ x3; x2 � x4 that means

m 2 X1 tX3. This contradicts �e
"ð2; 1;mÞ ¼ 1.

2.6. Proof of Proposition 2.3. Put

S ¼ fm 2 Bð�Þ j "1ðmÞ � 2; "2ðmÞ > 0; "2ð~e2
1mÞ > 0;

�e
"ð2; 1; ~e2

1mÞ ¼ 0; ð�e
"ð1; 2;mÞ;�e

"ð2; 1;mÞÞ ¼ ð0; 2Þg;
T ¼ fðða; b; c; aþ b� c� 1Þ; ðb; a� 2; bþ 1; cÞÞ
j a � 2; b � 1; 0 � c � a� 2g \ Bð�Þ:

It is enough to show S ¼ T since one can check

~e1~e2
2~e2

1m ¼ ~e2~e2
1~e2~e1m ¼ ~e2~e3

1~e2m for m 2 T .

The inclusion S � T is verified by direct

calculation. To prove the inclusion S  T , it is

enough to show x3 � x1; x2 � x4 for any m ¼
ðða1; a2; a3; a4Þ; ðx1; x2; x3; x4ÞÞ 2 S because the fol-

lowing deduces x3 ¼ x1 þ 1.

(a) x3 ¼ x1, x2 � x4 implies m 2 X1 tX3 and con-

tradicts �e
"ð1; 2;mÞ ¼ 0.

(b) Let x3 ¼ x1 þ n and assume n � 2 (then, we get

a contradiction as (c)–(e)).

(c) By Lemma 2.9, ða1; a2; a3; a4Þ ¼ ðx2 þ 2n; x1;

x4; x1 þ nþ x2 � x4Þ.
(d) Because a2 � ða4 þ a3 � ða1 � 2ÞÞ ¼ n� 2 � 0

and a4 þ ða3 � ða1 � 2ÞÞ=2� a2 ¼ 1þ ðx2 �
x4Þ=2 � 0, we have ~e2

1m ¼ ðða1 � 2; a2; a3;

a4Þ; ðx1; x2 þ 2; x1 þ n� 2; x4ÞÞ by Lemma 2.11.

(e) Because x1 � 1; x1 � x1 þ n� 2 we see

�e
"ð2; 1; ~e2

1mÞ ¼ 2 by Lemma 2.9.

In the rest, we show x3 � x1; x2 � x4.

First, we show a1 > a3 as follows: Corollary 2.8

and �e
"ð2; 1;mÞ ¼ 2 imply a3 � a1. If a1 ¼ a3, then

a2 � a4 by Corollary 2.8. It means m 2 X1 tX2 and

contradicts �e
"ð1; 2;mÞ ¼ 0.

Next, we show x3 � x1. For this purpose, we

assume x3 < x1 (and a1 > a3) to draw contradic-

tions. By Lemma 2.12, a1 > a3 only happens when

x2 � x4 þ x3 � x1 or x2 � x4 þ 2ðx3 � x1Þ. In the

former case, x2 � x4 þ x3 � ðx1 � 1Þ also holds be-

cause x2 ¼ a1 > a3 ¼ x4 (and x1 > x3). Again, Lem-

ma 2.12 implies �e
"ð2; 1;mÞ ¼ x2 � x2 ¼ 0. In the

latter case, we may assume a1 � 2 > a3 because

otherwise

�e
"ð2; 1; ~e2

1mÞ ¼ maxð0; 2þ ða1 � 2Þ � a3

þ 2a2 � 2 maxða2; a4ÞÞ ¼ a1 � a3 > 0

follows from Corollary 2.8 and a4 ¼ x3 < x1 ¼ a2.

Thus, we know ~e2
1m ¼ ðða1 � 2; a2; a3; a4Þ;

ðx1; x2; x3; x4 � 2ÞÞ by Lemma 2.11 and a4 þ
ða3 � ða1 � 2ÞÞ=2� a2 ¼ ðx2 � x4 þ 2Þ=2 � 0. This

implies �e
"ð2; 1; ~e2

1mÞ ¼ 2 since x2 � ðx4 � 2Þ þ
2ðx3 � ðx1 � 1ÞÞ and Lemma 2.12. In both cases,

we arrived at contradictions.

Finally, we show x2 � x4. For this purpose, we

assume x2 < x4 (and x3 � x1; a1 > a3) to draw

contradictions. Note that in Lemma 2.11 x2 < x4

only occurs when a2 > a4 þ ða3 � a1Þ=2. In each of

the following, we arrived at a contradiction.

Assume a1 � 2 � a3. Because a2 � a4 þ ða3 �
ða1 � 2ÞÞ=2, again by Lemma 2.11, we have ~e2

1m ¼
ðða1 � 2; a2; a3; a4Þ; ðx1; x2; x3; x4 � 2ÞÞ. Lemma 2.9

and x1 � 1; x1 � x3 imply �e
"ð2; 1; ~e2

1mÞ ¼ 2. Assume

a1 � 2 < a3. This only happens when a1 ¼ a3 þ 1.

Thanks to Lemma 2.9, m is of the form m ¼
ððx2 þ 1; x1; x2; x1Þ; ðx1; x2; x1; x2 þ 1ÞÞ. Then, we

can check �e
"ð2; 1; ~e2

1mÞ ¼ 1 by Lemma 2.7.

3. Proof of Theorem 1.8: Unique-

ness. We denote by N½I� the free commutative

monoid generated by I. The following is a version

of [9, Proposition 1.2, Remark 1.3.(a)], which is

easily proved by induction on d ¼ depthðxÞ :¼
minfs � 0 j 9ði1; � � � ; isÞ 2 Is; x ¼ ~fi1 � � � ~fisx0g.

Proposition 3.1. Let X be a good I-colored

directed graph with a maximum x0 2 X and with

homogeneous local confluence property (see Defini-

tion 1.1, 1.2, 1.10). Then, for x ¼ ~fi1 � � � ~fisx0,

wt0ðxÞ ¼
Ps

k¼1 ik 2 N½I� is well-defined.

Remark 3.2. In Proposition 3.1 and assume

that X satisfies (S2) further. Fix � 2 Pþ such that

8i 2 I; hhi; �i ¼ ’iðx0Þ. By induction on depthðxÞ,
Proposition 3.1 implies ’iðxÞ ¼ "iðxÞ þ hhi;wtðxÞi
for i 2 I; x 2 X by defining wtðxÞ ¼ �� Uðwt0ðxÞÞ
for x 2 X, where U : N½I� ! P;

P
k ik 7!

P
k �ik .

The following is similar to [9, Proposition 1.4].
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Proposition 3.3. For a symmetrizable GCM

A ¼ ðaijÞi;j2I with 8i 6¼ 8j 2 I; Aji;j ¼ A1 � A1; A2;

B2;
tB2, let X, X0 be A-regular graphs satisfying

8i 6¼ 8j 2 I; Aji;j ¼ B2 ) (S6),(S7),(S8),(S9)

with maximum x0 2 X, x00 2 X0 respectively. If

’iðx0Þ ¼ ’iðx00Þ for all i 2 I, there exists a unique

I-colored directed graph isomorphism X �!� X0.
Proof. Uniqueness is obvious because x0 exists.

To prove existence, by induction on k, we will

construct a bijection hk : Xk �!
�

X0k such that

(1k)
Fk
‘¼0 h‘ :

Fk
‘¼0 X‘ �!

� Fk
‘¼0 X

0
‘ is an I-colored

directed graph isomorphism,

(2k) ’iðxÞ ¼ ’iðhkðxÞÞ; "iðxÞ ¼ "iðhkðxÞÞ for all x 2
Xk and i 2 I.

Here, Xk ¼ fx 2 X j depthðxÞ ¼ kg for X ¼ X;X0.
For k ¼ 0, the only choice is h0ðx0Þ ¼ x00. For

k � 1, we define hkðxÞ ¼ ~fihk�1ð~eixÞ if ~eix 6¼ 0. It is

well-defined by (X),(Y),(Z) below.

(X) for any x 2 Xk there exists i 2 I such that

~eix 2 Xk�1 by Proposition 3.1.

(Y) ~fihk�1ð~eixÞ 6¼ 0 because ’iðhk�1ð~eixÞÞ ¼
’ið~eixÞ > 0 by (2k�1).

(Z) For i 6¼ j 2 I with ~eix 6¼ 0 6¼ ~ejx, we show
~fihk�1ð~eixÞ ¼ ~fjhk�1ð~ejxÞ as follows:

When Aji;j ¼ A1 � A1; A2, (Z) is in the proof

of [9, Proposition 1.4] (or similar to the arguments

below). So let us Aji;j ¼ B2. By (S2),(S3), possibil-

ities of �ðxÞ ¼ ð�e
"ði; j; xÞ;�e

"ðj; i; xÞÞ are �ðxÞ ¼
ð0; 0Þ; ð1; 0Þ; ð0; 1Þ; ð1; 1Þ; ð0; 2Þ; ð1; 2Þ. Among them,

cases �ðxÞ ¼ ð0; 0Þ; ð1; 0Þ; ð0; 1Þ; ð1; 1Þ; ð0; 2Þ, (Z) is

again the same as in the proof of [9, Proposition 1.4]

(or similar to the arguments below). Thus, we

assume �ðxÞ ¼ ð1; 2Þ. By (D�) in (S6), 9y ¼
~e2
i ~ejx 2 Xk�3; 9y0 ¼ ~e2

i ~e
2
j~eix 2 Xk�5. Again (S2),(S3)

imply �00 ¼ ð�f
’ði; j; yÞ;�f

’ði; j; y0ÞÞ ¼ ð0; 0Þ; ð1; 0Þ;
ð0; 1Þ; ð1; 1Þ. Assume �00 ¼ ð0; 1Þ. By (Q�1 ) in (D�)

in (S6), we have 9z ¼ ~ej~e
3
i ~e

2
j~eix ¼ ~ei~e

2
j~e

3
i ~ejx 2

Xk�7;�
0ðzÞ ¼ ð1; 2Þ and as in Remark 1.11

ð�e
"ði; j; ~f2

i
~fjzÞ;�e

"ði; j; ~f2
i

~f2
j

~fizÞÞ ¼ ð0; 1Þ. Then, by

induction hypothesis and (S7), we have
~fj ~f3

i
~f2
j

~fihk�7ðzÞ ¼ ~fi ~f
2
j

~f3
i

~fjhk�7ðzÞ. Since hk�1ð~eixÞ ¼
~f2
j

~f3
i

~fjhk�7ðzÞ and hk�1ð~ejxÞ ¼ ~f3
i

~f2
j

~fihk�7ðzÞ, we

are done. The case �00 ¼ ð0; 0Þ (resp. �00 ¼ ð1; 1Þ)
is similar using (R�) (resp.(P�1 )) in (D�) in (S6) and

(S9) (resp.(S8)). Because �00 6¼ ð1; 0Þ by (D�) in

(S6), (Z) is proved.

Finally, we show (1k) and (2k). hk is epi by X0

version of (X). By symmetry hk is bijective. For

(2k), by (1k) we have 8x 2 Xk; 8i 2 I; "iðxÞ ¼
"iðhkðxÞÞ. Then, 8x 2 Xk; 8i 2 I; ’iðxÞ ¼ ’iðhkðxÞÞ
follows from Remark 3.2 because hk preserves wt0.

�
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