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Abstract: Kida, Rikuna and Sato [6] developed a classification theory for Brumer’s

quintic polynomials via Kummer theory arising from associated elliptic curves. We generalize

their results to elliptic curves associated to Lecacheux’s quintic F20-polynomials instead of

Brumer’s quintic D5-polynomials.
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1. Introduction. Let K be a field with

charK 6¼ 2, 5 and Cn be the cyclic group of order

n. Let D5 ’ C5 o C2 be the dihedral group of

order 10 and F20 ’ C5 o C4 be the Frobenius group

of order 20. Let Kðs; tÞ be the rational function field

over K with two variables s; t. Brumer’s quintic

polynomial Bruðt; s;XÞ is defined to be

Bruðt; s;XÞ :¼ X5 þ ðt� 3ÞX4 � ðt� s� 3ÞX3ð1Þ
þ ðt2 � t� 2s� 1ÞX2 þ sX þ t 2 Kðs; tÞ½X�:

The polynomial Bruðt; s;XÞ is K-generic for

D5, namely (i) the Galois group of Bruðt; s;XÞ over

Kðs; tÞ is isomorphic to D5; and (ii) every D5-Galois

extension L=M, #M ¼ 1, M � K, can be obtained

as L ¼ SplMðBruðb; a;XÞÞ, the splitting field of

Bruðb; a;XÞ over M, for some a; b 2M (see Jensen,

Ledet and Yui [4, Theorem 2.3.5]).

Kida, Rikuna and Sato [6] studied Brumer’s

quintic Bruðt; s;XÞ via Kummer theory arising

from elliptic curves. The splitting field

SplKðs;tÞðBruðt; s;XÞÞ contains the unique quadratic

subfield Kðs; tÞð
ffiffiffiffiffiffiffi
dt;s

p
Þ where

dt;s :¼ �4s3 þ ðt2 � 30tþ 1Þs2ð2Þ
þ 2tð3tþ 1Þð4t� 7Þs
� tð4t4 � 4t3 � 40t2 þ 91t� 4Þ 2 Kðs; tÞ:

In this paper, we study the case where K ¼ Q.

We search elements � and � in Qðs; tÞ such that the

quadratic subfields of SplQðs;tÞðBruð�; �;XÞÞ and of

SplQðs;tÞðBruðt; s;XÞÞ coincide. According to Kida,

Rikuna and Sato [6, Section 2], we restrict ourselves

to treat the case � ¼ t and consider the equation

dt;su
2 ¼ dt;�:

Define

d ¼ dt;s; x ¼ �4d�; y ¼ 4d2u:

Then we obtain the associated elliptic curve

Et;s : y2 ¼ x3 þ dðt2 � 30tþ 1Þx2ð3Þ
� 8d2tð3tþ 1Þð4t� 7Þx
� 16d3tð4t4 � 4t3 � 40t2 þ 91t� 4Þ

to Brumer’s quintic polynomial Bruðt; s;XÞ. This

elliptic curve Et;s has an isogeny � of degree 5

defined over Qðs; tÞ. The 5-division polynomial of

Et;s (see Silverman [8, Exercise 3.7]) has a quadratic

factor f2ðxÞ (see [1, Section 1]). Take a root � of

f2ðxÞ ¼ 0. Then we obtain a point A 2 Et;sðQðs; tÞÞ
of order 5 with xðAÞ ¼ �. Apply the Vélu formu-

la [10] to hAi and take E�t;s ¼ Et;s=hAi as the image

of � (see Kida, Rikuna and Sato [6, Section 2]):

E�t;s : y2 ¼ x3 þ dðt2 � 30tþ 1Þx2ð4Þ
� 8d2ð26t4 � 310t3 þ 327t2 þ 315tþ 26Þx
þ 16d3ð68t6 � 1120t5 þ 3804t4 þ 1760t3

þ 6929t2 þ 1380tþ 68Þ:
After the specialization Qðs; tÞ2 3 ðs; tÞ 7! ðs0; t0Þ 2
Q2, we obtain that Bruðt0; s0;XÞ, Et0;s0 and E�t0;s0 are

defined over Q. After the specialization, for s; t 2 Q,

we also write Bruðt; s;XÞ, Et;s and E�t;s which are

defined over Q (not Qðs; tÞ). Let �� : E�t;s ! Et;s be

the dual isogeny of �. Then the quotient group

Et;sðQÞ=��ðE�t;sðQÞÞ is finite by weak Mordel–Weil

theorem (see [8, Chapter VIII, Section 1]).

Definition 1.1 (Kida, Rikuna and Sato [6,

page 694]). Let s; t be rational numbers. For

each Q-rational point P ¼ ðxðP Þ; yðP ÞÞ 2 Et;sðQÞ,
Brumer’s polynomial BruðP ;XÞ with respect to P is

defined to be
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BruðP ;XÞ :¼ Bru t;
xðP Þ
�4d

;X

� �

where Bruðt; s;XÞ is Brumer’s polynomial as in (1)

and d ¼ dt;s is given as in (2).

We remark that there exists a rational point

P0 ¼ ð�4ds; 4d2Þ 2 Et;sðQÞ and by the definition we

have BruðP0;XÞ ¼ Bruðt; s;XÞ.
Theorem 1.2 (Kida, Rikuna and Sato [6,

Theorem 2.1]). Let s; t be rational numbers. Let

Et;s be the elliptic curve as in (3). Let BruðP ;XÞ be

Brumer’s polynomial with respect to P as in Defi-

nition 1.1 with the splitting field SplQðBruðP ;XÞÞ
over Q.

(i) For any Q-rational point P 2 Et;sðQÞ, BruðP ;XÞ
is reducible over Q if and only if P 2 ��ðE�t;sðQÞÞ;
(ii) There exists a bijection between the following

two finite sets

fsubgroup of order 5 in Et;sðQÞ=��ðE�t;sðQÞÞg

and

fSplQðBruðP ;XÞÞ j P 2 Et;sðQÞ n ��ðE�t;sðQÞÞg:

The bijection is induced by the correspondence

Et;sðQÞ 3 P 7! SplQðBruðP ;XÞÞ.
The aim of this paper is to generalize Theo-

rem 1.2 to elliptic curves associated to Lecacheux’s

quintic F20-polynomial Lecðp; r;XÞ instead of

Brumer’s quintic D5-polynomial Bruðt; s;XÞ.
Let Qðp; rÞ be the rational function field over Q

with two variables p; r. Lecacheux’s quintic poly-

nomial Lecðp; r;XÞ is defined to be

Lecðp; r;XÞ :¼ X5 þ r2ðp2 þ 4Þ � 2p�
17

4

� �
X4ð5Þ

þ 3rðp2 þ 4Þ þ p2 þ
13

2
pþ 5

� �
X3

� rðp2 þ 4Þ þ
11

2
p� 8

� �
X2

þ ðp� 6ÞX þ 1 2 Qðp; rÞ½X�:

The polynomial Lecðp; r;XÞ is known to be Q-ge-

neric for F20 (see [4, Theorem 2.3.6]).

We will define the elliptic curve Ep;r associated

to Lecacheux’s polynomial Lecðp; r;XÞ. Define

Wp;r :¼ 16ðp2 þ 4Þr3 þ 4ðp2 þ 4Þr2ð6Þ
� 4ð19pþ 41Þr� 16p� 199;

Dp;r :¼
Wp;r

8
ððp4 þ 5p2 þ 4Þ

þ pðp2 þ 3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ:

The splitting field SplQðp;rÞðLecðp; r;XÞÞ con-

tains the unique quadratic (resp. quartic) subfield

Qðp; rÞð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ (resp. Qðp; rÞð

ffiffiffiffiffiffiffiffiffi
Dp;r

p
Þ) (see Hoshi

and Miyake [2, Lemma 7.3 and Lemma 7.4];

Lecðp; r;XÞ is gF20
p;r ðXÞ in [2]).

We search � such that the quartic subfields of

SplQðLecðp; �;XÞÞ and of SplQðLecðp; r;XÞÞ coin-

cide. We consider the equation

Dp;ru
2 ¼ Dp;�:

Write D ¼ Dp;r and W ¼ Wp;r. Then the above

equation becomes

Wu2 ¼ Wp;�:

Define

x :¼ 4ðp2 þ 4ÞW�; y :¼ 2ðp2 þ 4ÞW 2u:

Then we get the associated elliptic curve

Ep;r : y2 ¼ x3 þ ðp2 þ 4ÞWx2ð7Þ
� 4ð19pþ 41Þðp2 þ 4ÞW 2x

� 4ðp2 þ 4Þ2ð16pþ 199ÞW 3

to Lecacheux’s quintic polynomial Lecðp; r;XÞ.
The curve Ep;r has an isogeny � of degree 5

defined over Qðp; rÞ. We see that the 5-division

polynomial of Ep;r (see Silverman [8, Exercise 3.7])

has the quadratic factor f2ðxÞ (see [1, Section 1]).

Take a root � of f2ðxÞ ¼ 0. Then we obtain a point

A 2 Ep;rðQðp; rÞÞ of order 5 with xðAÞ ¼ �, E�p;r ¼
Ep;r=hAi as the image of � and the dual isogeny �� :
E�p;r ! Ep;r of � as in (4) (see also Kida, Rikuna and

Sato [6, Section 2]):

E�p;r : y2 ¼ x3 þ ðp2 þ 4ÞWx2

� 4ðp2 þ 4Þð52p2 � 625pþ 833ÞW 2x

þ 4ðp2 þ 4Þ2ð272p2 � 5000pþ 21713ÞW 3:

As in the case of Brumer’s quintic, after the

specialization Qðp; rÞ2 3 ðp; rÞ 7! ðp; rÞ 2 Q2, we al-

so write Lecðp; r;XÞ, Ep;r and E�p;r for p; r 2 Q which

are defined over Q (not Qðp; rÞ).
Definition 1.3. Let p; r be rational num-

bers. For each Q-rational point P ¼ ðxðP Þ; yðP ÞÞ 2
Ep;rðQÞ, Lecacheux’s polynomial LecðP ;XÞ with

respect to P is defined to be
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LecðP ;XÞ :¼ Lec p;
xðP Þ

4ðp2 þ 4ÞW
;X

� �

where Lecðp; r;XÞ is Lecacheux’s polynomial as in

(5) and W ¼ Wp;r is given as in (6).

We note that there exists the point Q0 ¼
ð4rðp2 þ 4ÞW; 2ðp2 þ 4ÞW 2Þ 2 Ep;rðQÞ and we have

LecðQ0;XÞ ¼ Lecðp; r;XÞ by the definition.

The following is the main theorem of this

paper:

Theorem 1.4. Let p; r be rational numbers.

Let Ep;r be the elliptic curve as in (7). Let

LecðP ;XÞ be Lecacheux’s polynomial with respect

to P as in Definition 1.3 with the splitting field

SplQðLecðP ;XÞÞ over Q.

(i) For any Q-rational point P 2 Ep;rðQÞ, LecðP ;XÞ
is reducible over Q if and only if P 2 ��ðE�p;rðQÞÞ;
(ii) There exists a bijection between the following

two finite sets

fsubgroup of order 5 in Ep;rðQÞ=��ðE�p;rðQÞÞg

and

fSplQðLecðP ;XÞÞ j P 2 Ep;rðQÞ n ��ðE�p;rðQÞÞg:

The bijection is induced by the correspondence

Ep;rðQÞ 3 P 7! SplQðLecðP ;XÞÞ.
2. Constructions of Bruðt; s;XÞ and

Lecðp; r;XÞ. We recall constructions of Brumer’s

polynomial Bruðt; s;XÞ and Lecacheux’s polynomial

Lecðp; r;XÞ in Lecacheux [7, pages 209–214].

2.1. Construction of Bruðt; s;XÞ. We con-

sider the elliptic curve:

E�t : y2 þ ð1� tÞxy� ty ¼ x3 � tx2

with 5-torsion points

A ¼ ð0; 0Þ; 2A ¼ ðt; t2Þ; 3A ¼ ðt; 0Þ; 4A ¼ ð0; tÞ:
The curve E�t is also called Tate normal form (see

Husemöller [3, page 93, Definition 4.1]). The j-in-

variant of E�t is ðt4�12t3þ14t2þ12tþ1Þ3
t5ðt2�11t�1Þ . There exists

the elliptic curve Et ¼ E�t =hAi up to isomorphism

with the isogeny � : E�t ! Et;X ¼ t
x 7! X0 ¼

2ðX�2ÞðX2þ2Xt�1Þð2X2�2Xt�2XþtÞ
XðX�1Þ2 of degree 5. Then by

solving this for X, we have X5 þ ðt� 3ÞX4 þ
ð1� 1

4 X
0 � 2t2 � 7

2 tÞX3 þ ð4tþ 3þ 5t2 þ 1
2 X

0ÞX2 þ
ð�2t2 � 2� 1

4 X
0 � 5

2 tÞX þ t ¼ 0. Define s ¼ �2t2 �
2� 1

4 X
0 � 5

2 t. Then the left-hand side of this

equation becomes

Bruðt; s;xÞ ¼ x5 þ ðt� 3Þx4 � ðt� s� 3Þx3

þ ðt2 � t� 2s� 1Þx2 þ sxþ t:
We find that the elliptic curve Et and the elliptic

curve Et;s associated to Bruðt; s;XÞ as in ð3Þ are

isomorphic over some extension field (see also Kida,

Rikuna and Sato [6, page 695]). The j-invariants

of Et and of Et;s are the same ðt
4þ228t3þ494t2�228tþ1Þ3

tðt2�11t�1Þ5 .

2.2. Construction of Lecðp; r;XÞ. We con-

sider the elliptic curve

E�p : y2 �
1

4
ðp2 þ 4Þðx2 þ 1Þ

¼
1

2
ðx2 � px� 1Þð2x� pÞ

with 5-torsion points

A ¼ ð�; �Þ; 2A ¼ �
1

�
;
�

�

� �
;

3A ¼ �
1

�
;� �

�

� �
; 4A ¼ ð�;��Þ

where � and �1=� are roots of x2 � px� 1 and �

satisfies

�2 ¼
1

4
ðp2 þ 4Þð�2 þ 4Þ ¼

1

4
ðp2 þ 4Þ

3
2�:

The j-invariant of E�p is ðp
2�12pþ16Þ3
p�11 . There exists the

elliptic curve Ep ¼ E�p=hAi up to isomorphism with

the isogeny

� : E�p ! Ep; x 7! r ¼ xþ2p
p2þ4
þ ðp

2þ4Þðpxþ2Þ
L2

þ xðpþ2Þþðp2�pþ6Þ
L

� 5p
2ðp2þ4Þ

of degree 5 where L ¼ x2 � px� 1. Define l ¼
�L=ðp2 þ 4Þ. Solving the equation for l, we have

l5 þ ðr2ðp2 þ 4Þ � 2p� 17
4
Þl4

þ ð3rðp2 þ 4Þ þ p2 þ 13
2
pþ 5Þl3

� ðrðp2 þ 4Þ þ 11
2 p� 8Þl2 þ ðp� 6Þlþ 1 ¼ 0:

The left-hand side of this equation yields Lecðp; r; lÞ.
The elliptic curve Ep and the associated elliptic

curve Ep;r to Lecðp; r;XÞ as in ð7Þ are isomorphic

over some extension field with the j-invariant
ðp2þ228pþ496Þ3

ðp�11Þ5 .

3. Proof of Theorem 1.4. The idea of the

proof of Theorem 1.4 is to combine the results given

in Hoshi and Miyake [2] and Kida, Rikuna and

Sato [6]. According to [2, page 1078, Equation (25)],

for p; r 2 Q, we define k ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ and
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s ¼ �
1

4
ð5pþ 8rþ 2p2rþ ð2prþ 5Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ;ð8Þ

t ¼
1

2
ðpþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ:

Then it follows that SplkðBruðt; s;XÞÞ ¼
SplQðLecðp; r;XÞÞ. The associated elliptic curves

Et;s and E�t;s given as in (3) and (4) are defined

over k. According to [6, Section 3], we take elliptic

curves Et and E�t defined over k by

Et : y2 � ðt� 1Þxy� ty ¼ x3 � tx2

� 5tðt2 þ 2t� 1Þx
� tðt4 þ 10t3 � 5t2 þ 15t� 1Þ;

E�t : y2 � ðt� 1Þxy� ty ¼ x3 � tx2:

The curves Et;s (resp. E�t;s) and Et (resp. E�t ) are

isomorphic over F ¼ kð
ffiffiffiffiffiffiffi
dt;s

p
Þ where dt;s is given

in (2) and we take an isogeny � : Et;s ! E�t;s and the

dual isogeny �� : E�t;s ! Et;s. We also take an

isogeny �� : E�t ! Et of degree 5. By [6, Theorem

3.1], there exists an injective homomorphism

Et;sðkÞ=��ðE�t;sðkÞÞ
,! HomcontðGalðF=F Þ;Ker��ðkÞÞ:

We will prove that there exists an injective

homomorphism

Ep;rðQÞ=��ðE�p;rðQÞÞ
,! HomcontðGalðF=F Þ;Ker��ðkÞÞ:

We see that the elliptic curves Ep;r and Et;s are

isomorphic over k with j-invariant ðp2þ228pþ496Þ3

ðp�11Þ5 .

Indeed, we may find an isomorphism f : Ep;r ! Et;s

which is given explicitly as

ðx; yÞ 7! ðaxþ b; uyÞ

where a; b; u 2 k are given by

a ¼
1

8
ðp4 þ 4p2 þ 2þ pðp2 þ 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ;

b ¼ 5

4
ðpðp2 þ 2Þðp2 þ 4Þ

þ ðp4 þ 4p2 þ 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
ÞWp;r;

u ¼
1

16
ððp2 þ 2Þðp4 þ 4p2 þ 1Þ

þ pðp2 þ 1Þðp2 þ 3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ

with Wp;r ¼ 16ðp2 þ 4Þr3 þ 4ðp2 þ 4Þr2 � 4ð19pþ
41Þr� 16p� 199 given as in (6).

We obtain an isomorphism f� : E�p;r ! E�t;s

defined over k such that the diagram

commutes with exact rows. The j-invariants of E�p;r
and E�t;s are the same ðp2�12pþ16Þ3

p�11 . Therefore the

isomorphism f induces an injection

f : Ep;rðkÞ=��ðE�p;rðkÞÞ ,! Et;sðkÞ=��ðE�t;sðkÞÞ:

By [6, Theorem 3.1] (see also Kida [5, Remark

4.3]), there exists an injective homomorphism

g : Et;sðkÞ=��ðE�t;sðkÞÞ
,! HomcontðGalðF=F Þ;Ker��ðkÞÞ:

Then we also obtain an injective homomorphism

g � f : Ep;rðkÞ=��ðE�p;rðkÞÞ
,! HomcontðGalðF=F Þ;Ker��ðkÞÞ:

Because the isogeny �� is defined over Q, we get

Ep;rðQÞ=��ðE�p;rðQÞÞ
,! HomcontðGalðF=F Þ;Ker��ðkÞÞ:

Every point P ¼ ðxðP Þ; yðP ÞÞ 2 Ep;rðQÞ defines

a Kummer extension

LP ¼ F ðð��Þ�1ðg � fðP ÞÞÞ

over F . In particular, via (8), we observe that

LP ¼ Splk

�
Bru

�
1
2ðpþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ; xðfðP ÞÞ�4d ;X

��

¼ SplQðLecðP ;XÞÞ

where LecðP ;XÞ ¼ Lecðp; xðP Þ
4ðp2þ4ÞW;XÞ as in Defini-

tion 1.3. Hence the group Ep;rðQÞ=��ðE�p;rðQÞÞ clas-

sifies the isomorphism classes of SplQðLecðP ;XÞÞ
with quartic subfield F (see also [6, Section 3]). �

By Theorem 1.4, we have the following result

by the multiplication-by-2 map of the elliptic curve

Ep;r:
Corollary 3.1. For a Q-rational point P 2

Ep;rðQÞ and integer n with gcdðn; 5Þ ¼ 1,

SplQðLecðP ;XÞÞ ¼ SplQðLecð½n�P ;XÞÞ where

LecðP ;XÞ ¼ Lecðp; xðP Þ
4ðp2þ4ÞW;XÞ as in Definition 1.3.
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In particular, for P ¼ Q0 ¼ ð4rðp2 þ 4ÞW; 2ðp2 þ
4ÞW 2Þ and n ¼ 2, we have SplQðLecðp; r;XÞÞ ¼
SplQðLecðp;R;XÞÞ where

R ¼ xð½2�Q0Þ
4ðp2þ4ÞW;

W ¼ 16ðp2 þ 4Þr3 þ 4ðp2 þ 4Þr2

� 4ð19pþ 41Þr� 16p� 199;

xð½2�Q0Þ ¼ 16ðp2 þ 4Þ2r4 þ 8ðp2 þ 4Þð19pþ 41Þr2

þ 4ð32p3 þ 398p2 þ 128pþ 1592Þr
þ 16p3 þ 560p2 þ 1622pþ 2477:

Remark 3.2. We can also verify that

SplQðLecðp; r;XÞÞ ¼ SplQðLecðp;R;XÞÞ in Corol-

lary 3.1 by Hoshi and Miyake [2] via multi-resol-

vent polynomials. We take multi-resolvent poly-

nomials F 1
a;a0 and F 2

a;a0 as in [2, page 1071] where

a ¼ ðs; tÞ, a0 ¼ ðs0; t0Þ. Using [2, page 1078, Method

2], via (8), we obtain that SplQðLecðp; r;XÞÞ ¼
SplQðLecðp;R;XÞÞ if and only if F 1

a;a0 or F 2
a;a0 has a

linear factor over k ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
Þ. Indeed, we see

that F 2
a;a0 has a linear factor xþ 1þ2r

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4

p
þ p�1

2 .

4. Examples of Theorem 1.4. We will

give two examples of Theorem 1.4.

Example 4.1 (p ¼ 1 and r ¼ �3 with

E1;�3ðQÞ=��ðE�1;�3ðQÞÞ ’ Z=5Z). We consider the

case where p ¼ 1 and r ¼ �3. The associated

isogenous curves are

E1;�3 : y2 ¼ x3 � 7375x2 � 2610750000x

þ 68994507812500;

E�1;�3 : y2 ¼ x3 � 7375x2 � 11313250000x

� 5450566117187500

with j-invariants � 5�293

25 ;� 52

2 respectively. Their

Mordell–Weil groups are

E1;�3ðQÞ ¼ hP1; P2i ’ Z�2;

E�1;�3ðQÞ ¼ hQ1; Q2i ’ Z�2

where

P1 ¼ ð�53100; 6091750Þ;
P2 ¼ ð88500; 21756250Þ;
Q1 ¼ ð678500; 543906250Þ;
Q2 ¼ ð1452875; 1740500000Þ:

We see P2 ¼ Q0 where Q0 ¼ ð4rðp2 þ 4ÞW; 2ðp2 þ
4ÞW 2Þ which corresponds to Lecð1;�3;XÞ. The

isogeny �� : E�1;�3 ! E1;�3 is given by

��ðQ1Þ ¼ P1 � 2P2;

��ðQ2Þ ¼ �P1 � 3P2:

Hence the image of �� is given by

��ðE�1;�3Þ ¼ hP1 � 2P2; 5P2i:

We conclude that E1;�3ðQÞ=��ðE�1;�3ðQÞÞ ¼ hP2i ’
Z=5Z. Thus there exists exactly one isomorphism

class of Lecachux’s polynomials. We have

SplQðLecð1;�3;XÞÞ ¼ SplQðLecð½n�P2;XÞÞ
¼ SplQðLecð1; xð½n�P2Þ

4ðp2þ4ÞW ;XÞÞ
where gcdðn; 5Þ ¼ 1. For example, for n ¼ 1, 2, 3, 4,

we have

xð½n�P2Þ
4ðp2 þ 4ÞW

¼ �3;
�263

236
;

4849

39605
;
2034016227

1036798976

respectively. We can check this example by Sage [9]

as in the arXiv version of this paper [1, Example

4.1].

Example 4.2 (p ¼ 2 and r ¼ �15 with

E2;�15ðQÞ=��ðE�2;�15ðQÞÞ ’ ðZ=5ZÞ�2). We consid-

er the case where p ¼ 2, r ¼ �15. The associated

isogenous curves are

E2;�15 : y2 ¼ x3 � 3362328x2 � 446557358393568x

þ 4390381057572915584256;

E�2;�15 : y2 ¼ x3 � 3362328x2 þ 1181398581066528x

� 243295532112514685688576

with j-invariants � 26�2393

310 ; 26

32 respectively. Their

Mordell–Weil groups are

E2;�15ðQÞ ¼ hPtori � hP1; P2; P3i ’ Z=2Z� Z�3;

E�2;�15ðQÞ ¼ hQtori � hQ1; Q2; Q3i ’ Z=2Z� Z�3

where

Ptor ¼ ð�23536296; 0Þ;
P1 ¼ ð1213850592

121
; 32104365187824

1331
Þ;

P2 ¼ ð12954852; 14669441496Þ;
P3 ¼ ð24185016; 75959770464Þ;

Qtor ¼ ð57159576; 0Þ;
Q1 ¼ ð9662338144

169 ; 26786536642000
2197 Þ;

Q2 ¼ ð58184676; 105083001000Þ;
Q3 ¼ ð15400097496

121 ; 1841522732064000
1331 Þ:

The isogeny �� : E�2;�15 ! E2;�15 is given by

��ðQtorÞ ¼ Ptor;

��ðQ1Þ ¼ �P1 þ 2P2 þ 2P3;

��ðQ2Þ ¼ Ptor � 2P1 � P2 � P3;

��ðQ3Þ ¼ �2P1 þ 4P2 � P3:

Hence we obtain the image

No. 1] On Lecacheux’s family of quintic polynomials 5



��ðE�2;�15Þ ¼ hPtor; P1 þ 2P2 þ 2P3; 5P2; 5P3i

and conclude that E2;�15ðQÞ=��ðE�2;�15ðQÞÞ ¼
hP2; P3i ’ ðZ=5ZÞ�2. There exist 6 subgroups of

order 5 in E2;�15ðQÞ=��ðE�2;�15ðQÞÞ ’ ðZ=5ZÞ�2

which correspond to the 6 isomorphism classes

LecðP2 � 2P3;XÞ ¼ Lecð2;�6826408529368884683
114084259282587016

;XÞ;
LecðP2 � P3;XÞ ¼ Lecð2;�5293745

2271049
;XÞ;

LecðP2;XÞ ¼ Lecð2;�131
136;XÞ;

LecðP2 þ P3;XÞ ¼ Lecð2; 157
529

;XÞ;
LecðP2 þ 2P3;XÞ ¼ Lecð2; 9701177386741

7753965979144
;XÞ;

LecðP3;XÞ ¼ Lecð2;�19759
10988;XÞ;

with the quartic subfield

F ¼ Q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�233495� 326893

2

ffiffiffi
2
pq �

:

Since Lecð2;�15;XÞ corresponds to the point

Q0 ¼ ð4rðp2 þ 4ÞW; 2ðp2 þ 4ÞW 2Þ
¼ ð201739680; 2826312394896Þ ¼ Ptor � P1 � P3

and hQ0i ¼ hP2 � 2P3i in E2;�15ðQÞ=��ðE�2;�15ðQÞÞ,
SplQðLecðQ0;XÞÞ ¼ SplQðLecð2;�15;XÞÞ

¼ SplQðLecðP2 � 2P3;XÞÞ:
We can check this example by Sage [9] as in the

arXiv version of this paper [1, Example 4.2].

Two examples of the degenerate cases Gp;r ’
D5 and C5 where Gp;r ¼ GalðLecðp; r;XÞ=QÞ are

also given in [1, Section 5].
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