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Abstract: End-point maximal L1-regularity for the parabolic initial-boundary value

problem is considered in the half-space. For the inhomogeneous boundary data of both the

Dirichlet and the Neumann type, maximal L1-regularity for the initial-boundary value problem

of parabolic equation is established in time end-point case upon the Besov space as well as the

optimal trace estimates. We derive the almost orthogonal properties between the boundary

potentials of the Dirichlet and the Neumann boundary data and the Littlewood-Paley dyadic

decomposition of unity.
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1. Introduction. In this article, we are

concerned with maximal L1-regularity for the

initial-boundary value problem with inhomogene-

ous data of the parabolic equation in the half-space

Rn
þ.

Let X be a proper Banach space and A be a

closed linear operator in X with a dense domain

DðAÞ. For an initial data u0 2 X and an external

force f 2 L�ð0; T ;XÞ ð1 � � � 1Þ, let u be a solu-

tion to the abstract Cauchy problem:

d

dt
uþ Au ¼ f; t > 0; uð0Þ ¼ u0:ð1Þ

Then A has maximal L�-regularity if there exists a

unique solution u of (1) such that
d

dt
u, Au 2

L�ð0; T ;XÞ satisfy the estimate

d

dt
u

���� ����
L�ð0;T ;XÞ

þ kAukL�ð0;T ;XÞ

� C
�
ku0kðX;DðAÞÞ

1�1
�;�
þ kfkL�ð0;T ;XÞ

�
;

under the restriction u0 2 ðX;DðAÞÞ1�1
�;�

, where

ðX;DðAÞÞ
1�1

�;�
denotes the real interpolation space

between X and DðAÞ, and C is a positive constant

independent of u0 and f. Maximal regularity for

parabolic equations was first developed by

Ladyzhenskaya-Solonnikov-Ural’tseva [12], then

studied by Da Prato-Grisvard [6] and Dore-Venni

[9], in the general framework on Banach spaces X

that satisfy the unconditional martingale differences

(called as UMD), well established especially by

Amann [1], [2], Denk-Hieber-Prüss [7], [8], Weis [21].

On the other hand, maximal regularity on non-

UMD Banach spaces, for instance non-reflexive

Banach space such as L1 or L1 requires independ-

ent arguments. For example, we have explicitly

proved maximal regularity on the homogenous

Banach spaces in [13]. Maximal L1-regularity for

the Cauchy problem is also shown by [4], [10], [11],

[14] in various non-UMD spaces.

2. The Dirichlet boundary condition

case. Let I ¼ ð0; T Þ with 0 < T � 1. Let u be a

solution of the initial-boundary value problem of

the second-order parabolic equation with variable

coefficients and the inhomogeneous Dirichlet boun-

dary condition in the half-space Rn
þ ¼ fx ¼ ðx0; xnÞ;

x0 2 Rn�1; xn > 0g:

@tu�
Xn
i;j¼1

aijðt; xÞ@i@ju ¼ f; t 2 I; x 2 Rn
þ;

ujxn¼0 ¼ g; t 2 I; x0 2 Rn�1;

ujt¼0 ¼ u0; x 2 Rn
þ;

8>>>><>>>>:ð2Þ

where @t and @i :¼ @xi are partial derivatives with

respect to t and xi, u ¼ uðt; xÞ denotes the unknown

function, u0 ¼ u0ðxÞ, f ¼ fðt; xÞ and g ¼ gðt; x0Þ are

given initial, external force and boundary data,
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respectively. We assume that the coefficients

faijðt; xÞg1�i;j�n satisfy the following conditions:

Assumption: For 1 � i; j � n,

(a) aijðt; xÞ ¼ �ij þ bijðt; xÞ,
(b) bijðt; xÞ ¼ bjiðt; xÞ,
(c) there exists a constant c > 0 such that for any

� 2 RnXn
i;j¼1

aijðt; xÞ�i�j � cj�j2; ðt; xÞ 2 I �Rn
þ;

(d) bij 2 BUC ðRþ; _B
n
q

q;1ðRn
þÞÞ for some 1 � q <1,

where BUC denotes a set of all bounded

uniformly continuous functions.

For 1 � � � 1 and a Banach space X, we

denote the Bochner-Lebesgue space L�ðI;XÞ and

the inhomogeneous and homogeneous Bochner-

Sobolev spaces as W 1;�ðI;XÞ, _W 1;�ðI;XÞ, respec-

tively.

In this context, the following results have been

obtained by Weidemaier [20] and Denk-Hieber-

Prüss [8].

Proposition 1 (Dirichlet boundary condition,

[8], [20]). Let 1 < p; � <1, I ¼ ð0; T Þ with T <1.

Assume that the coefficients faijg1�i;j�n satisfy

Assumption. Then the problem (2) admits a unique

solution

u 2W 1;�ðI;LpðRn
þÞÞ \ L�ðI;W 2;pðRn

þÞÞ

if and only if

f 2 L�ðI;LpðRn
þÞÞ; u0 2 B2ð1�1=�Þ

p;� ðRn
þÞ;

g 2 F 1�1=2p
�;p ðI;LpðRn�1ÞÞ \ L�ðI;B2�1=p

p;p ðRn�1ÞÞ;
if 1� 1=ð2pÞ > 1=�, then

u0ðx0; xnÞjxn¼0 ¼ gðt; x0Þjt¼0:

Besides there exists a constant CT > 0 depending on

n, p, �, T such that the solution u is subject to the

inequality:

k@tukL�ðI;LpðRn
þÞÞ þ kr

2ukL�ðI;LpðRn
þÞÞ

� CT ðku0kB2ð1�1=2pÞ
p;� ðRn

þÞ
þ kfkL�ðI;LpðRn

þÞÞ

þ kgk
F

1�1=2p
�;p ðI;LpðRn�1ÞÞ þ kgkL�ðI;B2�1=p

p;p ðRn�1ÞÞÞ;

where jr2uj ¼ ð
P

1�i;j�n j@i@juj
2Þ1=2, L�ðI;XÞ de-

notes the �-th powered Bochner-Lebesgue space

upon a Banach space X and B2�1=p
p;p ðRn�1Þ and

F 1�1=2p
�;p ðI;XÞ denote the interpolation spaces of the

Besov and Lizorkin-Triebel type, respectively.

Weidemaier [18] first obtained a trace theorem

for functions in anisotropic Sobolev spaces. Then he

extended his result to a boundary trace of a solution

of parabolic equations in the Bochner space and

obtained the optimal trace estimate ([19], [20]) with

introducing the Lizorkin-Triebel space in the time

variable. In the proof of the results, he employed an

solution formula with respect to the time variable,

and the proof is involved the maximal function for a

test function and hence he imposed a restriction
n
2 < p � � <1 for exponents. Denk-Hieber-Prüss [8]

obtained the necessary and sufficient condition of

maximal regularity to the initial-boundary value

problem including higher order elliptic operators in

a domain � � Rn with a compact boundary. The

proof in [8] is based on the vector valued version of

Mikhlin’s Fourier multiplier theorem, and accord-

ingly the result is restricted in the cases 1 < p; � <

1. Their result is essentially a time local estimate

because the boundary conditions are limited in the

inhomogeneous real interpolation spaces.

In this article, we show time global maximal

L1-regularity for the parabolic initial-boundary

value problem (2). Danchin-Mucha [5] obtained

time global maximal L1-regularity result for the

heat equation in the half-space with boundary data

g ¼ 0. Therefore, it is essential to treat non-zero

boundary data g. We show the results and an

outline of the proof in this article. The full proof is

given in a paper elsewhere.

Since the global estimate requires the base

space for spatial variable x in the homogeneous

Besov space, we introduce the homogeneous Besov

space over Rn
þ (see for details Peetre [15], Triebel

[16]).

Definition (The Besov and Lizorkin-Triebel

spaces). Let s 2 R, 1 � p; � � 1. Let f�jgj2Z be

the Littlewood-Paley dyadic decomposition of unity

for x 2 Rn, namely �̂ð�Þ is the Fourier transform

of a smooth radial function �ðxÞ with �̂ð�Þ � 0,

supp �̂ � f� 2 Rn j 2�1 � j�j � 2g, and

�̂jð�Þ ¼ �̂ð2�j�Þ;
X
j2Z

�̂jð�Þ ¼ 1

for all � 6¼ 0. For s 2 R and 1 � p; � � 1, _Bs
p;�ðRnÞ

be the homogeneous Besov space with norm

k~fk _Bs
p;�
�

X
j2Z

2s�jk�j � ~fk�p

 !1=�

; 1 � � <1;

sup
j2Z

2sjk�j � ~fk�p; � ¼ 1:

8>>><>>>:
Bs
p;�ðRnÞ denotes the inhomogeneous Besov space
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with a usual norm. For s 2 R, 1 � p <1 and 1 �
� � 1, _Fs

p;�ðRnÞ be the homogeneous Lizorkin-

Triebel space with norm

k~fk _Fs
p;�
�

X
j2Z

2s�jj�j � ~fð	Þj�
 !1=�
������

������
p

;

1 � � <1;���sup
j2Z

2sjj�j � ~fð	Þj
���
p
; � ¼ 1:

8>>>>>>><>>>>>>>:
We define the homogeneous Besov space _Bs

p;�ðRn
þÞ

as the set of all measurable functions f in Rn
þ

satisfying

kfk _Bs
p;�ðRn

þÞ � inf

�
k~fk _Bs

p;�ðRnÞ <1;

~f ¼
fðx0; xnÞ ðxn > 0Þ
any extension ðxn < 0Þ

� ��
:

Definition (The Bochner-Lizorkin-Triebel spaces).

Let s 2 R, 1 � p; � � 1 and XðRn
þÞ be a Banach

space on Rn
þ with the norm k 	 kX. Let f kgk2Z be the

Littlewood-Paley dyadic decomposition of unity for

t 2 R. For s 2 R and 1 � p <1, _Fs
p;�ðR;XÞ be the

Bochner-Lizorkin-Triebel space with norm

k~fk _Fs
p;�ðR;XÞ

�

X
k2Z

2s�kk k � ~fðt; 	Þk�X

 !1=�
������

������
LpðRtÞ

;

1 � � <1;���sup
k2Z

2skk j � ~fðt; 	ÞkX
���
LpðRtÞ

; � ¼ 1:

8>>>>>>><>>>>>>>:
Analogously above, we define the Bochner-

Lizorkin-Triebel spaces _Fs
p;�ðI;XÞ as the set of all

measurable functions f on X satisfying

kfk _Fs
p;�ðI;XÞ � inf

�
k~fk _Fs

p;�ðR;XÞ <1;

~f ¼
fðt; xÞ ðt 2 IÞ
any extension ðt 2 R n IÞ

� ��
:

We note that all the spaces of homogeneous type

are understood as the Banach spaces by introducing

the quotient spaces identifying all polynomial dif-

ferences.

The next theorems are our main results max-

imal L1-regularity for the problem (2).

Theorem 2 (The Dirichlet, constant coeffi-

cients case). Let 1 < p <1 and assume that the

coefficients faijg1�i;j�n satisfy Assumption and be

constants. Then the problem (2) admits a unique

solution

u 2 _W 1;1ðRþ; _B0
p;1ðRn

þÞÞ \ L1ðRþ; _B2
p;1ðRn

þÞÞ

if and only if the external, initial and boundary data

in (2) satisfies

f 2 L1ðRþ; _B0
p;1ðRn

þÞÞ; u0 2 _B0
p;1ðRn

þÞ;

g 2 _F
1�1=2p
1;1 ðRþ; _B0

p;1ðRn�1ÞÞ

\ L1ðRþ; _B
2�1=p
p;1 ðRn�1ÞÞ;

respectively. Besides the solution u satisfies the

following estimate for some constant C > 0 depend-

ing only on p and n

k@tukL1ðRþ; _B0
p;1
ðRn
þÞÞ þ kr

2ukL1ðRþ; _B0
p;1
ðRn
þÞÞ

� Cðku0k _B0
p;1
ðRn
þÞ þ kfkL1ðRþ; _B0

p;1
ðRn
þÞÞ

þ kgk _F
1�1=2p
1;1

ðRþ; _B0
p;1
ðRn�1ÞÞ

þ kgk
L1ðRþ; _B

2�1=p
p;1

ðRn�1ÞÞÞ:

Theorem 3 (The Dirichlet, variable coeffi-

cients case). Let 1 < p <1. Assume that the

coefficients faijg1�i;j�n satisfy Assumption. For

any T <1, let I ¼ ð0; T Þ. Then the problem (2)

admits a unique solution

u 2 _W 1;1ðI; _B0
p;1ðRn

þÞÞ \ L1ðI; _B2
p;1ðRn

þÞÞ

if and only if the external force, the initial data and

the boundary data satisfy

f 2 L1ðI; _B0
p;1ðRn

þÞÞ; u0 2 _B0
p;1ðRn

þÞ;

g 2 _F
1�1=2p
1;1 ðI; _B0

p;1ðRn�1ÞÞ \ L1ðI; _B
2�1=p
p;1 ðRn�1ÞÞ;

respectively. Besides the solution u satisfies the

following estimate for some constant CM ¼
CMðn; p; q; aijÞ > 0

k@tukL1ðI; _B0
p;1
ðRn
þÞÞ þ kr

2ukL1ðI; _B0
p;1
ðRn
þÞÞ

� CM
Z T

0

e�ðT�sÞkfðsÞk _B0
p;1
ds

þ CM
�

1þ max
1�ij�n

kbijkL1ðI; _B
n=q
q;1
Þ

�
e�T

�
�
ku0k _B0

p;1
þ kgk _F

1�1=2p
1;1

ðI; _B0
p;1
ðRn�1ÞÞ

þ kgk
L1ðI; _B

2�1=p
p;1

ðRn�1ÞÞ
�
;

where � ¼ C2
M logð1þ CMÞ.

Remarks.

(a) Since 1� 1
2p < 1 for all 1 < p <1, the com-

patibility condition
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u0ðx0; xnÞjxn¼0 ¼ gðt; x0Þjt¼0

holds in the trace sense and does not necessa-

rily hold in the point-wise sense.

(b) In Theorems 2 and 3, it holds that

u 2 Cbð½0;1Þ; _B0
p;1ðRn

þÞÞ;
u 2 Cbð½0; T Þ; _B0

p;1ðRn
þÞÞ;

respectively, where Cb is the set of all contin-

uous and bounded functions.

(c) In Theorem 2, a similar estimate for the finite

time interval I ¼ ð0; T Þ with T <1 is also

available. In such a case the class of u0 is

relaxed into B0
p;1ðRn

þÞ 
 _B0
p;1ðRn

þÞ and the

bound C can be estimated as C ¼ OðlogT Þ.
3. Outline of the proof. First we decom-

pose the problem (2) into the homogeneous and

inhomogeneous problems on the boundary condi-

tions. Let

uðt; xÞ ¼ u1ðt; xÞjxn>0 þ u2ðt; xÞ þ u3ðt; xÞ;

where each function solves the following decom-

posed equations:

@tu1 ��u1 ¼ 0; t > 0; x 2 Rn;

u1jt¼0 ¼
u0ðx0; xnÞ; xn > 0;

�u0ðx0;�xnÞ; xn < 0;

(
x 2 Rn;

8><>:ð3Þ
@tu2 ��u2 ¼ 0; t > 0; x 2 Rn

þ;

u2jxn¼0 ¼ g� u1jxn¼0 � h; t > 0; x0 2 Rn�1;

u2jt¼0 ¼ 0; x 2 Rn
þ;

8><>:ð4Þ
@tu3 �

X
1�i;j�n

aijðt; xÞ@i@ju3

¼ f þ
X

1�i;j�n
bijðt; xÞ@i@jðu1 þ u2Þ

t > 0; x 2 Rn
þ;

u3jxn¼0 ¼ 0; t > 0; x0 2 Rn�1;

u3jt¼0 ¼ 0; x 2 Rn
þ:

8>>>>>>>>>><>>>>>>>>>>:
ð5Þ

The problem (3) is considered by Chemin [3] and

Danchin [4]. The third problem (5) is a simple

extension by the odd reflection of the Cauchy

problem in the whole space which is analyzed by

Danchin [4] and authors [14]. Therefore we only

consider the initial-boundary problem of the

heat equation in the half-space (4) with non-zero

Dirichlet boundary data h. Applying the Laplace

transform with respect to time and the partial

Fourier transform with respect to x0, we obtain

ð�þ j�0j2 � @2
nÞLuð�; �0; xnÞ ¼ 0;

Luð�; �0; 0Þ ¼ Lhð�; �0Þ:

(
Then it follows that

Luð�; �0; xnÞ ¼ Lhð�; �0Þe�
ffiffiffiffiffiffiffiffiffiffiffi
�þj�0 j2
p

xn ;

where we use a branch such that Re
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ j�0j2

p
> 0.

Hence the solution of (4) is expressed by

uðt; xÞ ¼
cn�1

2	i

�
Z

�

e�t
Z

Rn�1
eix

0 	�0Lhð�; �0Þe�
ffiffiffiffiffiffiffiffiffiffiffi
�þj�0j2
p

xnd�0d�;

where cn�1 ¼ ð2	Þ�ðn�1Þ=2. By taking a limit proce-

dure, we take the path of integral � ¼ iR and � ¼
i
 . We set xn ¼: � like a parameter and

�Dðt; x0; �Þ

¼ cn
Z

R

Z
Rn�1

eit
þix
0	�0
�2e�

ffiffiffiffiffiffiffiffiffiffiffiffi
i
þj�0 j2
p

�d�0d
:

Then it holds that

@tuðt; x0; �Þ ¼ L�1½i
e�
ffiffiffiffiffiffiffiffiffiffiffiffi
i
þj�0 j2
p

�� � hðt; x0Þ
¼ ��2�Dðt; x0; �Þ � hðt; x0Þ:

Here we introduce f�mðxÞgm2Z as a Littlewood-

Palay dyadic decomposition for x ¼ ðx0; xnÞ. For

m 2 Z, let c�mð�nÞ be a smooth function such thatc�mð�nÞ ¼ 1 for 0 � j�nj � 2m and ¼ 0 for 2mþ1 � j�nj,
and setc�mð�Þ :¼ c�mðj�0jÞ � d�m�1ð�nÞ þc�mðj�0jÞ � c�mð�nÞ:
ThenX

m2Z

c�mð�Þ ¼ 1; 8� ¼ ð�0; �nÞ 2 Rn
þ n f0g:

Using f�mðxÞgm2Z, we obtain

k@tuðtÞk _B0
p;1
ðRnÞ ¼

X
m2Z

k�m � ð��2�D � hÞðtÞkLpðRnÞ:

Next we split the boundary data h as

hðt; x0Þ
¼
X
k2Z

X
m2Z

 kðtÞ �
ðtÞ
�mðx0Þ �

ðx0Þ
hðt; x0Þ

¼
X
k2Z

X
2m�k

þ
X

2m>k

 !
 kðtÞ �

ðtÞ
�mðx0Þ �

ðx0Þ
hðt; x0Þ

¼ hT ðt; x0Þ þ hSðt; x0Þ;

where  kðtÞ and �mðx0Þ are the Littlewood-Palay

decomposition of unity for t and x0 respectively. The
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term hT ðt; x0Þ where summation with respect to m

runs 2m � k is time dominated and the term

hSðt; x0Þ where summation with respect to m runs

2m > k is space dominated. The following almost

orthogonality is the key to our argument.

Lemma 4 (Almost orthogonality). For any

� 2 I�‘ � ½2�‘; 2�‘þ1Þ, there exists Cn > 0 such that����Dðt; x0; �Þ �
ðt;x0Þ

 kðtÞ �
ðtÞ
�mðx0Þ

���
L1
x0

�

Cn2k�2‘ð1þ 2ðnþ2Þðk�2‘ÞÞe�2
1
2
ðk�2‘Þ 2k

2khti2
;

2m � k;

Cn22ðm�‘Þð1þ 2ðnþ2Þ2ðm�‘ÞÞe�2ðm�‘Þ 2k

2khti2
;

2m � k:

8>>>>>>>><>>>>>>>>:
Applying Lemma 4, we obtainX

m2Z

k�m � ð��2�D � hT ÞkLpðRnÞ

�����
�����
L1ðRÞ

� Ckhk _F
1�1=2p
1;1

ðRþ; _B0
p;1
ðRn�1ÞÞ;X

m2Z

k�m � ð��2�D � hSÞkLpðRnÞ

�����
�����
L1ðRÞ

� Ckhk
L1ðRþ; _B

2�1=p
p;1

ðRn�1ÞÞ;

where constant C > 0 is independent of h.

Finally, the necessity is obtained by the

following optimality trace.

Lemma 5 (The Dirichlet boundary trace).

Let 1 < p <1. There exists a constant C > 0

depending only on p and n such that for all func-

tions u ¼ uðt; x0; xnÞ 2 _W 1;1ðRþ; _B0
p;1ðRn

þÞÞ \ L1ðRþ;
_B2
p;1ðRn

þÞÞ with uð0; xÞ ¼ 0

sup
xn2Rþ

ðkuð	; 	; xnÞk _F
1�1=2p
1;1

ðRþ; _B0
p;1
ðRn�1ÞÞ

þ kuð	; 	; xnÞkL1ðRþ; _B
2�1=p
p;1

ðRn�1ÞÞÞ

� Cðk@tukL1ðRþ; _B0
p;1
ðRn
þÞÞ þ kr

2ukL1ðRþ; _B0
p;1
ðRn
þÞÞÞ:

4. The Neumann boundary condition

case. Similar to the initial-boundary value prob-

lem with the Dirichlet condition, we consider the

initial-boundary value problem of the Neumann

boundary condition:

@tu�
Xn
i;j¼1

aijðt; xÞ@i@ju ¼ f; t 2 I; x 2 Rn
þ;

@nujxn¼0 ¼ g; t 2 I; x0 2 Rn�1;

ujt¼0 ¼ u0; x 2 Rn
þ:

8>>>><>>>>:ð6Þ
For the case of Neumann boundary problem (6), we

obtain maximal L1-maximal regularity results in

the similar manner as in the proof of Dirichlet

boundary condition case.

Theorem 6 (The Neumann, constant coeffi-

cients case). Let 1 < p <1 and assume that the

coefficients faijg1�i;j�n satisfy Assumption and be

constants. Then the problem (6) admits a unique

solution

u 2 _W 1;1ðRþ; _B0
p;1ðRn

þÞÞ \ L1ðRþ; _B2
p;1ðRn

þÞÞ

if and only if

f 2 L1ðRþ; _B0
p;1ðRn

þÞÞ; u0 2 _B0
p;1ðRn

þÞ;

g 2 _F
1=2�1=2p
1;1 ðRþ; _B0

p;1ðRn�1ÞÞ

\ L1ðRþ; _B
1�1=p
p;1 ðRn�1ÞÞ

respectively. Besides the solution u satisfies the

following estimate for some constant C > 0 depend-

ing only on p and n

k@tukL1ðRþ; _B0
p;1
ðRn
þÞÞ þ kr

2ukL1ðRþ; _B0
p;1
ðRn
þÞÞ

� C
�
ku0k _B0

p;1
ðRn
þÞ þ kfkL1ðRþ; _B0

p;1
ðRn
þÞÞ

þ kgk _F
1=2�1=2p
1;1

ðRþ; _B0
p;1
ðRn�1ÞÞ

þ kgk
L1ðRþ; _B

1�1=p
p;1

ðRn�1ÞÞ

�
:

Theorem 7 (The Neumann, variable coeffi-

cients case). Let 1 < p <1 and assume that the

coefficients faijg1�i;j�n satisfy Assumption. For any

T <1, let I ¼ ð0; T Þ. Then the problem (6) admits a

unique solution

u 2 _W 1;1ðI; _B0
p;1ðRn

þÞÞ \ L1ðI; _B2
p;1ðRn

þÞÞ

if and only if the external force, the initial data and

the boundary data satisfy

f 2 L1ðI; _B0
p;1ðRn

þÞÞ; u0 2 _B0
p;1ðRn

þÞ;

g 2 _F
1=2�1=2p
1;1 ðI; _B0

p;1ðRn�1ÞÞ

\ L1ðI; _B
1�1=p
p;1 ðRn�1ÞÞ;

respectively. Besides the solution u satisfies the

following estimate for some constant CM ¼
CMðn; p; q; aijÞ > 0
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k@tukL1ðI; _B0
p;1
ðRn
þÞÞ þ kr

2ukL1ðI; _B0
p;1
ðRn
þÞÞ

� CM
Z T

0

e�ðT�sÞkfðsÞk _B0
p;1
ds

þ CM
�

1þ max
1�ij�n

kbijkL1ðI; _B
n=q
q;1
Þ

�
e�T

�
�
ku0k _B0

p;1
þ kgk _F

1=2�1=2p
1;1

ðI; _B0
p;1
ðRn�1ÞÞ

þ kgk
L1ðI; _B

1�1=p
p;1

ðRn�1ÞÞ

�
;

where � ¼ C2
M logð1þ CMÞ.

5. Further problems. It is possible to ex-

tend the results to more general domain � such as a

bounded domain with smooth boundary if _Bs
p;�ð�Þ is

the restriction of _Bs
p;�ðRnÞ (cf. Triebel [17]).
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