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Abstract: Let �n be a primitive nth root of unity. As is well known, Z½�n þ ��1
n � is the ring

of integers of Qð�n þ ��1
n Þ. We give an alternative proof of this fact by using the resultants of

modified cyclotomic polynomials.
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1. Introduction. Let �n be a primitive nth

root of unity. It is well known that Z½�n� is the ring

of integers of the nth cyclotomic field Qð�nÞ.
Generally this is proved by reducing the case of

general n to the prime-power case (cf. [5]). On the

other hand, Lüneburg [4] directly proved the case of

general n by showing that Z½�n� is a Dedekind

domain.

It is also well known that Z½�n þ ��1
n � is the ring

of integers of the nth real cyclotomic field Qð�n þ
��1
n Þ. This fact easily follows from the corresponding

fact for Qð�nÞ (cf. [5]). Another proof by use of the

ramification groups is found in [3]. The purpose of

this note is to give yet another proof of this fact,

applying the method of [4] to Qð�n þ ��1
n Þ. A key

ingredient in the proof is the computation of the

resultants of modified cyclotomic polynomials by

the second named author in [8]. We also compute

the discriminants of modified cyclotomic polyno-

mials. We remark that analogous results have been

obtained for cyclotomic function fields in [1].

2. Chebyshev polynomials and modified

cyclotomic polynomials. We recall the defini-

tion of Chebyshev polynomials and modified cyclo-

tomic polynomials, and quote some of their proper-

ties.

Definition 2.1. The Chebyshev polyno-

mials Tn, Un, Vn, and Wn of the first, second, third,

and fourth kind, respectively, are characterized by

Tnðcos �Þ ¼ cosn�; Unðcos �Þ ¼
sinðnþ 1Þ�

sin �
;

Vnðcos �Þ ¼
cosðnþ 1=2Þ�

cos �=2
;

Wnðcos �Þ ¼
sinðnþ 1=2Þ�

sin �=2
;

where n is a nonnegative integer. The normalized

Chebyshev polynomials of the first and second kind

are defined by CnðxÞ ¼ 2Tnðx=2Þ, SnðxÞ ¼ Unðx=2Þ.
We adopt Schur’s notation S n ¼ Sn�1. For odd

n we define V nðxÞ ¼ Vðn�1Þ=2ðx=2Þ, W nðxÞ ¼
Wðn�1Þ=2ðx=2Þ.

Note that these polynomials all have integral

coefficients.

Lemma 2.2.

C0nðxÞ ¼ nS nðxÞ;ð2:1Þ

V 0nðxÞ ¼
nW nðxÞ � V nðxÞ

2ðxþ 2Þ
ðn : oddÞ andð2:2Þ

W 0
nðxÞ ¼

nV nðxÞ �W nðxÞ
2ðx� 2Þ

ðn : oddÞ:ð2:3Þ

We define the modified cyclotomic polynomials

�n. For n � 3 let �n be the minimal polynomial of

2 cosð2�=nÞ over Q. Then �nðxÞ 2 Z½x� and

degð�nÞ ¼ ’ðnÞ=2. We do not define �1;�2 them-

selves, but instead we define their squares by

�1ðxÞ2 ¼ x� 2; �2ðxÞ2 ¼ xþ 2:

Proposition 2.3 ([6, Proposition 2.4]).

(a) For n � 3, we have

CnðxÞ ¼
Y

djn; nd :odd

�4dðxÞ;

S nðxÞ ¼
Y

2<dj2n
�dðxÞ:

(b) For odd n � 3, we have

V nðxÞ ¼
Y

1<djn
�2dðxÞ;ð2:4Þ
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W nðxÞ ¼
Y

1<djn
�dðxÞ:ð2:5Þ

Lemma 2.4. Let n 6� 2 (mod 4Þ. Let p be a

prime and e,m positive integers such that n ¼
pem; p - m. Then,

�nðxÞ � �mðxÞ’ðp
eÞ (mod pÞ:

Note that the right side makes sense even if m ¼ 1

since ’ðpeÞ is even by our assumption.

Proof. In the case where m � 3, this follows

from [8, (3.4)].

In the case where m ¼ 1, we are reduced to the

case where n ¼ p � 3 or n ¼ 4, p ¼ 2, by [8, (3.4)].

Suppose n ¼ p � 3. By (2.5) and [7, Lemma 2.1

(ix)], we have

�pðxÞ ¼ W pðxÞ � ðx� 2Þ
p�1

2 ¼ �1ðxÞ’ðpÞ (mod pÞ:

For n ¼ 4, p ¼ 2, we have

�4ðxÞ ¼ x � �1ðxÞ’ð4Þ (mod 2Þ:

Since m 6¼ 2, we complete the proof. �

For a positive integer n let LðnÞ ¼ p if n is a

power of some prime p, and LðnÞ ¼ 1 otherwise.

Lemma 2.5 ([8, Lemma 3.1]). Let n � 3.

(a) �nð2Þ ¼ LðnÞ.

(b) j�nð�2Þj ¼
1 if n is odd;

Lðn=2Þ if n is even:

�

Let resðf; gÞ denote the resultant of two poly-

nomials f and g.

Theorem 2.6 ([8, Theorem 3.2]). Let 3 �
m < n.

jresð�n;�mÞj ¼ Lðn=mÞ
’ðmÞ

2 if m j n;
1 otherwise:

(

3. The discriminant of �nðxÞ. We give an

alternative proof of the following well known result.

Let �ðfÞ denote the discriminant of a polynomial f .

Proposition 3.1 ([2, Theorem 3.8]). Let n �
3. If n ¼ 2e; e > 1, then

�ð�nÞ ¼ 2ðe�1Þ2e�2�1:

If n ¼ pe or n ¼ 2pe, p is an odd prime, then

�ð�nÞ ¼ p
epe�ðeþ1Þpe�1�1

2 :

Otherwise,

�ð�nÞ ¼
n
’ðnÞ

2Q
pjn p

’ðnÞ
2ðp�1Þ

:

Proof. Since all roots of �n are real, �ð�nÞ is

positive. So we ignore the signs in the computation

of �ð�nÞ throughout this proof.

Case n : odd If �nð�Þ ¼ 0, by (2.3) and (2.5),

we have

nV nð�Þ
2ð�� 2Þ

¼ W 0
nð�Þ

¼ �0nð�Þ
Y

1<djn; d 6¼n
�dð�Þ:

Then it follows that

�ð�nÞ ¼
Y
�

�0nð�Þð3:1Þ

¼
n
’ðnÞ

2
Q

� V nð�Þ

2
’ðnÞ

2 ð
Q

�ð�� 2ÞÞð
Q

�

Q
1<djn; d 6¼n �dð�ÞÞ

where � ranges over the roots of �n. By (2.4) and

Theorem 2.6 we haveY
�

V nð�Þ ¼
Y

1<djn
resð�n;�2dÞð3:2Þ

¼ resð�n;�2nÞ

¼ 2
’ðnÞ

2 :

Lemma 2.5 (a) givesY
�

ð�� 2Þ ¼ �nð2Þ ¼ LðnÞ:ð3:3Þ

Finally we computeY
�

Y
1<djn; d 6¼n

�dð�Þ ¼
Y

1<djn; d 6¼n
resð�n;�dÞð3:4Þ

as follows: If n ¼ pe, then, by Theorem 2.6 we haveY
1<djn; d6¼n

resð�n;�dÞ ¼
Ye�1

i¼1

p
’ðpiÞ

2 ¼ p
pe�1�1

2 :ð3:5Þ

If n ¼
Qt

i¼1 p
ei
i , t � 2, ei � 1, then, by Theorem 2.6,

we have

Y
1<djn; d 6¼n

resð�n;�dÞ ¼
Yt
i¼1

Yei
j¼1

p
’ðn=pj

i
Þ

2
ið3:6Þ

¼
Yt
i¼1

p

’ðnÞ
2ðpi�1Þ
i ;
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since

Xei
j¼1

’ðn=pjiÞ ¼ ’ðn=p
ei
i Þ
Xei�1

j¼0

’ðpjiÞ

¼ ’ðn=peii Þpei�1

¼
’ðnÞ
pi � 1

:

Substituting (3.2)–(3.6) into (3.1), the desired

identity follows.

The argument is similar in the remaining cases,

so we just provide some key identities:

Case n � 2 (mod 4Þ

ðn=2ÞW n=2ð�Þ
2ð�þ 2Þ

¼ V 0n=2ð�Þ

¼ �0nð�Þ
Y

1<djn2 ; d 6¼
n
2

�2dð�Þ:

�ð�nÞ ¼
n

4

� �’ðn=2Þ
2

�
Q

�W n
2
ð�Þ

ð
Q

�ð�þ 2ÞÞð
Q

�

Q
1<djn2 ; d 6¼

n
2

�2dð�ÞÞ
;

Y
�

W n
2
ð�Þ ¼

Y
1<djn2

resð�n;�dÞ

¼ resð�n;�n
2
Þ

¼ 2
’ðn=2Þ

2 ;Y
�

ð�þ 2Þ ¼ �nð�2Þ ¼ Lðn=2Þ:

If n ¼ 2pe, thenY
�

Y
1<djn2 ; d 6¼

n
2

�2dð�Þ ¼ p
pe�1�1

2 :

If n ¼ 2
Qt

i¼1 p
ei
i , t � 2, ei � 1, then

Y
�

Y
1<djn2 ; d 6¼

n
2

�2dð�Þ ¼
Yt
i¼1

p
’ðnÞ

2ðpi�1Þ
i :

Case n � 0 (mod 4Þ

n

4
S n=4ð�Þ ¼ C0n=4ð�Þ ¼ �0nð�Þ

Y
d

�4dð�Þ;

the product being taken over all d such that d j n4 ,

d 6¼ n
4 , n

4d is odd,

�ð�nÞ ¼
n

4

� �’ðnÞ
2

Q
�S n

4
ð�ÞQ

�

Q
d �4dð�Þ

:

If n ¼ 2e, thenY
�

Y
d

�4dð�Þ ¼
Y
d

resð�n;�4dÞ ¼ 1;

Y
�

S n=4ð�Þ ¼
Y

2<djn2

resð�n;�dÞ

¼
Ye�1

j¼2

resð�n;�2jÞ

¼ 22e�2�1:

If n ¼
Qt

i¼1 p
ei
i , t � 2, ei � 1, then

Y
�

Y
d

�4dð�Þ ¼
Y
d

resð�n;�4dÞ ¼
Yt
i¼1

p

’ðnÞ
2ðpi�1Þ
i ;

Y
�

S n=4ð�Þ ¼
Y

2<djn2

resð�n;�dÞ

¼
Ye
j¼1

resð�n;� n
2j
Þ

¼ 2
’ðnÞ

2 : �

4. The ring of integers of Qð�n þ
��1
n Þ. We need the following lemma to prove

Theorem 4.2. Let Fp ¼ Z=pZ.

Lemma 4.1 ([4, Hilfssatz 4]). Let � be an

algebraic integer, and fðxÞ the minimal polynomial

of � over Q. Let P be a maximal ideal of Z½�� and p

the prime such that pZ ¼ P \ Z. Let �ðxÞ be a monic

polynomial over Z of least degree such that �ð�Þ 2 P .

Then, there exist polynomials gðxÞ; hðxÞ 2 Z½x� such

that f ¼ �hþ pg. Suppose gcdð�; g; hÞ ¼ 1 over Fp.

Then, the localization of Z½�� at P is a discrete

valuation ring.
The main result of this note is the following

Theorem 4.2. Let n � 3. Then Z½�n þ ��1
n �

is a Dedekind domain. Therefore Z½�n þ ��1
n � is the

ring of algebraic integers in the field Qð�n þ ��1
n Þ.

Proof. We may assume n 6� 2 (mod 4Þ since

�n ¼ ��n=2 if n � 2 (mod 4Þ. Put � ¼ �n þ ��1
n , R ¼

Z½��. We shall prove that R is a Dedekind domain

by showing that the localization RP is a discrete

valuation ring for each maximal ideal P 	 R. Let p

be the prime such that pZ ¼ P \ Z.

First we consider the case where p - n. By

Proposition 3.1 we have p - �ð�nÞ, so that �nðxÞ is

separable over Fp. If we apply Lemma 4.1 to

f ¼ �n, then �ðxÞ and hðxÞ have no common roots

over the algebraic closure Fp, so RP is a discrete

valuation ring.

Suppose p j n and write n ¼ pem, e � 1, p - m.
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By Lemma 2.4, there exists gðxÞ 2 Z½x� such that

�nðxÞ ¼ �mðxÞ’ðp
eÞ þ pgðxÞ:ð4:1Þ

Note that ’ðpeÞ is even by our assumption n 6�
2 (mod 4Þ.

Lemma 4.3. gð�Þ is a unit in R.

Proof. Suppose m � 3. By Theorem 2.6 we

have

p’ðnÞ ¼ p’ðmÞ’ðpeÞ

¼ resð�n;�mÞ2’ðp
eÞ

¼
Y
�

ð�mð�Þ’ðp
eÞÞ2;

the product being taken over the roots � of �n.

Since �mð�Þ’ðp
eÞ ¼ �pgð�Þ by (4.1), we have

p’ðnÞ ¼ p
’ðnÞ

2

Y
�

gð�Þ
 !2

:

Hence
Q

� gð�Þ ¼ 
1, from which we conclude that

gð�Þ is a unit in R.

Suppose m ¼ 1. By Lemma 2.5 we have

resð�pe ;�
2
1Þ ¼ resð�pe ; x� 2Þ ¼ 
�peð2Þ ¼ 
p;

so that

p’ðp
eÞ ¼ resð�pe ;�

2
1Þ
’ðpeÞ ¼ p

’ðpeÞ
2

Y
�

gðxÞ
 !2

:

Hence the claim follows similarly. �

We return to the proof of Theorem 4.2. One

could proceed as in [4], but here we give a shorter

proof which was suggested to us by the referee. In

the notation of Lemma 4.1, we take f; �; g such that

fðxÞ ¼ �nðxÞ and gðxÞ is defined by (4.1). Since

every root of �ðxÞ mod P coincides with � mod P

for some choice of primitive nth root of unity �n,

we see, by Lemma 4.3, that �ðxÞ and gðxÞ have no

common roots over Fp. Hence RP is a discrete

valuation ring by Lemma 4.1. This completes the

proof. �
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