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Entire functions sharing one finite value with their derivatives

in some angular domains

By Xiao-Min L1, Xue-Feng L1U* and Hong-Xun Y1)

(Communicated by Kenji FUKAYA, M.J.A., Dec. 14, 2015)

Abstract:

We study the uniqueness question of transcendental entire functions sharing

one finite nonzero value with their derivatives in some angular domains instead of the whole
complex plane. The results in the present paper improve and extend the corresponding results
from Chang-Fang [2] and extend Theorem 3 from Zheng [15]. An example is provided to show
that the results in this paper, in a sense, are best possible.
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1. Introduction and main results. Let f:
C — CU{o0} be a transcendental meromorphic
function, where C is the complex plane. We assume
that the readers are familiar with the Nevanlinna
theory of meromorphic functions and the standard
notations such as Nevanlinna’s deficiency 6(a, f) of
f with respect to a € C and Nevanlinna character-
istic T'(r, f) of f. Moreover, the definitions of the
lower order u(f) and the order p(f) can be found in
Hayman [7] and Laine [10]. An a € CU {oo} is
called an IM (CM) shared value in a domain X C C
of two meromorphic functions f and g, if in X,
f(2) = a if and only if g(z) = a ignoring multiplic-
ities (counting multiplicities). Throughout this
paper, we denote by n(r,C \ X, a, f) the number of
a-points of fin {z:2€ C\ X} N{z:|z| < r}, where
each a-point of f in n(r,C\ X,a, f) is counted
according its multiplicity. We also denote by
n(r,C\ X,a, f) the reduced form of n(r,C\ X,
a, f). Nevanlinna [11] proved that if two meromor-
phic functions f and g have five distinct IM shared
values in X = C, then f = g. Later on, many math-
ematicians in the world treated some uniqueness
questions of meromorphic functions with shared
values in the whole complex plane (cf. Yang-Yi [12]).
In 1986, Jank-Mues-Volkmann [9] proved that if a
nonconstant meromorphic function f shares a non-
zero finite complex value a CM with f" and f”, then
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f=f" Later on, Yang [13] and Chang-Fang [2]
studied the uniqueness question of entire functions
share one finite nonzero complex number with their
derivatives, and dealt with a question posed by
Yang and Yi (cf. [12, p. 398]). An example from
Yang [13] shows that this question is negative. In
2004, Zheng [15] first took into the uniqueness
question of meromorphic functions with shared
values in some angular domains. Next, we consider
g pairs of real numbers {a;, 5;} and let a positive
number w such that

(11) < <fi<<f<---<a<f <,
T ™

™
51—041752—@27 ’Bq_aq}.

In this paper, we will study the following
question: Let f be a nonconstant meromorphic
function, a a nonzero finite complex number, and k,
m two distinct positive integers. Suppose that f,
f® and f™ share a CM in some angular domains
instead of the whole complex plane, can we have
f®) = fm? In this direction, we will prove the
following result:

Theorem 1.1. Let f be a transcendental
entire function with finite lower order p such that
for some b e C, § =6(b, f) > 0. Suppose that ¢ > 3
pairs of real numbers {«a;, 5;} satisfy (1.1) and

4 4 0
. —0:) < = 3] -,
2 (ovjr1 — 5j) ~ arcsin \/;

where o = max{w, u}, w is defined as in (1.2), that

g
fo f% and f™ share a CM in X = J{z:q; <
=1

(12) w= max{

(1.3)

J
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argz < 3}, and that f% and f share a IM n
C\ X, where k and m are two distinct positive
integers satisfying k> m, a is a finite nonzero
complex number. If there exists some positive
integer Ny such that

(1.4) n(r,C\ X,a, f) < Ny,

as v — 00, then fH) = fm),
If we remove the assumption “u(f) < o0” in
Theorem 1.1, we have the following result:
Theorem 1.2. Let f be a transcendental
entire function such that for some be C, 6=
6(b, f) > 0. Assume that for ¢ > 3 radii argz = q;
(1 <j < q) satisfying

(1.5) <o <ag<- - <y <T,ou = ap + 27,
q

that f, f* and f™ share a CM in X = C\ J{z:
=1

argz = «;}, and that f® and f' share a IM in
A, where k and m are two distinct positive integers
satisfying k> m, a is a finite nonzero complex
number, and A. is the union of the sectors
q

(1.6) A = U{z Dlargz — oy < e}

J=1
for € > 0. If there exists some positive integer No
such that w(r,n(r, A, a, f) < Ny, then f¥) = fm,

The following example shows that the assump-
tion “6 = 6(b, f) > 0” in Theorems 1.1 and 1.2, the
assumption (1.4) in Theorems 1.1 and the assump-
tion “m(r,n(r,Ac,a, f) < Ny” in Theorems 1.2 can
not be simply dropped:

Example 1.1 ([15, Remark A]). For each
r_eal number a satisfying 0 < a <1, we let sinz =
‘312_257“ = a, where z=x + y and z,y € R. Then we
have e Ycosx =a and e ¥Ysinz = V1 —a?, and so
e 2 = 1, which implies y = 0. Hence z = x is a real
number. Similarly, if cosz = % = a, where z =
xz+ 1yt and z,y € R, then we can deduce y = 0 and
So z = x is also a real number. Therefore, for each
real number a satisfying 0 < a <1, f(z) = sin z and
f'(2) and f¥W(2) can take over a only on the real
axis, and so they share ¢ CM in the domain X =
C\ R. Obviously, w= p(sinz) = p(cosz) =1 and
A. ={z:|argz+ 7| <e}U{z:|argz| < e} for &>
0. Moreover, §(b,sinz) =0 for all b € C, and that
a(r, Az, a, f) — oo, as 7 — oo. But f' # f&.

2. Preliminaries. In this section, we intro-
duce some important lemmas to prove the main
results in this paper.
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First, we introduce the Nevanlinna theory
on an angular domain, which can be found in
Goldberg-Ostrovskii [5, pp. 23-26]:

Let f be a meromorphic function on the
angular  domain  Q(a,8) = {z:a < argz < (1,
where «, 8 € [0,27] and so 0 < § — a < 27. Follow-
ing Goldberg-Ostrovskii [5, pp. 23-26], we define

Aa‘{i(rv f)
S | ot
=2 [ - 55 ) o e+ 1o (e

™

(21) Ba,ﬁ<r7 f)
2w [P N1
= —/ log® |f(re’)| sinw(f — a)df and
e Jo
(2.2) Cup(r, f)
IR
=2 Z (lbm|w o ) sinw(f,, — o),

1<|by|<r

where w = 7/(8 — a), 1 <7 < +oc and by, = |by,|e’n
are the poles of f on Q(a,() appearing often
according to their multiplicities. The function
C,p is called the angular counting function of the
poles of f on X(a,3) and the Nevanlinna angular
characteristic function is defined as S,g(r, f) =
Aup(r, f) + Bas(r, f) + Cop(r, f).  Similarly, for
any finite value a, we define A, g(r, fo), Bas(r, fa),
Caﬂ(h fa) and Sa,{)’(ra fa), where f, = 1/(f — a). For
the sake of simplicity, next we omit the subscript
of all the above notations and respectively use the
notations A(r, f,), B(r, f.), C(r,f.) and S(r, f.)
instead of A, (7, fo), Bap(r, fa), Cup(r,f.) and
Sap(r, fo) for any finite complex value a.

Lemma 2.1 ([5, pp. 23-26] and [5, Theorem
3.1]). Let f be meromorphic on Q(a, 3). Then, for
an arbitrary complex number a € C and any integer
k> 0 we have

S(r, ﬁ) — S(r. f) + O(1),

S(r, fM) < 2"S(r, ) + R(r, f)

and A(r, #) + B(r, %k)) = R(r, f), where and in
what follows, R(r,f) is such a quantity that if
p(f) < oo, then R(r,f)=0(), as r— o0, if
p(f) = oo, then R(r, f) = O(log(1T(r, ))), as r ¢ E
and r — oo, here and in what follows, E denotes a
set of positive real numbers with finite linear
measure. It is not necessarily the same for every
occurrence in the context.
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Lemma 2.2 ([5, p. 112, Theorem 3.3]). Let f
be a meromorphic function on Q(«,B). Then, for
arbitrary q distinct values a; € C U {oo} (1 < j <q),

sic( _a)+R<r,f>,

where C(r, f_—%) is the reduced form of C(r, f%aj)

Lemma 2.3 ([4, 14]). Let f be a transcen-
dental meromorphic function in C with the lower
order 0 < p < oo and the order 0 < p < oo. Then,
for an arbitrary positive number o satisfying p <
o< p and a set E with finite linear measure, there
exist a sequence of positive numbers {r,} such that

(i) rn ¢ E and hm o = o0, (ii) hm 1nfw

o and (iii) T(, f) < ( o(1))(; ’)”T(Tmf)

A sequence {r,} in Lemma 2.3 is called a Pélya
peak of order o outside E in this paper. For r >0
and a € C, we deﬁne (iv) D(r,a) = {0 € [-m,m) :
log™® m 1Ogr T(r,f)} and D(r,00):={0¢€
(=) log* | f(re®)| L T(r, 1)},

Lemma 2.4 ([1]). Let f be a transcendental
meromorphic function in C with the finite lower
order p and the order 0 < p < oo, and for some
a € CU{oo}, 6(a, f) = 6 > 0. Then, for an arbitrary
Pdélya peak {r,} of order o >0, u < o < p, we have

. . 4 .6
lim inf mes D(r;,, a) > min< 27, — arcsiny/ = ».
n—0o0 g 2

Remark 2.1. Lemma 2.4 was proved in [1]
for the Polya peak of order u, the same argument of
Baernstein [1] can derive Lemma 2.4 for the Pédlya
peak of order o with u <o < p.

Lemma 2.5 ([8]). Let f be a transcendental
meromorphic function in C. Then, for each K > 1,
there exists a set M(K) of the lower logarithmic

(¢—2)

density at most d(K) =1— (21 —=1)"' >0, that
18
| dt
logdens M(K) = liminf — — < d(K),
r—co logr Jar(r)na) t

such that, for every positive integer k,

T
hmsupT(Ti{) 3eK.
e (r, f0)

Lemma 2.6 ([3]). Let f be a meromorphic
function with 6(oco, f) = 6 > 0. Then, given e > 0,

1
ré F),
)1+E<¢)

mes B D) > e ) ogr
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where

E(r, f) = {9 € [~ ) : log" | f(re?)]| > ZT(T‘, f)}

and that F is a set of positive real numbers with
finite logarithmic measure depending on €.

3. Proof of Theorems.

Proof of Theorem 1.1. Suppose that f) #
) Set

) — fm)

f—a =
Then, ¢ # 0. Moreover, by (3.1), Lemma 2.1 and
the asgumption that f, f® and f™ share a CM in

X = U{z: a; <argz < B}, we have

=1
fO) f(m)>

(3.1) =

f—a
fH — flm)
+ Ba, 3, (7“, T4 < Ra, (7,

Set

(3:2) Sa,.8,(r,0) = Aqy 3, (’“’

(3.3) =

Then, by (3.1) and (3.3), we have hy — hy =
SO

v, and

hi h
(3.4) — 2o
¥ ¥
Thus, by (3.2), (3.4), Lemmas 2.1 and 2.2, we have
(35) S@Jﬂ](r h’l) < Rllj j(’f‘ f)7 1 S j S q;
(36) S (riha) < Rus(rf), 1<j <4

By (3.3) we have

(3.7) L é

By (3.5), Lemma 2.1 and the left equality of (3.7),
we deduce

(38) Aa.ﬁ,. (T, L) + Bu,ﬂ <T7 L)
R f —a e f —a

= R(y]',ﬂj (Tv f)

for1<j<gq.
If b # a, by the left equality of (3.1), we have



44 X.-M. L1, X.-F. L1U and H.-X. Y1

1 1 ' f® B )
B9 T e (f—a f—b>

1 fm) flm)
(@b \f-a f-b)

By (3.8), (3.9) and Lemma 2.1, we deduce

1 1
(310) A g (7, —— )+ Bas (1,—
irPi f_ b o f_ b

< O(logr +logT(r, f)), 1<j<gq,
as r¢ E and r — oo. Now we prove
(3.11) p(f) < w.
Suppose that (3.11) does not hold. Then
(3.12) p(f) > w.

We consider the following two cases:
Case 1. Suppose that p(f) > u(f). Then, by
the fact 0 = max{w, u} we have

(3.13) p(f) > o > p(f).

By (1.3), we can find some sufficiently small posi-
tive number ¢ such that

: 4 6
(3.14) j:zl(ajﬂ —Bj) +2 < P arcsin \/;
and
(3.15) p(f) > o +2e> pu(f).

Applying Lemma 2.3 to f, we can find that there
exists a Pdlya peak of order o+ 2¢ outside F.
Combining this with Lemma 2.4 and

(3.16) o+2e>w+2 >wj+ 2 > 1+ 2¢,
we have
4 ) )
(3.17) meas D(ry,,b) > arcsiny/— — e.
o+ 2 2

Without loss of generality, we can assume that
(3.16) holds for all the n. Set

(3.18) K, = meas (D(r", b)N LqJ(ozj +e, 05— 6)) .

j=1
Then, by (3.14), (3.17) and (3.18), we have
(3.19) K, > meas D(ry,b)

— meas ([O, 2m) \ CJ(Olj +e,06;— 5))

j=
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= meas D(r,,b)

- meas(U(ﬂj — €, 041 + E))

J=1

q
= meas D(r,,b) — Z(ajH —Bj+2) >e.
J=1

By (3.18) and (3.19), we can find that there exists
some positive integer jy satisfying 1 < jy < ¢ such
that for infinitely many positive integers n,

K, ¢
(3.20) meas(D(ry,b) N (o), +€,8j, —€)) = — > —.

q q
Without loss of generality, we can assume that
(3.20) holds for all the positive integers n. Next
we set E, = D(rn,b) N (e, +¢€,6;, — €). Then, from
(3.20) and the definition of D(r,b) in (iv) of
Lemma 2.3 we have

ﬂju_g ]_
(3.21) / logt ——————df
aj,+e |f(7’ne“9) - b|
T(r, T(rp,
> T, f) meas E, > - (o, /) .
logr, q logr,

On the other hand, by (3.8), (3.10), Lemma 2.1,
Lemma 2.5 and the definition of B, g(r, f) in (2.1),
we have

Bjy—¢ 1
(3.22) / logt ————df
e |f(rae?) — bl

s 1
E ',"wju Bu : T, i
~ 2wj, sin(ew;,) " oo ( f(rpei?) — b)
< Kio;frz‘m IOg(TnT(Tm f))
= Kj ery (logr, +log T(ry, f)) + O(1),

where 7, ¢ E and w;, = 77—, K} . is a positive
? Mo Jo .
constant depending only on 7y and €. From (3.21)

and (3.22) we have

(3.23)  logT'(ry, f) <loglogT(ry, f)+ wj, logr,

+ 3loglogr, + O(1),
where r, ¢ F and r, — co. Noting that {r,} is a

Pélya peak of order o + 2¢ of f outside E, we can
get from (3.23) that

log T(Tm f) <

o+ 2 < lim Wi
- logr, ~— "

Tp—00

L w,
which contradicts the assumption o = max{w, u}.
Case 2. Suppose that p(f) = pu(f). Then, by
the same argument as in Case 1 with all o+ 2¢
replaced with o = p(f) = p(f), we can derive p(f) =
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o < w, which contradicts (3.12). This completes the
proof of (3.11).

Finally, we will complete the proof of Theorem
1.1. First of all, by (3.1) and (1.4), we have ¢ = %,
where h3 is an entire function, P, is a nonzero
polynomial. Then, by (3.1), (3.11), Corollary 3 from
Gundersen [6] and the assumptions of Theorem 1.1,
there exists arbitrarily large positive number r such
that for any € > 0, we deduce

()
f(z) —a
< Tdeg(Pl)Jrkw—lHks(l + 0(1>>7

as r=|z| ¢ E and r — oo, where E C (0,400) is a
subset that has finite linear measure. By (3.24) we
can see that hg is a polynomial of degree not more
than deg(Py) 4+ kw — k. Combining this with (3.1),
(3.24) and the assumption that f*) and f™ share a
IM in C\ X, we deduce

(3.25) a(r,C\ X, a, f¥) + a(r,C\ X, a, f™) < Nj,

(m) (4
@24)|hﬂ@|§|Pﬂdl-Q +‘ﬁ¢)(2

where N3 is some positive integer. Suppose that
6(a, f) > 0. Then, by (3.11), the left equality of
(3.7), and the lemma of logarithmic derivative (cf.
[10, Corollary 2.3.4]), we can see that there exists
some subset I C (0, 00) with linear measure mes I =
0o, and there exist some infinite sequences of posi-
tive numbers {r,} C I such that

(326)  T(rn, f) < (8(a, f) +e)m <”nfla)

< (1 +¢e)T(rn,h1)+ O(ogr,),

as 1 ¢ E, r, €I and r, — oo. By (3.26), Theo-
rem 1.5 [12] and the assumption that f is a tran-
scendental meromorphic function, we deduce that
hy is a transcendental meromorphic function. Sim-
ilarly, we can deduce that hs is also a transcenden-
tal meromorphic function. Therefore, by (3.3),
(3.25) and the assumption that f, f® and fm
share a CM in X, we deduce

(3.27) N(r,h;)+ N(r, ;) =o(T(r b)), j=1,2.
j
By ¢ =hs/P; 0, we know that ¢ is a nonzero
function. Therefore, by (3.4), (3.27) and Theorem
1.62 [12] we can get a contradiction. Suppose that
6(b,f) > 0. Then, by (3.9) and the lemma of
logarithmic derivative, we can find that there exists
some subset I C (0, 00) with linear measure mes ] =
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oo, and there exist some infinite sequences of
positive numbers {r,} C I such that T(r,,f) <
O(logry,), as r,¢ E, r, €1 and r, — oco. This
implies that f is a rational function, which is
impossible. This completes the proof of Theorem
1.1. ([l

Proof of Theorem 1.2. Suppose that f) #
fU). Then, in the same manner as in Case 1 of the
proof of Theorems 1.1, we have from Lemma 2.1
that

1
(328) B(l/]',(l/j+1 <r, ﬁ) < Rﬂj.ﬂj (T', f)
< O(logr +1logT(r, f)),

as r¢ E and r — oo. Next we prove pu(f) < oc.
Indeed, for the exceptional set F' in Lemma 2.6 and
the exceptional set E in (3.22), we have

logdens(F' U E) =0,

1<j<ygq

and so for M(K) in Lemma 2.5, where K > 2 is a
positive number, we have

logdens(M(K) U FUE) < logdens(M(K)) < d(K),

where d(K) =1 — (2f1 — 1)71. Applying this and
Lemma 2.6 to f, we can find that there exist a
sequence of positive numbers r, ¢ M(K)UFUE
such that

1 )> 1
f=0 (T(rn,f))g(bgrn)”g’

(3.29) measE (Tn,

as r, — 00. Set

1 1
2451 (T(r ) (logr)
Then, by (3.29) and (3.30) we have

1 q
meas (E(rm m) N U(aj + eny iy — En)> >

J=1

1 q
measE(rn, ﬂ) — meas < U(aj — En,qj + En)>

j=1

(3.30) e,

> (29 + 1)e, — 2¢e, = €.
This implies that there exists some j, satisfying 1 <
Jjo < g such that

1
(3.31) meas| E rn,m N (e, + Ens Qg1 — €n)

>

q

Without loss of generality, we can assume that
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(3.31) holds for all n. Next, we set
1
f=0
By (3.32) and the definition of E(r,, ﬁ), we have

Qjo+1—En " 1
(3.33 / log" ——————d#
) ajyten ‘f(rnel% - b|

(3.32) E, = E(rn, > N (ozj0 +en, Qg1 — sn).

Y

log™ df > meas(E,)

/ 1
i, | f(rne?) — b
> ,0(b, f) T(ra. f).

4q

On the other hand, by (3.28), Lemma 2.1, Lem-
ma 2.5 and the definition of B, g(r, f) in (2.1), we
have

Qjy+1—En 1
(3.34) / logt ————df
ajot+en |f(rne7'€) - b|

Wio

< Trn, B 1
e L ) Tny o7
> 2(4).7‘0 sin(s,,,wjo) o sQjo+1 n f(’r‘nele) —-b
< Kjy 10 (logry +1og T(ra, f)),

as & M(K)UFUE and 1, — 0o, where wj, =
o Kj, . is a positive constant depending only
on jy and e. By (3.33) and (3.34), we have

(3.35) 6(b, £)(T(ra, £))'°

< 4¢(2q+ 1)K, -0 (log rn)1+€ logr,

n

+4q(2q + 1)Kjo,ero7;1“ (log "qn)HE log T'(rn, f)
+0(1),
as r, ¢ M(K)UFUE and r, — co. By (3.35) we
derive p(f) <wj, <w, which implies p(f) < oo.
Therefore, by (3.28) and in the same manner as in
the proof of Theorem 1.1 we can get the conclusion
of Theorem 1.2. (|
4. Concluding remarks. Regarding Theo-
rem 3 from Zheng [15], one may ask: Can we find
some additional assumptions replaced with the
assumption “p(f) > w” in Theorem 3 from Zheng
[15], so as to make the conclusion of Theorem 3
from Zheng [15] hold for g > 27
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