
On the vanishing of the holomorphic invariants

for Kähler-Ricci solitons

By Shunsuke SAITO

Department of Mathematics, Tokyo Institute of Technology,

2-12-1 O-okayama, Meguro-ku, Tokyo 152-8551, Japan

(Communicated by Kenji FUKAYA, M.J.A., Feb. 12, 2014)

Abstract: We prove the vanishing of the Futaki-type invariant defined by Tian and Zhu,

which is an obstruction to the existence of Kähler-Ricci solitons.
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1. Introduction. In Kähler geometry, one

of the main problems is to find canonical metrics

on Fano manifolds. Our interest is the existence

problem of Kähler-Ricci solitons, which have the

following importance: Kähler-Ricci solitons are the

self-similar solutions of Kähler-Ricci solitons, and

are also generalization of Kähler-Einstein metrics

different from extremal Kähler metrics.

Let M be an n-dimensional Fano manifold, and

! a Kähler form on M which represents the first

Chern class c1ðMÞ of M. Since both the Ricci form

Ricð!Þ of ! and ! represent c1ðMÞ, there exists a

unique smooth real-valued function f! on M such

that

Ricð!Þ � ! ¼
ffiffiffiffiffiffiffi
�1
p

2�
@ �@f!;

Z
M

ðef! � 1Þ!n ¼ 0:

Let hðMÞ be the Lie algebra consisting of all

holomorphic vector fields on M, and X an element

of hðMÞ. Since M is Fano, there exists a unique

smooth complex-valued function �Xð!Þ on M such

that

iX! ¼
ffiffiffiffiffiffiffi
�1
p

2�
�@�Xð!Þ;

Z
M

�Xð!Þef! !n ¼ 0:ð1Þ

Throughout this paper, we fix the normalization of

the Hamiltonian function of X as above. Using these

functions, in [5], Tian and Zhu defined a functional

FX: hðMÞ ! C by

FXðvÞ :¼
Z
M

vðf! � �Xð!ÞÞe�Xð!Þ!n; v 2 hðMÞ:

They proved that FX is independent of the choice of

! and that if M admits a Kähler-Ricci soliton with

respect to X, then FX vanishes. Note that if X is

identically zero, then FX coincides with the original

Futaki invariant defined in [1].

Next, let us look for a candidate for the

holomorphic vector fields of Kähler-Ricci solitons.

Let Aut0ðMÞ be the identity component of the

holomorphic automorphism group of M, K its

maximal compact subgroup. Then the Chevalley

decomposition gives us the semi-direct product

Aut0ðMÞ ¼ AutrðMÞn Ru;

where AutrðMÞ is a reductive Lie subgroup of

Aut0ðMÞ and the complexification of K, and Ru is

the unipotent radical of Aut0ðMÞ. Let hrðMÞ, huðMÞ
be the Lie algebras of AutrðMÞ, and Ru, respective-

ly. From the decomposition above, we have

hðMÞ ¼ hrðMÞ þ huðMÞ:

In [5], Tian and Zhu found a prospective holomor-

phic vector field: there exists a unique holomorphic

vector field X in the reductive part hrðMÞ such that

its imaginary part generates a compact one-param-

eter subgroup of AutrðMÞ and FX vanishes on

hrðMÞ. Note that if M has a Kähler-Ricci soliton

with respect to some holomorphic vector field X,

then X must be this X. Meanwhile, they asked

whether, for this vector field X, the obstruction

identically vanishes or not ([5, Problem 2.1]). Ex-

cept for the toric case [6], there has been no

investigation for this. Hence, their question has

been still open.

On the other hand, in [3], Mabuchi proved that

the Futaki invariant vanishes on the unipotent part
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huðMÞ. We extend this result to FX as follows:

Theorem 1.1. For any holomorphic vector

field X in the reductive part hrðMÞ whose imaginary

part generates a compact one-parameter subgroup of

AutrðMÞ, the holomorphic invariant FX vanishes on

the unipotent part huðMÞ. In particular, if we take X

as above, then FX vanishes on hðMÞ.
This gives an affirmative answer to the Tian-

Zhu problem.

2. Proof of the main theorem. In this

section, we complete the proof of Theorem 1.1. Our

approach is similar to that of Mabuchi [3] for the

Futaki invariant.

Before giving the proof, we note that our

normalization convention (1) is equivalent to

�Xð!Þ þ�!�Xð!Þ þXf! ¼ 0

and using this identity, we can rewrite FX as

FXðvÞ ¼ �
Z
M

�vð!Þe�Xð!Þ!n:

For the details, see [5, Section 2]. This form is

convenient for our purpose.

Now, we prove our main theorem.

Proof of Theorem 1.1. At first, take a suffi-

ciently large integer m, so that K�mM is very ample.

Let Y be a holomorphic vector field in the unipotent

part huðMÞ. Since the infinitesimal action of Y on

H0ðM;K�mM Þ is nilpotent, there exists a basis

f�0; . . . ; �Ng for H0ðM;K�mM Þ such that

Y � �0 ¼ 0; Y � �i ¼ ei�1�i�1 ði ¼ 1; . . . ; NÞ;

where each ei is 0 or 1. For any positive number ",

we define a fiber metric h" on K�1
M by

h" :¼
XN
i¼0

ð"i�iÞ � ð"i ��iÞ
( )�1=m

:

Let !" be the first Chern form of h". By the

definition of h", !" is proportional to a pullback of

the Fubini-Study metric !FS of PH0ðM;K�mM Þ
�:

!" ¼
1

m
��"!FS;

where �":M ! PH0ðM;K�mM Þ
� is a projective

embedding defined by a basis f�0; "�1; . . . ; "N�Ng.
Hence, !" is a Kähler form in c1ðMÞ.

By the Calabi-Yau theorem, for !", there exists

a Kähler form �" in c1ðMÞ such that Ricð�"Þ ¼ !".
Then, h" coincides with the volume form �n" . The

infinitesimal action of Y on h" is written as

Y � h" ¼ �
1

m

XN
i¼0

ð"i�iÞ � ð"i ��iÞ
( )�1

�
XN
i¼0

"iðY � �iÞ � ð"i ��iÞ
( )

h"

¼ �
"

m

XN
i¼0

ð"i�iÞ � ð"i ��iÞ
( )�1

�
XN
i¼1

ð"i�1ei�1�i�1Þ � ð"i ��iÞ
( )

h":

Since the action of Y on �n" is just a Lie derivative,

we have

div�"Y ¼ �
"

m

XN
i¼0

ð"i�iÞ � ð"i ��iÞ
( )�1

�
XN
i¼1

ð"i�1ei�1�i�1Þ � ð"i ��iÞ
( )

:

On the other hand, by the Theorem 7.1 in [2],

�Y ð!"Þ ¼ ���"�Y ð�"Þ ¼ �div�"Y :

(For the proof, see [4, p.25].) Hence, we obtain the

explicit description of the Hamiltonian function of

Y with respect to !":

�Y ð!"Þ ¼
"

m

XN
i¼0

ð"i�iÞ � ð"i ��iÞ
( )�1

�
XN
i¼1

ð"i�1ei�1�i�1Þ � ð"i ��iÞ
( )

:

Put vi :¼ "i�1ei�1�i�1 ði ¼ 1; . . . ; NÞ and wi :¼
"i�i ði ¼ 0; . . . ; NÞ. Using the Cauchy-Schwarz in-

equality, we get the following estimate:

j�Y ð!"Þj2 ¼
"2

m2

XN
i¼1

vi � �wi

�����
�����
2

XN
i¼0

wi � �wi

( )2

�
"2

m2

XN
i¼1

vi � �wi

�����
�����
2

XN
i¼1

wi � �wi

( ) XN
i¼1

vi � �vi

( ) � "2

m2
:

Therefore, for any positive number ", we have
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jFXðY Þj ¼
Z
M

�Y ð!"Þe�Xð!"Þ !n"
����

����ð2Þ

�
"

m
ke�Xð!"ÞkC0

Z
M

!n"

¼
"

m
ke�Xð!"ÞkC0h½M�; c1ðMÞni;

where ½M� is the fundamental class of M.

To finish the proof, we need the following

lemma due to Zhu:

Lemma 2.1 ([7, Corollary 5.3]). Let ðM;!gÞ
be a Kähler manifold with nontrivial holomorphic

vector field X. Suppose that � is a smooth function

on M such that !g þ
ffiffiffiffiffiffiffi
�1
p

@ �@� is a Kähler form

and X� is a real-valued function. Then, there is

a uniform constant C independent of � such that

jX�j < C.

If we fix some reference Kähler form !0 in

c1ðMÞ, then !" can be written as !" ¼ !0 þffiffiffiffiffi
�1
p

2� @ �@’", where ’" is a smooth real-valued function

on M. Then, �Xð!"Þ ¼ �Xð!0Þ þX’". From the

assumption on X, X’" is real-valued. By the lemma

above, there exists a positive constant C independ-

ent of " such that

k�Xð!"ÞkC0 � k�Xð!0ÞkC0 þ kX�"kC0 < C:ð3Þ

Combining (2) and (3), we get FXðY Þ ¼ 0. �

Acknowledgments. The author would like

to express his gratitude to his advisor, Prof. Akito

Futaki, for introducing him to the subject of

Kähler-Ricci solitons, for many useful suggestions

and for his warm encouragements. He also thanks to

Kazuma Hashimoto whose master thesis interested

him in this problem.

References

[ 1 ] A. Futaki, An obstruction to the existence of
Einstein Kähler metrics, Invent. Math. 73
(1983), no. 3, 437–443.

[ 2 ] A. Futaki and S. Morita, Invariant polynomials on
compact complex manifolds, Proc. Japan Acad.
Ser. A Math. Sci. 60 (1984), no. 10, 369–372.

[ 3 ] T. Mabuchi, An algebraic character associated
with the Poisson brackets, in Recent topics in
differential and analytic geometry, Adv. Stud.
Pure Math., 18-I, Academic Press, Boston, MA,
1990, pp. 339–358.

[ 4 ] G. Tian, Canonical metrics in Kähler geometry,
Lectures in Mathematics ETH Zürich, Bir-
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