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Abstract: In this paper, we obtain an analog of Younis’s Theorem 5.2 in [7] for the Dunkl

transform on the real line for functions satisfying the ð�; �Þ-Dunkl Lipschitz condition in the

space LpðR; jxj2�þ1dxÞ, where � � � 1
2.
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1. Introduction and preliminaries. Dunkl

operators provide an essential tool to extend Four-

ier analysis on Euclidean spaces. These operators

have been introduced in 1989, by C. Dunkl in [2],

the Dunkl kernel e� is used to define the Dunkl

transform F� which was introduced by C. Dunkl

in [3]. The Dunkl transform on the real line, which

enjoys properties similar to those of Fourier trans-

form, is generalization of the Fourier transform.

Younis ([7], Theorem 5.2) characterized the set

of functions in L2ðRÞ satisfying the Dini-Lipschitz

condition by means of an asymptotic estimate

growth of the norm of their Fourier transforms,

namely we have

Theorem 1.1 ([7], Theorem 5.2). Let f 2
L2ðRÞ. Then the following are equivalents:

1. kfð:þ hÞ � fð:ÞkL2ðRÞ ¼ O
�

h�

ðlog1
hÞ
�

�
as h �! 0,

0 < � < 1, � > 0,

2.
R
j�j�r jF ðfÞð�Þj

2d� ¼ Oðr�2�ðlog rÞ�2�Þ as r �!
þ1,

where F stands for the Fourier transform of f.

In this paper, we obtain an analog of Theorem

1.1 for the Dunkl transform on the real line. For this

purpose, we use a generalized translation operator.

Let Lp;� ¼ LpðR; jxj2�þ1dxÞ, where � � � 1
2, de-

note the Lp space of functions f defined on R

endowed with the following finite norm

kfkp;� ¼
1

2�þ1�ð�þ 1Þ

Z
R

jfðxÞjpjxj2�þ1dx

� �1=p

;

where 1 < p � 2.

Let j�ðzÞ denote the normalized Bessel function

of the first kind of order � given by

j�ðzÞ ¼ �ð�þ 1Þ
X1
n¼0

ð�1Þn

n!�ðnþ �þ 1Þ
z

2

� �2n

; z 2 C;

where C denotes the complex plane. Define the

Dunkl kernel e� by

e�ðxÞ ¼ j�ðxÞ þ ic�xj�þ1ðxÞ;

where c� ¼ ð2�þ 2Þ�1, i ¼
ffiffiffiffiffiffiffi
�1
p

.

We define a differential-difference Dunkl oper-

ator

D�fðxÞ ¼
df

dx
ðxÞ þ �þ 1

2

� �
fðxÞ � fð�xÞ

x
;

f 2 C1ðRÞ:
So the function y ¼ e�ðxÞ satisfies the equation

D�y� iy ¼ 0 with the initial condition yð0Þ ¼ 1 and

it is the unique solution (see [4]). In the limit case

with � ¼ � 1
2 the Dunkl kernel coincides with the

usual exponential function eix.

Lemma 1.2. For x 2 R the following in-

equalities are fulfilled

1. je�ðxÞj � 1, and the equality is attained only

with x ¼ 0,

2. j1� e�ðxÞj � 2jxj,
3. j1� e�ðxÞj � c, with jxj � 1, where c is a

certain constant which depends only on �.

Proof. See Lemma 2.9 in [1]. �

The Dunkl transform of order � for f 2 Lp;� is

defined by

F�ðfÞð�Þ ¼
1

2�þ1�ð�þ 1Þ

Z
R

fðxÞe�ð�xÞjxj2�þ1dx:

For � ¼ � 1
2, F� coincides with the classical

Fourier transform.

The inverse Dunkl transform is defined by the

formula
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fðxÞ ¼
1

2�þ1�ð�þ 1Þ

Z
R

F�ðfÞð�Þe�ð��xÞj�j2�þ1d�:

By Plancherel’s theorem and Marcinkiewics

interpolation theorem (see [5]) we get for f 2 Lp;�
with 1 < p � 2 and q such that 1

p þ 1
q ¼ 1,

kF�ðfÞkq;� � C1kfkp;�;ð1Þ

where C1 is a positive constant.

K. Trimèche introduced in [6] the generalized

translation operator Th, on Lp;�. For f 2 Lp;� we

have

F�ðThfÞð�Þ ¼ e�ð�hÞF�ðfÞð�Þ:ð2Þ

2. Main results. In this section we give the

main results of this paper. We need first to define

ð�; �Þ-Dunkl Lipschitz class.

Definition 2.1. A function f 2 Lp;� is said

to be in the ð�; �Þ-Dunkl Lipschitz class, denoted by

DLipðp; �; �Þ; if

kThfð:Þ � fð:Þkp;�

¼ O
h�

ðlog 1
h
Þ�

 !
as h �! 0; �; � > 0:

Theorem 2.2. Let fðxÞ belong to

DLipðp; �; �Þ. ThenZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d�

¼ Oðr�q�ðlog rÞ�q�Þ as r �! þ1;
where 1

p þ 1
q ¼ 1.

Proof. Let f 2 DLipðp; �; �Þ. Then

kThfð:Þ � fð:Þkp;� ¼ O
h�

ðlog 1
h
Þ�

 !
as h �! 0:

If j�j 2 ½1h ; 2
h� then j�hj � 1 and (3) of Lemma

1.2 implies that

1 � 1

cq
j1� e�ð�hÞjq:

ThereforeZ
1=h�j�j�2=h

jF�ðfÞð�Þjqj�j2�þ1d�

�
1

cq

Z
1=h�j�j�2=h

j1� e�ð�hÞjqjF�ðfÞð�Þjqj�j2�þ1d�

�
1

cq

Z
R

j1� e�ð�hÞjqjF�ðfÞð�Þjqj�j2�þ1d�:

From formulas (1) and (2) we have

Z
R

j1� e�ð�hÞjqjF�ðfÞð�Þjqj�j2�þ1d�

� Cq
1kThfð:Þ � fð:Þkqp;�:

Then there exists a positive constant K such

thatZ
1=h�j�j�2=h

jF�ðfÞð�Þjqj�j2�þ1d� � K
hq�

ðlog 1
h
Þq�

:

We obtainZ
r�j�j�2r

jF�ðfÞð�Þjqj�j2�þ1d� � K
r�q�

ðlog rÞq�
:

So thatZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d�

¼
Z
r�j�j�2r

þ
Z

2r�j�j�4r

þ
Z

4r�j�j�8r

þ � � �
" #

� jF�ðfÞð�Þjqj�j2�þ1d�

� K
r�q�

ðlog rÞq�
þK

ð2rÞ�q�

ðlog 2rÞq�
þK

ð4rÞ�q�

ðlog 4rÞq�
þ � � �

� K
r�q�

ðlog rÞq�
þK

ð2rÞ�q�

ðlog rÞq�
þK

ð4rÞ�q�

ðlog rÞq�
þ � � �

� K
r�q�

ðlog rÞq�
½1þ 2�q� þ ð2�q�Þ2 þ ð2�q�Þ3 þ � � ��

� CK
r�q�

ðlog rÞq�
;

where C ¼ ð1� 2�q�Þ�1.

Finally, we getZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d�

¼ O
r�q�

ðlog rÞq�
� �

as r �! þ1:

Thus, the proof is finished. �

Definition 2.3. A function f 2 Lp;� is said

to be in the ðp;  ; �Þ-Dini Lipschitz Dunkl, denoted

by DLipðp;  ; �Þ; if

kThfð:Þ � fð:Þkp;� ¼ O
 ðhÞ
ðlog 1

h
Þ�

 !
as h �! 0; � > 0;

where

1.  ðtÞ a continuous increasing function on

½0;1Þ,
2.  ð0Þ ¼ 0,

3.  ðtsÞ ¼  ðtÞ ðsÞ for all t; s 2 ½0;1Þ.
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Theorem 2.4. Let fðxÞ belong to

DLipðp;  ; �Þ. ThenZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d�

¼ Oð ðr�qÞðlog rÞ�q�Þ as r �! þ1;

where 1
p þ 1

q ¼ 1.

Proof. Let f 2 DLipðp;  ; �Þ. Then we have

kThfð:Þ � fð:Þkp;� ¼ O
 ðhÞ
ðlog 1

h
Þ�

 !
as h �! 0:

If j�j 2 ½1h ; 2
h� then j�hj � 1 and from (3) of

Lemma 1.2, we obtain

1 �
1

cq
j1� e�ð�hÞjq:

ThenZ
1=h�j�j�2=h

jF�ðfÞð�Þjqj�j2�þ1d�

�
1

cq

Z
1=h�j�j�2=h

j1� e�ð�hÞjqjF�ðfÞð�Þjqj�j2�þ1d�

�
1

cq

Z
R

j1� e�ð�hÞjqjF�ðfÞð�Þjqj�j2�þ1d�

� KkThfð:Þ � fð:Þkqp;�

¼ O
ð ðhÞÞq

ðlog 1
h
Þq�

 !

¼ O
 ðhqÞ
ðlog 1

h
Þq�

 !
;

where K is a positive constant.

We obtainZ
r�j�j�2r

jF�ðfÞð�Þjqj�j2�þ1d� ¼ O
 ðr�qÞ
ðlog rÞq�

� �
:

Then there exists a positive constant C such

that Z
r�j�j�2r

jF�ðfÞð�Þjqj�j2�þ1d� � C
 ðr�qÞ
ðlog rÞq� :

So thatZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d�

¼
Z
r�j�j�2r

þ
Z

2r�j�j�4r

þ
Z

4r�j�j�8r

þ � � �
" #

� jF�ðfÞð�Þjqj�j2�þ1d�

� C
 ðr�qÞ
ðlog rÞq�

þ C
 ðð2rÞ�qÞ
ðlog 2rÞq�

þ C
 ðð4rÞ�qÞ
ðlog 4rÞq�

þ � � �

� C
 ðr�qÞ
ðlog rÞq�

þ C
 ðð2rÞ�qÞ
ðlog rÞq�

þ C
 ðð4rÞ�qÞ
ðlog rÞq�

þ � � �

� C
 ðr�qÞ
ðlog rÞq�

½1þ  ð2�qÞ þ  2ð2�qÞ þ  3ð2�qÞ þ � � ��:

ThereforeZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d� � C 

 ðr�qÞ
ðlog rÞq�

;

where C ¼ Cð1�  ð2�qÞÞ�1 since  ð2�qÞ < 1.

Finally, we getZ
j�j�r
jF�ðfÞð�Þjqj�j2�þ1d�

¼ O
 ðr�qÞ
ðlog rÞq�

� �
as r �! þ1:

and this ends the proof. �
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