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Potential functions via toric degenerations
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Abstract: We construct an integrable system on an open subset of a Fano manifold
equipped with a toric degeneration, and compute the potential function for its Lagrangian torus
ﬁber if the central ﬁber is a toric Fano variety admitting a small resolution.
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An integrable system on a symplectic manifold ðM; !Þ of dimension 2N is a set of N functions which are functionally independent and
mutually Poisson-commutative. An integrable system deﬁnes a Hamiltonian RN -action on M, and
any regular compact connected orbit of the RN action is a Lagrangian torus by the Arnold-Liouville
theorem.
For a Lagrangian submanifold L in a symplectic manifold, the cohomology group H  ðL; 0 Þ with
coeﬃcient in the Novikov ring

(
)

1
X
i 
0
0 ¼
ai T  ai 2 Q; i 2 R ; lim i ¼ 1
i!1

i¼0
has a structure of a weak A1 -algebra [FOOO09].
A solution to the Maurer-Cartan equation
1
X

mk ðb; . . . ; bÞ  0 mod PDð½LÞ

k¼0

is called a weak bounding cochain, which can be
used to deﬁne the deformed Floer cohomology. The
potential function is a map PO : MðLÞ ! 0 from
the moduli space MðLÞ of weak bounding cochains
such that
1
X
mk ðb; . . . ; bÞ ¼ POðbÞ  PDð½LÞ:
k¼0

The moment map for the torus action on a toric
Fano manifold with respect to a torus-invariant
Kähler form provides an example of an integrable
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system. The potential function for its Lagrangian
torus ﬁber is computed in [CO06,FOOO10].
We have introduced the notion of a toric
degeneration of an integrable system in
[NNU10, Deﬁnition 1.1] and shown that the Gelfand-Cetlin system on a ﬂag manifold of type A
admits a toric degeneration. In this paper, we
construct an integrable system from a toric degeneration of a projective manifold. Let f : X ! B be a
ﬂat family of projective varieties over a complex
manifold B. Assume that B contains two points 0
and 1 such that Xt ¼ f 1 ðtÞ is smooth for general
t 2 B including t ¼ 1 and the central ﬁber X0 is a
toric variety. Assume further that the singular locus
of the total space X is contained in the singular
locus of X0 , and the regular locus of the total space
has a Kähler form which restricts to a torusinvariant Kähler form on the regular locus X0reg of
X0 . Choose a piecewise smooth path  : ½0; 1 ! B
such that ð0Þ ¼ 0, ð1Þ ¼ 1 and XðtÞ is smooth for
t 2 ð0; 1. Then the symplectic parallel transport
along , deﬁned by the horizontal distribution given
as the orthogonal complement to the tangent space
of the ﬁber of f with respect to the symplectic form
(see e.g. [Sei08, Section (15a)]), gives a symplectomorphism e : X0reg ! X1reg from X0reg to an open
subset X1reg of X1 . By transporting the toric
integrable system 0 : X0 ! RN to X1 by e, one
obtains an integrable system  ¼ 0  e1 : X1reg !
RN on X1reg . Let ‘i ðuÞ ¼ hvi ; ui  i be the aﬃne
functions deﬁning the faces of the moment polytope;
 ¼ 0 ðX0 Þ ¼ fu 2 RN j ‘i ðuÞ  0; i ¼ 1; . . . ; mg.
Although  is deﬁned only on an open subset of X1 ,
the proof of [NNU10, Theorem 10.1] goes through
without any change and gives the following:
Theorem 1. Assume that X0 is a Fano
variety admitting a small resolution. Then for any
u 2 Int, one has an inclusion H 1 ðLðuÞ; 0 Þ
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MðLðuÞÞ for the Lagrangian torus ﬁber LðuÞ ¼
1 ðuÞ, and the potential function is given by
m
X
ehvi ;xi T ‘i ðuÞ
POðxÞ ¼
i¼1
1

for x 2 H ðLðuÞ; 0 Þ.
Here, a resolution of singularities is said to be
small if the exceptional set does not contain a
divisor. If the central ﬁber does not have a small
resolution, then there can be additional contribution to the potential function. See [Aur09,FOOOb]
for the discussion on the degeneration of P1 P1 to
Pð1; 1; 2Þ (or its non-small crepant resolution
PðOP1 OP1 ð2ÞÞ).
The potential function in Theorem 1 has a
critical point in the interior of the moment
polytope [NNU10, Proposition 12.3]. As a corollary,
one obtains a non-displaceable Lagrangian torus
just as in [FOOO10, Theorem 1.5]:
Corollary 2. If a Fano manifold X admits a
ﬂat degeneration into a toric Fano variety with a
small resolution, then there is a Lagrangian torus L
in X satisfying
ðLÞ \ L 6¼ ;
for any Hamiltonian diﬀeomorphism : X ! X.
As an example, consider the complete intersection X ¼ Q1 \ Q2 of two quadrics in P5 , which is
isomorphic to the moduli space of stable rank two
vector bundles with a ﬁxed determinant of odd
degree on a genus two curve [New68,NR69]. We
equip X with the Kähler form ! ¼  !FS jX where
 > 0 and !FS is the Fubini-Study form on P5 .
Although X has several toric degenerations (i.e. a
degeneration into a variety deﬁned by binomial
equations), one has to choose the one with a small
resolution to apply Theorem 1. Our choice for the
central ﬁber is the complete intersection z0 z1 ¼
z2 z3 ¼ z4 z5 with the torus action
½z0 : z1 : z2 : z3 : z4 : z5 
7! ½z0 : z1 : z2 :  1 z3 : z4 : z5 
for ð; ; Þ 2 ðC Þ3 . The singular locus of this toric
variety consists of six ordinary double points, and
hence it admits a small resolution. By applying the
results above, we obtain the following
Theorem 3. The moduli space of stable rank
two vector bundles with a ﬁxed determinant of odd
degree on a genus two curve admits a structure of a
completely integrable system, whose moment poly-
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tope is the octahedron with vertices ð; 0; 0Þ, ð0; ; 0Þ,
ð0; 0; Þ, ð; ; Þ, ð; ; 0Þ, and ð0; 0; 0Þ. The
potential function for its Lagrangian torus ﬁber is
given by
PO ¼ ex2 þx3 T u2 þu3 þ ex1 T u1 þ þ ex2 T u2 þ
þ ex1 þx3 T u1 þu3 þ ex2 T u2 þ ex1 x3 T u1 u3 þ
þ ex2 x3 T u2 u3 þ þ ex1 T u1 :
This potential function can be written as
Q Q
PO ¼ y2 y3 þ þ þ y1 y3
y1 y2
Q
Q
þ y2 þ
þ
þ y1 ;
y 1 y3 y2 y3
by setting Q ¼ T  and yi ¼ exi T ui , i ¼ 1; 2; 3. This
has
two
points ðy1 ; y2 ; y3 Þ ¼
pﬃﬃﬃﬃ p
ﬃﬃﬃﬃ isolated
pﬃﬃﬃﬃ critical
pﬃﬃﬃﬃ
ð Q
;
Q
;
1Þ;
ð
Q
;

Q
;
1Þ
with
critical values
pﬃﬃﬃﬃ
8 Q and non-isolated critical points consisting
of three rational components y1 þ y2 ¼ y3 þ 1 ¼ 0,
y1 þ y2 ¼ y21 y3  Q ¼ 0, and y1 y2  Q ¼ y3 þ 1 ¼ 0
with the critical value 0 (cf. [Prz09, Example 22]).
The valuations of these critical points lie in the
interior of the moment polytope, so that one obtains
the following:
Corollary 4. The moduli space of stable
rank two vector bundles with a ﬁxed determinant
of odd degree on a genus two curve has a continuum
of non-displaceable Lagrangian tori.
The existence of a continuum of nondisplaceable Lagrangian tori is previously known
in toric examples using bulk deformations
[FOOOa, Theorem 1.1].
The split-closed derived Fukaya category of
the moduli space of stable rank two vector bundles
with a ﬁxed determinant of odd degree on a
genus two curve contains an orthogonal summand
equivalent to that of a genus two curve
[Smi10, Theorem 1.1], and it is natural to expect
that the Lagrangian tori corresponding to nonisolated critical points generate this summand,
whereas the Lagrangian tori for two isolated critical
points generate its orthogonal complement.
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