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Abstract: We propose the viewpoint that the r-ple zeta-function of Euler-Zagier type can

be regarded as a specialization of the zeta-function associated with the root system of Cr type.

From this viewpoint, we can see that Zagier’s well-known formula for multiple zeta values

(MZVs) coincides with Witten’s volume formula associated with a sub-root system of Cr type.

Based on this observation, we generalize Zagier’s formula and also give analogous results which

correspond to a sub-root system of Br type. We announce those results as well as some relevant

results for partial multiple zeta values.
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1. Zeta-functions of root systems. The

aim of this article is to announce our theory based

on the observation that the Euler-Zagier r-ple sum

�rðs1; . . . ; srÞ ¼
X

0<m1<���<mr

1

ms1

1 m
s2

2 � � �m
sr
r

(where s1; . . . ; sr are complex variables; see

Hoffman [3], Zagier [20]) can be regarded as a

specialization of the zeta-function of the root

system of Cr type. The details will appear else-

where.

First we prepare notations. For the details of

basic facts about root systems and Weyl groups,

see [2,4,5].

Let V be an r-dimensional real vector space

equipped with an inner product h� ; �i. The dual

space V � is identified with V via the inner product

of V . Let � be a finite irreducible reduced root

system, and � ¼ f�1; . . . ; �rg its fundamental sys-

tem. We fix �þ and �� as the set of all positive

roots and negative roots respectively. Then we have

a decomposition of the root system � ¼ �þ
‘

��.

Let Q ¼ Qð�Þ be the root lattice, Q_ the coroot

lattice, P ¼ P ð�Þ the weight lattice, P_ the cow-

eight lattice, and Pþþ the set of integral strongly

dominant weights respectively defined by

Q ¼
Mr
i¼1

Z�i; Q_ ¼
Mr
i¼1

Z�_i ;

P ¼
Mr
i¼1

Z �i; P_ ¼
Mr
i¼1

Z�_i ;

Pþþ ¼
Mr
i¼1

N�i;

where the fundamental weights f�jgrj¼1 and the

fundamental coweights f�_j g
r
j¼1 are the dual bases

of �_ and � satisfying h�_i ; �ji ¼ �ij (Kronecker’s

delta) and h�_i ; �ji ¼ �ij respectively.

Let �� : V ! V be the reflection with respect to

a root � 2 � defined by

�� : v 7! v� h�_; vi�:

For a subset A � �, let WðAÞ be the group

generated by reflections �� for all � 2 A. In

particular, W ¼ W ð�Þ is the Weyl group, and

f�j :¼ ��j j 1 � j � rg generates W . For w 2W ,

denote �w ¼ �þ \ w�1��. The zeta-function asso-

ciated with � is defined by

�rðs;y; �Þ ¼
X
�2Pþþ

e2�ihy;�i
Y
�2�þ

1

h�_; �is�
;

where s ¼ ðs�Þ�2�þ
2 Cj�þj and y 2 V (for the

details, see [7–15]). This can be regarded as a

multi-variable version of Witten zeta-functions

formulated by Zagier [20] based on the work of

Witten [18].

2. Fundamental formulas. In this section,

we state several fundamental formulas which are

certain extensions of our previous results given

in [9,10,15].
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Let V be the set of all bases V � �þ. Let V� ¼
f�V

	 g	2V be the dual basis of V_ ¼ f	_g	2V. Let

LðV_Þ ¼
L

	2V Z	_. Then we have jQ_=LðV_Þj <
1. Fix 
 2 V such that h
; �V

	 i 6¼ 0 for all V 2 V
and 	 2 V. If the root system � is of A1 type, then

we choose 
 ¼ �_1 . We define a multiple general-

ization of the fractional part as

fygV;	 ¼
fhy; �V

	 ig ðh
; �V
	 i > 0Þ,

1� f�hy; �V
	 ig ðh
; �V

	 i < 0Þ.

(

Let T ¼ ft 2 C j jtj < 2�gj�þj.
Definition 2.1. For t ¼ ðt�Þ�2�þ

2 T and

y 2 V , we define

F ðt;y; �Þ ¼
X
V2V

Y
�2�þnV

t�

t� �
P

	2V t	h�_; �V
	 i

0
@

1
A

� 1

jQ_=LðV_Þj

�
X

q2Q_=LðV_Þ

Y
	2V

t	 expðt	fyþ qgV;	Þ
et	 � 1

 !
;

which is independent of choice of 
.

Remark 2.2. In [10], F ðt;y; �Þ is defined in

a different way. The above is [10, Theorem 4.1].

For v 2 V , and a differentiable function f on V ,

let

ð@vfÞðyÞ ¼ lim
h!0

fðyþ hvÞ � fðyÞ
h

and for � 2 �þ,

D� ¼
@

@t�

����
t�¼0

@�_ :

Let A ¼ f�1; . . . ; �Ng � �þ, and define

DA ¼ D�N � � �D�1
:

Further, let Aj ¼ f�1; . . . ; �jg (1 � j � N � 1),

A0 ¼ ;, and

V A ¼ fV 2 V j �jþ1 =2 hV \ Aji j ð0 � j � N � 1Þg;

where h i denotes the linear span.

Theorem 2.3. For A ¼ f�1; . . . ; �Ng � �þ
and t�þnA ¼ ft�g�2�þnA, we have

ðDAF Þðt�þnA;y; �Þ ¼
X

V2V A

ð�1ÞjAnVj

�
Y

�2�þnðV[AÞ

t�

t� �
P

	2VnA t	h�_; �V
	 i

 !

�
1

jQ_=LðV_Þj

�
X

q2Q_=LðV_Þ

Y
	2VnA

t	 expðt	fyþ qgV;	Þ
et	 � 1

 !
;

which is independent of choice of the order of A.

This function is holomorphic with respect to t�þnA
around the origin.

Definition 2.4. For A ¼ f�1; . . . ; �Ng �
�þ and t�þnA ¼ ft�g�2�þnA, we define

P�þnAðk�þnA;y; �Þ by

ðDAF Þðt�þnA;y; �Þ

¼
X

k�þnA2Z
j�þnAj
�0

P�þnAðk�þnA;y; �Þ
Y

�2�þnA

tk��
k�!

:

Theorem 2.5. For s ¼ k ¼ ðk�Þ�2�þ
with

k� 2 Z�1 (� 2 �þ nA), k� ¼ 0 (� 2 A), we have

X
w2W

Y
�2�þ\w��

ð�1Þk�
 !

�rðw�1k; w�1y; �Þð2:1Þ

¼ ð�1Þj�þjP�þnAðk�þnA;y; �Þ

�
Y

�2�þnA

ð2�iÞk�

k�!

0
@

1
A

provided all the series on the left-hand side abso-

lutely converge.

Assume that � is not simply-laced. Then we

have the disjoint union � ¼ �l [�s, where �l is

the set of all long roots and �s is the set of all short

roots. By applying Theorem 2.5 to A ¼ �l or �s, we

obtain the following theorem immediately, which

is a generalization of the explicit volume formula

proved in [15, Theorem 4.6].

Theorem 2.6. Let �1 ¼ �l (resp. �s), �2 ¼
�s (resp. �l), and �jþ ¼ �j \�þ ( j ¼ 1; 2). For

s ¼ k ¼ ðk�Þ�2�þ
with k� ¼ k 2 2Z�1 (� 2 �1þ),

k� ¼ 0 (� 2 �2þ), and � 2 P_=Q_, we have

�rðk; �; �Þ

¼
ð�1Þj�þj

jW j P�1þðk�1þ ; �; �Þ
Y
�2�1þ

ð2�iÞk�

k�!

 !
:

3. Multiple zeta values. Special values

of Euler-Zagier sums when s1; . . . ; sr are positive

integers are usually called multiple zeta values

(MZVs), and have been studied extensively. In the

study of MZVs, the main target is to give non-

trivial relations among them, in order to investigate
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the structure of the algebra generated by them (for

the details, see Kaneko [6]). Here, we study MZVs

from the viewpoint of zeta-functions of root sys-

tems. In our previous paper [14], we regarded MZVs

as special values of zeta-functions of Ar type, and

clarified the structure of the shuffle product proce-

dure for MZVs. In this article, we regard MZVs as

special values of zeta-functions of Cr type.

In the root system of Cr type, for � ¼ �ðCrÞ,
we have the disjoint union �_þ ¼ ð�lþÞ_ [ ð�sþÞ_,
where �lþ ¼ �l \�þ, �sþ ¼ �s \�þ, and

ð�lþÞ_ ¼ f�_r ; �_r�1 þ �_r ; . . . ;

�_2 þ � � � þ �_r ; �_1 þ � � � þ �_r g:
Therefore by setting s� ¼ 0 for � 2 �sþ, we have

�rðs;0; �Þ ¼
X1

m1;...;mr¼1

Yr
i¼1

1

ð
Pr�1

j¼r�iþ1 mj þmrÞsi
;

which is exactly the Euler-Zagier sum �rðs1; . . . ; srÞ.
It is to be noted that some authors use the

opposite order of summation in the definition of

�rðs1; . . . ; srÞ.
Corollary 3.1. Let � ¼ �ðCrÞ and 2k�lþ ¼

ð2k; . . . ; 2kÞ 2 Nr for any k 2 N,

�rð2k; 2k; . . . ; 2kÞ

¼
ð�1Þr

2rr!
P�lþð2k�lþ ;0; �Þ

ð2�iÞ2kr

fð2kÞ!gr
2 Q � �2kr:

Remark 3.2. The fact that �rð2k; . . . ; 2kÞ 2
Q � �2kr was first proved by Zagier [20]. We empha-

size that the above formula can be regarded as a

kind of Witten’s volume formula.

Let � ¼ �ðC2Þ be the root system of C2 type.

By Theorem 2.3, we have

ðD�sþF Þðt1; t2; y1; y2; �Þ

¼ 1þ
t1t2e

fy2gt1

ðet1 � 1Þðt1 � t2Þ

þ
t1t2e

fy2gt2

ðet2 � 1Þð�t1 þ t2Þ
þ
t1t2e

ð1�fy1�y2gÞt1þfy1gt2

ðet1 � 1Þðet2 � 1Þ

�
t1t2e

ð1�f2y1�y2gÞt1

ðet1 � 1Þðt1 þ t2Þ
�

t1t2e
f2y1�y2gt2

ðet2 � 1Þðt1 þ t2Þ

¼
X1

k1;k2¼1

P�lþðk1; k2; y1; y2; �Þ
tk1

1 t
k2

2

k1!k2!
:

Hence, by Corollary 3.1, we can compute �2ð2k; 2kÞ
for k 2 N, though in this case we can also compute

�2ð2k; 2kÞ by using the harmonic product formula

for double zeta values

�ðsÞ�ðtÞ ¼ �2ðs; tÞ þ �2ðt; sÞ þ �ðsþ tÞ:
In the general Cr case, considering the expansion

of ðD�sþF Þðt�lþ ;0; �ðCrÞÞ similarly, we can sys-

tematically compute �rð2k; . . . ; 2kÞ. Moreover,

considering the case � 6¼ 0 for �rðs; �; �ðCrÞÞ, we

can give character analogues of Corollary 3.1 for

multiple L-values, which were first proved by

Yamasaki [19].

Next, we consider more general situation.

In Theorem 2.5, we considered the sum over W

on the left-hand side of (2.1). Here we consider

the sum over a certain set of minimal coset

representatives on the left-hand side of (2.1).

Then we obtain the following result in the case

of C2.

Proposition 3.3. For p; q 2 N, p; q � 2,

1þ ð�1Þpð Þ�2ðp; qÞ þ 1þ ð�1Þqð Þ�2ðq; pÞ

¼ 2
X½p=2	

j¼0

pþ q � 2j� 1

q � 1

� �
�ð2jÞ�ðpþ q � 2jÞ

þ 2
X½q=2	

j¼0

pþ q � 2j� 1

p� 1

� �
�ð2jÞ�ðpþ q � 2jÞ

� �ðpþ qÞ:
Actually this is a special case of the previous

result for zeta-functions of A2 type given by the

third-named author [17, Theorem 4.5] (see also

[12, Theorem 3.1]). In particular when p and q

are of different parity, we see that �2ðp; qÞ 2
Q½f�ðjþ 1Þ j j 2 Ng	 which was first proved by

Euler. For example, we have

�2ð2; 3Þ ¼ 3�ð2Þ�ð3Þ �
11

2
�ð5Þ:

On the other hand, considering the case of

C3 type, we have the following result which is not

included in our previous result for zeta-functions of

A3 type (see [12, Theorem 7.1]).

Theorem 3.4. For p; q; u 2 N�2,

1þ ð�1Þpð Þ 1þ ð�1Þuð Þ
� �3ðp; q; uÞ þ �3ðp; u; qÞ þ �3ðu; p; qÞf g
þ 1þ ð�1Þqð Þ 1þ ð�1Þuð Þ
� �3ðu; q; pÞ þ �3ðq; u; pÞ þ �3ðq; p; uÞf g
2 Q½f�ðjþ 1Þ j j 2 Ng	:

In particular when p is odd and both q and u are

even, then
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�3ðu; q; pÞ þ �3ðq; u; pÞ þ �3ðq; p; uÞð3:1Þ
2 Q½f�ðjþ 1Þ j j 2 Ng	:

Remark 3.5. Combining (3.1) and the har-

monic product formula for triple zeta values, we have

�3ðp; q; uÞ � �3ðu; q; pÞ
2 Q½f�ðjþ 1Þ; �2ðk; lþ 1Þ j j; k; l 2 Ng	;

when p is odd and both q and u are even. This is a

known fact given by Borwein et al. in the triple case

(see [1, Theorem 3.1]).

4. The case of Br type. As for the root

system of Br type, namely for � ¼ �ðBrÞ, we see

that

ð�sþÞ_ ¼ f�_r ; 2�_r�1 þ �_r ; . . . ;

2�_1 þ � � � þ 2�_r�1 þ �_r g:

By setting s� ¼ 0 for all � 2 �lþ, we have

�rðs;0;BrÞ ¼
X1

m1;...;mr¼1

Yr
i¼1

1

ð2
Pr�1

j¼r�iþ1 mj þmrÞsi
;

which is a partial sum of �rðsÞ. From the viewpoint

of zeta-functions of root systems, values of this

function at positive integers can be regarded as the

objects dual to MZVs, in the sense that Br and Cr
are dual. For example,

�2ðð0; s1; 0; s2Þ;0;B2Þ ¼
X1
m;n¼1

1

ns1ð2mþ nÞs2
;

�3ðð0; 0; s1; 0; 0; s2; 0; 0; s3Þ;0;B3Þ

¼
X1

l;m;n¼1

1

ns1ð2mþ nÞs2ð2lþ 2mþ nÞs3
:

For simplicity, we denote �2ðð0; s1; 0; s2Þ;0;B2Þ by

�]2ðs1; s2Þ. Then, similarly to Proposition 3.3, we can

prove the following

Proposition 4.1. For p; q 2 N�2,

ð1þ ð�1ÞpÞ�]2ðp; qÞ þ ð1þ ð�1ÞqÞ�]2ðq; pÞ

¼ 2
X½p=2	

j¼0

1

2pþq�2j

pþ q � 1� 2j

q � 1

� �
�ð2jÞ�ðpþ q � 2jÞ

þ 2
X½q=2	

j¼0

1

2pþq�2j

pþ q � 1� 2j

p� 1

� �
�ð2jÞ�ðpþ q � 2jÞ

� �ðpþ qÞ:

Example 4.2. In Proposition 4.1, if p and q

are of different parity, then

�]2ðp; qÞ 2 Q½f�ðjþ 1Þ j j 2 Ng	:

For example, setting ðp; qÞ ¼ ð3; 2Þ, we have

�
]
2ð2; 3Þ ¼

X1
m;n¼1

1

n2ð2mþ nÞ3

¼ �
21

32
�ð5Þ þ 3

8
�ð2Þ�ð3Þ:

Furthermore, similarly to Corollary 3.1, we

obtain the following

Proposition 4.3. For k 2 N,X1
m1;...;mr¼1

Yr
i¼1

1

ð2
Pr�1

j¼r�iþ1 mj þmrÞ2k
2 Q � �2kr:

5. Partial zeta values. In [16], we studied

zeta-functions of weight lattices of compact con-

nected semisimple Lie groups. We can prove

analogues of Theorem 2.5 for those zeta-functions

by a method similar to the above. For example,

considering the cases of B2, C2, B3 and C3 types,

we obtain the following results on partial double

and triple zeta values.

Theorem 5.1. For p 2 N,

X1
m;n¼1

n
1 ðmod 2Þ

1

n2pð2mþ nÞ2p
2 Q � �4p;

X1
m;n¼1

m
1 ðmod 2Þ

1

n2pðmþ nÞ2p
2 Q � �4p;

X1
l;m;n¼1

n
1 ðmod 2Þ

1

n2pð2mþ nÞ2pð2lþ 2mþ nÞ2p
2 Q � �6p;

X1
l;m;n¼1

l
n ðmod 2Þ

1

n2pðmþ nÞ2pðlþmþ nÞ2p
2 Q � �6p:

Example 5.2. We can explicitly compute,

for example,X1
m;n¼1

m
1 ðmod 2Þ

1

n6ðmþ nÞ6
¼

1

58060800
�12;

X1
m;n¼1

m
1 ðmod 2Þ

1

n8ðmþ nÞ8
¼

17

390168576000
�16:
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