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Abstract: Using the Mehler kernel, we give an existence result of the Cauchy Dirichlet

problem for the Hermite heat equation with homogeneous Dirichlet boundary conditions and con-
tinuous and bounded Cauchy data vanishing at x ¼ 0.
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1. Introduction. The existence and unique-
ness problems for the heat equation in both the half

and whole line have been investigated extensively.

Several examples in [1, 5, 7] and the references there-
in are of ample evidences. Similarly uniqueness prob-

lems for parabolic equations in a general setting
have been given in [6] as described by the following

theorem.

Theorem 1.1 ([6], Corollary 8.15 and Exer-
cise 8.22). Let � be a domain in Rd, let T > 0

and Q ¼ ð0;TÞ � �. Assume that the second-order

operator

Lðt; xÞ ¼
X

i; j

ai; jðt; xÞ@xi@xj þ
X

i

biðt; xÞ@xi � V ðt; xÞ

is uniformly elliptic with respect to x. Assume that its

coef�cients are real valued and satisfy the following

boundedness condition:

(1.1)

V ðt; xÞ � 0; trace aðt; xÞ þ x � bðt; xÞ � Kð1þ jxj2Þ
for ðt; xÞ 2 Q. Assume that the function U is con-

tinuous and bounded on �Q and satis�es the regular-

ity conditions: for any t the derivatives @xUðt; xÞ,
@2

x Uðt; xÞ exist and are continuous in Q and the de-

rivative @tU exists at any point in Q. Let

@ 0Q ¼ ð0; T Þ � @� [ fð0; xÞjx 2 ��g

denotes the parabolic boundary of Q. Then the follow-

ing uniform uiqueness estimate holds:

sup
Q
jUj � T sup

Q
j@tU � LU j þ sup

@ 0Q
jU j:

In particular, if U ¼ 0 on @ 0Q and @tU � LU ¼ 0 in

Q, then U � 0 in Q.

With d ¼ 1, � ¼ ½0;1Þ, ðai; jÞ ¼ unit matrix of

order 1, bi ¼ 0 and V ðt; xÞ ¼ jxj2, the following

uniqueness theorem for the Hermite heat equation is
a particular case of Theorem 1.1.

Theorem 1.2. Let Uðx; tÞ be a continuous

function on ½0;1Þ � ½0;1Þ satisfying the following

@

@t
� @ 2

@x2
þ x2

� �
Uðx; tÞ ¼ 0 in ð0;1Þ � ð0;1Þ;

for some positive constant M

jUðx; tÞj �M in ½0;1Þ � ½0;1Þ;

Uðx; 0Þ ¼ 0 for 0 � x <1 and Uð0; tÞ ¼ 0 for

0 � t <1. Then Uðx; tÞ � 0 in ½0;1Þ � ½0;1Þ.
To prove that the equations have a solution is

an even more dif�cult matter than that of proving
uniqueness. Although a hint for �nding the solution

of the Caucy Dirichlet problem for the heat equation

is available in [5], the case for the Hermite heat equa-
tion is di�erent and dif�cult too due to the presence

of the potential term x2.

As a challenging job, the main aim of this paper
is therefore to give a unique solution of the Cauchy

Dirichlet problem for the Hermite heat equation in

the half line with homogeneous Dirichlet boundary
conditions and continuous and bounded Cauchy

data vanishing at x ¼ 0. While proving the main the-

orem, we heavily make the use of some derivations
and results on the Mehler kernel.
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2. Preliminaries. As introduced in [2], we
denote by Eðx; �; tÞ the Mehler kernel de�ned by

Eðx; �; tÞ ¼
P1

k¼0 e
�ð2kþ1ÞthkðxÞhkð�Þ; t > 0

0; t � 0

(

where hk’s are L2 { normalized Hermite functions

de�ned by

hkðxÞ ¼
ð�1Þk ex2=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kk!

ffiffiffi
�
pp dk

dxk
e�x

2

; x 2 R:

Moreover the explicit form of Eðx; �; tÞ for t > 0 is

Eðx; �; tÞ ¼ e
�t e

�1
2

1þe�4t

1�e�4t
ðx��Þ2�1�e�2t

1þe�2t
x�

ffiffiffi
�
p ð1� e�4tÞ

1
2

:

We note that for each � 2 R, Eðx; �; tÞ satis�es the
Hermite heat equation.

Since Eðx; �; tÞ ¼ ~�ð�; tÞ ~Eð�; x; tÞ where

~�ð�; tÞ ¼
ffiffiffi
2
p

e�t e
�1

2

1�e�4t

1þe�4t
�2

ð1þ e�4tÞ
1
2

;ð2:1Þ

~Eð�; x; tÞ ¼ 1þ e�4t

1� e�4t

� �1
2 e
�1

2

1þe�4t

1�e�4t
x� 2e�2t

1þe�4t
�

� �2

ffiffiffiffiffiffi
2�
pð2:2Þ

for x; � 2 R and t > 0, we have the following lemma:

Lemma 2.1 (Lemma 3.1, [3], and Lemma 2.1,
[4]). For any � > 0

Z

R

~Eð�; x; tÞdx ¼ 1;ð2:3Þ

Z
��x� 2e�2t

1þe�4t
�
����

~Eð�; x; tÞdx! 0ð2:4Þ

uniformly for � 2 R as t ! 0þ.

3. Main Result.

Theorem 3.1. Let � be a continuous and

bounded function on ½0;1Þ with �ð0Þ ¼ 0. Then

there exists a unique solution of the following Cauchy

Dirichlet problem for the Hermite heat equation

ð @
@t
� @2

@x2 þ x2ÞUðx; tÞ ¼ 0 x > 0; t > 0;

Uðx; 0Þ ¼ �ðxÞ x > 0;

Uð0; tÞ ¼ 0 t > 0:

8
>><

>>:
ð3:1Þ

Proof. Let

hðxÞ ¼
�ðxÞ; x � 0

��ð�xÞ; x < 0:

(

Then by hypothesis hðxÞ is a continuous, bounded
and odd function on R. In view of the Fourier series

of the odd function h on R, it is easy to see that

hðxÞ 	 2

�
lim
t!0

Z L

0

~�ðx; tÞhð�Þd�
AL;x; �; t

where AL;x; �; t equals

X1

n¼0

�

L
sin

n��

L
sin

2n�e�2tx

L 1þ e�4tð Þ e
�n

2�2

L2

1�e�4t

2 1þe�4tð Þ

 !�1

:

As L!1, we have

hðxÞ 	 2

�
lim
t!0

Z 1

0

~�ðx; tÞhð�Þd�
Bx; �; t

where Bx;�; t equals

Z 1

0

sin�� sin
2�e�2tx

1þ e�4t
e
�
�2 1�e�4tð Þ
2 1þe�4tð Þ d�

 !�1

Considering h only on ½0;1Þ, we have

�ðxÞ 	 2

�
lim
t!0

Z 1

0

~�ðx; tÞ�ð�Þd�
Bx; �; t

ð3:2Þ

But

1

Bx;�; t
¼ 1

4
H1 �H2ð Þð3:3Þ

where

H1 ¼
Z 1

�1
cos � � � 2e�2tx

1þ e�4t

� �
e
�
�2 1�e�4tð Þ
2 1þe�4tð Þ d�;

H2 ¼
Z 1

�1
cos� � þ 2e�2tx

1þ e�4t

� �
e
�
�2 1�e�4tð Þ
2 1þe�4tð Þ d�:

Evaluating the integrals H1 and H2, we obtain

H1 ¼ Re
Z 1

�1
e
�
�2 1�e�4tð Þ
2 1þe�4tð Þ þi� ��

2e�2tx

1þe�4t

� �

d�

¼
Re
R1
�1 e

�
2 1�e�4tð Þ

1þe�4t

�

2
�i

2

1þe�4t

1�e�4t
��2e�2tx

1þe�4t

� �� �2

d�

e
1

2

1þe�4t

1�e�4t
��2e�2tx

1þe�4t

� �2

¼
ffiffiffiffiffiffi
2�
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e�4t

1� e�4t

r
e
�1

2

1þe�4t

1�e�4t
��2e�2tx

1þe�4t

� �2

:

Similarly

H2 ¼ Re
Z 1

�1
e
�
�2 1�e�4tð Þ
2 1þe�4tð Þ þi� �þ2e�2tx

1þe�4t

� �

d�

¼
ffiffiffiffiffiffi
2�
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e�4t

1� e�4t

r
e
�1

2

1þe�4t

1�e�4t
�þ2e�2tx

1þe�4t

� �2

:
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Substituting the values of H1 and H2 in (3.3), we ob-
tain from (3.2) that

�ðxÞ 	 lim
t!0

Z 1

0

~�ðx; tÞ�ð�Þd�
~Eðx; �; tÞ � ~Eðx;��; tÞ

� 	�1

�ðxÞ¼ lim
t!0

Z 1

0

Eðx; �; tÞ�Eðx;��; tÞf g�ð�Þd�ð3:4Þ

where in view of ð2:2Þ

~Eðx;
�; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e�4t

1� e�4t

r
e
�1

2

1þe�4t

1�e�4t
�� 2e�2tx

1þe�4t

� �2

ffiffiffiffiffiffi
2�
p :

Let

Uðx; tÞ :¼
Z 1

0

Eðx; �; tÞ � Eðx;��; tÞf g�ð�Þd�:

Then by (3.4), we have

lim
t!0

Uðx; tÞ ¼ �ðxÞ:

Moreover, since Eðx; �; tÞ and Eðx;��; tÞ are the

Hermite heat solutions, so is Uðx; tÞ. Furthermore

Uð0; tÞ ¼ 0 for t > 0

reveals from the fact that

Eð0; �; tÞ ¼ Eð0;��; tÞ for all � 2 R and all t > 0:

Thus Uðx; tÞ is a solution of (3.1). Next by de�nition

of h on R, it is easy to see that

Uðx; tÞ ¼
Z 1

0

fEðx; �; tÞ � Eðx;��; tÞg�ð�Þd�

¼
Z

R

Eðx; �; tÞhð�Þd�:ð3:5Þ

Then there exists a constant M1 > 0 such that

Uðx; tÞj j � ~�ðx; tÞkhk1
Z

R

~Eðx; �; tÞd�

�M1 in ½0;1Þ � ð0;1Þ

since from (2.1) and (2.3), ~�ðx; tÞ is bounded and
Z

R

~Eðx; �; tÞd� ¼ 1:

Then

Uðx; tÞj j �M in ½0;1Þ � ½0;1Þð3:6Þ

where M ¼M1 þ k�k1. Thus in view of (3.6) and

Theorem 1.2, we conclude that Uðx; tÞ is a unique
solution of (3.1). r
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