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Abstract: In this paper, we consider a family of cubic �elds fKmgm�4 associated to the

irreducible cubic polynomials PmðxÞ ¼ x3 �mx2 � ðmþ 1Þx� 1; ðm � 4Þ: We prove that there

are in�nitely many fKmgm�4’s whose class numbers are divisible by a given integer n. From this,

we �nd that there are in�nitely many non-normal totally real cubic �elds with class number divi-
sible by any given integer n.
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1. Introduction. Let Km be a �eld asso-

ciated with the irreducible polynomials

Pm ¼ x3 �mx2 � ðmþ 1Þx� 1;

for (m � 4). It is well known that Km (m � 4) are

non-normal totally real cubic number �elds with dis-
criminants (See [4])

Dm ¼ ðm2 þm� 3Þ2 � 32:ð1Þ
Louboutin in [1] studied the class groups of

fKmgm�4 and determined Km of small class number

or of class group with small exponent.

In this paper, we are interested in the divisibility
of the class numbers of a family fKmgm�4 by a given

integer n. The following is a result:

Theorem 1.1. There are in�nitely many m

for which the ideal class group of Km has a subgroup

isomorphic to Z=nZ.

To prove above theorem, we use Nakano’s
Lemma in [3]:

Lemma 1.2 (Nakano). Let n;m be integers

greater than 1 and n0 be the product of all prime divi-

sors of n,

m0 :¼ lcmfjwK j
�
� K is a field of degree mg;

where wK is the number of roots of unity in K, and

LðnÞ be the set of all prime divisors l of n. Let

f ðxÞ 2 Z½x� be a monic irreducible polynomial of de-

gree m, � be a root of f ðxÞ, K ¼ Qð�Þ, and r be the

free rank of the unit group of K. Suppose there exist

primes p1; � � � ; ps which are 1 modulo m0n0 and ratio-

nal integers t, A1; � � � ;As and C1; � � � ;Cs such that

(1) fðAiÞ ¼ �Cn
i ; ð1 � i � sÞ,

(2) ðf 0ðAiÞ; CiÞ ¼ 1; ð1 � i � sÞ,
(3) fðtÞ � 0; f 0ðtÞ 6� 0 ðmod piÞ; ð1 � i � sÞ
(4)

t�Aj

pi

� �

l
¼ 1; t�Ai

pi

� �

l
6¼ 1; ð1� j < i� s; l 2 LðnÞÞ;

where f 0ðxÞ is the derivative of f ðxÞ. Then the ideal

class group of K contains a subgroup isomorphic to

ðZ=nZÞs�r .

Since Km is totally real cubic �eld, the free rank
r of the unit group is 2 and wKm

is 2. We �nd pi, Ai

and Ci (1 � i � 3) and t satisfying all the conditions

of Nakano’s Lemma for in�nitely many fðxÞ ¼ PmðxÞ
to prove the main theorem.

According to Nakano (cf. [3]), for each extension

degree, there are in�nitely many totally real number

�elds of class number divisible by a given integer n.
A priori we know for each n, there are in�nitely

many totally real cubic number �elds whose class

number is divisible by n. Since Km are non-normal
totally real cubic number �elds, from Theorem 1.1,

we conclude:

Corollary 2.2. There are in�nitely many

non-normal totally real cubic number �elds whose

class numbers are divisible by any given integer n.

2. Proof of Main Theorem. Firstly, to use

Lemma 1.2, we need the following lemma.
Lemma 2.1. Let n be an integer and n1 be n

or 2n according as n 6� 2 ðmod 4Þ or n � 2 ðmod 4Þ
and A1 ¼ �1;A2 ¼ 0 and A3 ¼ 1. Then there exists

a rational integer t for which there are in�nitely

many triple of primes ðp1; p2; p3Þ such that pi �
1 ðmod n1Þ for i ¼ 1; 2; 3 and
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t� Aj

pi

� �

l

¼ 1 and
t�Ai

pi

� �

l

6¼ 1

for l 2 LðnÞ, i 6¼ j in f1; 2; 3g and

ð1�tÞð2t2þ3tþ2Þ
tðtþ1Þ
pi

0

@

1

A

n

¼ 1:

Proof. Let F ¼ Qð�n1
Þ, where �n1

is an n1-th

root of unity. Since there are in�nitely many rational
integers a such that 2a2 þ 3aþ 2 is square free, we

can take an integer B and a rational prime q such

that 2B2 þ 3Bþ 2 is square free and

qj2B2 þ 3Bþ 2;

q 6 j 14n1:

Since only primes dividing n1 are rami�ed in F

over Q, for a prime ideal q 2 F lying over q, we have

ordqð2B2 þ 3Bþ 2Þ ¼ 1:ð2Þ
Next, we take three distinct prime ideals qið6¼qÞ 2 F
ði ¼ 1; 2; 3Þ which are relatively prime to 14n1 and
rational integers Bi ði ¼ 1; 2; 3Þ for which

ordqiðBiÞ ¼ 1 for 1 � i � 3:ð3Þ
Then we can �nd a nonzero element T 2 OF such
that

T � B ðmod q2Þ;

T � Ai � Bi ðmod q2
i Þ for i ¼ 1; 2; 3:

ð4Þ

Then

(5)

ordqð2T 2 þ 3T þ 2Þ ¼ ordqð2B2 þ 3Bþ 2Þ ¼ 1;

2T 2 þ 3T þ 2 � 2A2
i þ 3Ai þ 2 ðmod qiÞ:

for i ¼ 1; 2; 3:

Since q and qi (i ¼ 1; 2; 3) are relatively prime to 14,

form (5) we have

ordqið2T
2 þ 3T þ 2Þ ¼ 0;

ordqðT �AiÞ ¼ 0:
ð6Þ

And

ordqiðT � AiÞ ¼ ordqiðBiÞ ¼ 1 for 1 � i � 3:ð7Þ
Since qi (i ¼ 1; 2; 3) are relatively prime to 2,

ordqiðT �AjÞ ¼ 0 for 1 � i 6¼ j � 3:

Let � :¼ ð2T 2 þ 3T þ 2Þa ðT � A1Þa1 ðT � A2Þa2

ðT � A3Þa3 : Then

ordqð�Þ ¼ a;

ordqið�Þ ¼ ai for i ¼ 1; 2; 3:

Thus if � 2 F 	l, then we have

a � 0 ðmod lÞ;

ai � 0 ðmod lÞ for i ¼ 1; 2; 3:

It implies that 2T 2 þ 3T þ 2, T � A1, T � A2 and

T � A3 are independent in F 	=F 	l. So for n0 ¼
Q

l2LðnÞ l,

F ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T � Ai
n0
p

Þ \ Ei ¼ F ði ¼ 1; 2; 3Þ;

where

Ei ¼
Y

j 6¼i
F ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T � Aj
n0
p

ÞF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� T Þð2T 2 þ 3T þ 2Þ
T ðT þ 1Þ

n
s !

ði ¼ 1; 2; 3Þ:

By Frobenious density theorem, we know that there
exist in�nitely many primes pi in F which have iner-

tia degree 1 over Q and inert in F ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T � Ai

n0
p

Þ and
completely split in Ei for i ¼ 1; 2; 3. Let pi be a ratio-

nal prime such that ðpiÞ ¼ Z \ pi for i ¼ 1; 2; 3. Since

OF=pi ’ Z=ðpiÞ;

we can take a rational integer t in T þ pi and we
have

T � Aj

pi

� �

l

¼ t�Aj

pi

� �

l

for i; j ¼ 1; 2; 3;

and

ð1�T Þð2T 2þ3Tþ2Þ
T ðTþ1Þ

pi

0

@

1

A

n

¼
ð1�tÞð2t2þ3tþ2Þ

tðtþ1Þ
pi

0

@

1

A

n

:

Since the prime ideals pi inert in F ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T � Ai

n0
p

Þ and
completely split in Ei for i ¼ 1; 2; 3, we have

T �Aj

pi

� �

l

¼ 1;

if and only if i 6¼ j and

ð1�T Þð2T 2þ3Tþ2Þ
T ðTþ1Þ

pi

0

@

1

A

n

¼ 1:

Moreover since pi (i ¼ 1; 2; 3) have inertia degree 1

over Q, we have pi � 1 ðmod n1Þ: This completes
the proof. r
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Now, we come to prove Theorm 1.1.
Proof of Theorem 1.1. Let a be a rational

integer such that

ða; 14Þ ¼ 1:ð8Þ
Put

m ¼ �1� an
2

:

Then

Pmð�1Þ ¼ �1:ð9Þ

Pmð0Þ ¼ �1:ð10Þ

Pmð1Þ ¼ �1� 2m ¼ an:ð11Þ
and from (8), we have

ðP 0mð1Þ; aÞ ¼
7þ 3an

2
; a

� �

¼ 1:ð12Þ

Let us consider PmðxÞ to fðxÞ and A1 ¼ �1, A2 ¼ 0,

A3 ¼ 1 and C1 ¼ C2 ¼ 1, C3 ¼ a. Then they satisfy
the conditions (1) and (2) in Lemma 1.2.

We can take distinct primes p1, p2 and p3 ð> 7Þ
and a rational integer t satisfying all conditions of
Lemma 2.1 and

(13)

pi 6 j ð1þ t� 4t2 � 9t3 � 4t4 þ t5 þ t6Þ2 � 32ðtðtþ 1ÞÞ4:
Since

ð1�tÞð2t2þ3tþ2Þ
tðtþ1Þ
pi

0

@

1

A

n

¼ 1;

we can �nd an integer a such that

an ¼ ð1� tÞð2t
2 þ 3tþ 2Þ

tðtþ 1Þ ðmod piÞð14Þ

for i ¼ 1; 2; 3:
Then we have

PmðtÞ � 0 ðmod piÞ for i ¼ 1; 2; 3:ð15Þ
Suppose that P 0mðtÞ � 0 ðmod piÞ then t is a

multiple root of PmðxÞ ðmod piÞ. Therefore pi divide

the discriminant of PmðxÞ: So we have

(16)

ðm2 þm� 3Þ2 � 32 � 0 ðmod piÞ for i ¼ 1; 2; 3:

Since

m � t
3 � t� 1

tðtþ 1Þ ðmod piÞ for i ¼ 1; 2; 3;ð17Þ

the equation (16) implies that for i ¼ 1; 2; 3;

ð1þ t� 4t2� 9t3� 4t4 þ t5 þ t6Þ2� 32ðtðtþ 1ÞÞ4 � 0

ðmod piÞ:
It contracidts to (13). Hence

P 0mðtÞ 6� 0 ðmod piÞ for i ¼ 1; 2; 3:

Finally, we �nd the rational integers Ai, Ci (i ¼
1; 2; 3) and t and primes pi (i ¼ 1; 2; 3) satisfying all
conditions of Lemma 1.2. Thus we �nd that the class

group of K�1�an
2

has the subgroup isomorphic to

Z=nZ, if an integer a satisfy (8), (14). Thus for any
n, we can �nd mðnÞ (an integer depending on n)

such that the class number of KmðnÞ is divisible by

n. Hence for every multiples ns (s ¼ 1; 2; � � �) of

n we also �nd an integer mðn; sÞ such that the

class number of Kmðn;sÞ is divisible by ns. The set

fKmðn;sÞ j s ¼ 1; 2; � � �g is in�nite since the set of class

numbers of Kmðn;sÞ cannot be �nite. From this, we

complete the proof of theorem. r
Corollary 2.2. There are in�nitely many

non-normal totally real cubic number �elds whose

class numbers are divisible by any given integer n.

Remark. The method of the proof is from [2].
In [2], this method is used to prove there are in-

�nitely many cubic cyclic �elds whose ideal class

groups contain a subgroup isomorphic to ðZ=nZÞ2:
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