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Generic Torelli theorem for one-parameter mirror families
to weighted hypersurfaces
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Abstract: One-parameter mirror families to weighted hypersurfaces are already constructed
and well studied. A generic Torelli theorem for quintic-mirror family is proved by Sampei Usui. In
this article, we give the proof of a generic Torelli theorem for the other families after Usui’s proof for
quintic-mirror family.
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1. Our objects. We consider four types one- Let
parameter families of Calabi-Yau hypersurfaces in us if i=1
complex weighted projective four-space. For ¢ € P!, ue if i =2,
they are Vi us if =3,
(z1,- -, 25) € pALLLY py  if i =4.
5 5 5 5 5 1., is parametrized by . e singular fibres o
(1) x) + x5 + Ty + z + xs , Wd[) b t d b Th 1 fib f

(Wdl))l/) are as follows:

-5 32425 = 0 ,
V1825240 e When ¢ belongs to v; C C C P', W/ has one

(z1,---,x5) € PELLLD ordinary double point.
2) 20 1 a8 + a8 + 2% + 28 b, e W! is a normal crossing divisor in the total
B space. ‘
~6pm1zomzans =0 The other fibres of (W), are smooth with
(z1,---,x5) € PALLLY Hodge numbers h?4 = 1 for p+q =3, p,q > 0.
(3) 496% n xg n xg i mi + a?? : By the action of
—8¢m1x2x3x4x5 =0 [CASHZN (-’1717 o ,.’175) = (:Eh c, Ty, O[_l.’l,'f)),
(21, ,25) € PO2LLD we have the isomorphism from the fibre over ¢ to the
fib .Let A b
(4) 5z + 2z + 2’ + 2 + 2}’ re over av. Le wse ;
_ e — if =1,
10Yx o345 = 0 o i o
Let py be the group of k-th root of 1 € C. When ¢ if i =3,
we divide these hypersurfaces (1), (2), (3), (4) by PO if i =4,
()", 113 % (6)°, (1s)°, (MO)Q{ canonical singulari-  and let
ties appear. For v € CC P", it is known that ; ;
there is a simultaneous desingularization of these (W ((Wu)w)/ Yi
singularities, and we have four families (Wf )pep! J J
(1 =1,2,3,4) of the mirrors to the above hypersur-
faces in each case (1), (2), (3), (4). (A-plane) == (y-plane)/u;.
2000 Mathematics Subject Classification. Primary 14C34; Sec- These families are our objects for which we will give
ondary 14D07, 32G20. the proof of a generic Torelli theorem. (W}), is
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so-called quintic-mirror family, and the theorem for
this family is proved by Usui [U2]. (For more details
of the above families, see e.g. [KT, M1, M2].)

2. Local monodromy.
view the local monodromy of (W), pi (i =1,2,3,4).
For quintic-mirror family, Candelas, de la Ossa, Green
and Parks gave the matrix representation of the local
monodromy for a symplectic basis in [COGP]. For
the other 3 families, Klemm and Theisen gave it in
[KT]. We recall their results.

Let (Wy), = (W), (i=1,2,3,4), and fix b€
P! — {0,1,00}. Then, there is a symplectic basis of
H3(W,,Z) and the matrix representations A, T, Ty,
of local monodromies around A =0,1,00 for this
basis are listed as follows:

In this section, we re-

In the case of i =1,

1 8 -5 0 1 0 0 O
5 —4 -3 1 01 0 -1
A_2015—90’T_00107
5 -5 =3 1 0 00 1
-9 -3 5 O
0 1 0 0
T = -20 -5 11 0 |’
-5 5 8 1
In the case of i = 2,
1 1 0 O 1 0 0 O
3 -3 -1 1 01 0 -1
A= 3 6 1 0 » T'= 001 0}
3 -4 -1 1 0 00 1
1 -1 00
1 00
T = -3 -3 1 0
-6 4 1 1
In the case of ¢ = 3,
1 1 0 0 10 0 O
2 -3 -1 1 01 0 -1
A= 2 4 1 0 » T'= 001 0}
2 -4 -1 1 0 00 1
1 -1 00
1 00
Too = -2 -2 1 0
-4 4 1 1

In the case of i = 4,
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1 1 -1 0 10 0 O
-1 -2 0 1 01 0 -1
A_0—110’T_0010’

-1 -3 0 1 0 0 0 1

1 01 0

01 00

TOC_OllO

1 3 11

We obtain these matrixes from the calculations
of the local monodromies for the periods in [COGP,
KT] and the relation between the symplectic basis
of H3(W,,Z) and the periods in [M2, Appendix C].
In particular, the above A and T are the inverse
matrixes of the matrixes A and T in the lists of
[COGP, KT] respectively.

3. Extended classifying space and period
map. In this section, we recall some facts in [KU]
that are necessary in the present article.

Let w=3, and A*?=1 (p+q=3, p,q>0).
Let Hg = @?:1 Zej, <63,61>0 = <64,62>0 = 1, and
Gz = Aut(Hy, ( , )g). Let D be the corresponding
classifying space of polarized Hodge structures, and
D be the compact dual.

Let (W)), = (W)), (i =1,2,3,4). Fix a point
b€ P'—{0,1,00} on the A-plane, identify H>(W;,Z)
= Hy, and let

(1) T =Image(m(P' —{0,1,00}) — Ggz).

This T' is not neat. In fact, the order of the local
monodromy around 0 is

5 if i=1,
6 if i=2,
8 if i=3,
10 if i=4.

When we use some results in [KU], we need that T is
neat. It is known that there exists a neat subgroup of
Gz of finite index (cf. [B]). Therefore, we have a neat
subgroup of I' of finite index. Taking this fact into
consideration, we can use their results in the present
case.

Let Ny = logT, Ny = logTy € End(Q ® Hy,
(', )g)- Here ( , ), is regarded as the natural exten-
sion as Q-bilinear form. They are illustrated as follows:

YUy 2y a0y
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(2,2)
N1 ° l ]
(3,0) (0,3)
(11)
(3:3)
(2.2)
Ny

(0,0)

Let gy = R20N1, O — RzONoo and = =
{Ad(g)o | o = {0},01,0,9 € T'}. Then T is strongly
compatible with =.

In [KU], the extended classifying space Dz is
constructed. As a set, D= = {(0, Z) : nilpotent orbit
lo€ZE, Zc D} and D~ {({0},F)| F € D} C D=.
Since I' is compatible with =, T" acts on D=. Kato
and Usui endowed I'\ Dz with the structure of loga-
rithmic ringed space in [KU]. We denote the struc-
ture sheaf and the logarithmic structure of T'\ D=z by
Or\p. and M\ p_ respectively. The construction of
Or\p., Mp\p. and the topology of I'\ D= for the pre-
sent case is described concisely in [U2].

Next, we recall extended period map.

Let

(2) P' —{0,1,00} = T\D

be the period map. Since the canonical bundle of W
is trivial, the differential of (2) is injective every-
where. Endow P! with the logarithmic structure as-
sociated to the divisor {1,00}. Then, by [KU, 4.3.1.
()], (2) extends to a morphism

(3) V23 P1 — F\DE

of logarithmic ringed spaces. By [KU, 3.4.4. (i)] and
the nilpotent orbit theorem of Schmid, we have

P
(4) ¢
©(00) = (0-nilpotent orbit mod T').

0) = (point mod I') € '\ D,
1) = (o7-nilpotent orbit mod T'),

(
(
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The image of the extended period map ¢ is an ana-
lytic curve (cf. [U1]).

Let X =T\D=. Let P, =1, P,, = oo € P!, and
let Q1 =¢(P1),Qx =¢(Px) € X. Then, by the
observation of local monodromy and holomolphic 3-
form basing on the descriptions in §1, §2 and this
section, we have

(5) e (Q\) ={P\} for A=1,0c0.

4. Generic Torelli theorem. We use the
notation in the previous sections. In this section, we
give the proof of a generic Torelli theorem for (W),
(i = 2,3,4). The proof for (W}), is already given by
Usui in [U2], and the proofs for the other 3 families
are similar to that in [U2].

Theorem. For eachi= 2,3,4, the period map
¢ in §3 (3) is the normalization of analytic spaces
over its image.

The argument by using the fs logarithmic points
P, and @, at the boundaries for i =1 in [U2, §4]
works also well for ¢ =2,3,4, and gives the above
theorem.

We give another proof of the above theorem by
using the fs logarithmic points Py, and @, at the
boundaries.

Proof. The method of the proof is similar to
that for ¢ = 1 given in [U2, §5]. We give the full proof
in each case ¢ = 2, 3,4.

Since ¢ HQuo) = { P} (83, (5)), it is enough to
show the following

Claim. (Mx/O%)q_ — (Mp1/Opi)p_ is sur-
jective.

Let N be the logarithm of the local monodromy
at A = oo. Let ', 3%, a1, a» be a symplectic basis of
H, which gives the matrix representation of the local
monodromy in §2 in each case.

Before the proof of Claim, we prepare a Lemma.

Lemma. In each case, there exists a symplec-
tic basis g3, g2, g1, go of Hy for which the matrixz repre-
sentation of N is listed as follows:

In the case of i = 2,

(N(g3), N(g2), N(91)7N(90))

0 -1 0 0

0 0 0 0

= (g3ag2vglago) _3 _9/2 0 0
“9/2 7/2 1 0

In the case of i = 3,
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0 -1 00
0 0 0 0
= (93792791790) 9 -3 0 0
-3 11/3 1 0
In the case of i =4,
(N(g3), N(g2), N(g1), N(g0))
0 -1 00
0 0 0 0
= (93,92, 91, 90) 1 “1/2 0 0
~1/2 17/6 1 0

Proof of Lemma.
given as follows:

The basis g3, g2, 91,90 is

In the case of i = 2,3,

GB=0" =70 g =, g=a
In the case of i =4,

g3 =—a1, g2=0* g1 =0", go= 0. O

Proof of Claim. Let ¢ be a local coordinate
on a neighborhood U of Py, =oo in P!, and let
z = (2mi) 'logq be a branch over U — {Py}. Then
exp(—zN)g1 = g1 — zgo is single-valued. Let w(q)
be a local frame of the locally free Opi-module
F3. Write w(q) = 23:0 bj(q)g;, and define t=
b3(q)/b2(q). Then

‘= (91,0(q))o
<govw((})>0
— <eXp(sz)g1, w(é»o + Z<g(J7 w(é))o
{90, w())0

= z + (single-valued holomorphic function in §).

Let ¢ = ¢*™. Then ¢ = uq for some u € Op, ,, . Let
V be a neighborhood of Q in X = I'\ Dz. Endow C
with the logarithmic structure associated to the divi-

[Vol. 85(A),

sor {0}. Then we have a composite morphism of fs
logarithmic local ringed spaces

U—V—C, jr—q=em0/b) (=qyg).
Hence the composite morphism (Mpi/Of)p
(Mx/O%)q., « (Mc/Og), of reduced logarithmic
structures is an isomorphism. The claim follows. In
fact, the morphism in the claim is an isomorphism
since the rank of (Mx/O%),_  is one in the present

case. O
We thus have proven the theorem in this
section. ]
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