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1. Introduction and statement of main
results. An affine manifold is said to be locally
symmetric if its torsion tensors vanishes and the
curvature tensor is invariant under all parallel
translations. It is complete if any geodesic is defined
for all time intervals. A basic problem is

Problem 1.1  (See [10]). What  discrete
groups can arise as the fundamental groups of
complete, locally symmetric spaces?

Any complete, locally symmetric space M is
represented as the Clifford-Klein form I'\G/H
where G/H is a globally symmetric space and T’
is a discrete subgroup of a Lie group G such that

I' ~ 7 (M). Consequently, Problem 1.1 may be
reformalized as
Problem 1.2. What discrete subgroups of G

can act as discontinuous groups for G/H ?

Here, we say a discrete subgroup I' of G is a
discontinuous group for the homogeneous space
G/H if the natural action of I" on G/H is properly
discontinuous and free. Particularly interesting
is the case where H is non-compact, and where
G/H carries a G-invariant non-Riemanian geomet-
ric structure. In this case, properly discontinuity
of the I'-action on G/H is much stronger than the
discreteness of I' in G. Problem 1.2 is difficult even
for Lorentz symmetric spaces as was shown by
the Calabi-Markus phenomenon [2] for relativistic
spherical space forms, and also by Margulis’ coun-
ter example [16] in R? = R*! to Milnor’s conjecture
[19] for Lorentz flat cases. A systematic study
of Problem 1.2 for the general was started in the
late 1980s by Kobayashi: [4] followed by
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[2,5,6,14,15,17,20,22]. See [11,13,18] for surveys of
the theory of discontinuous groups for non-Rieman-
nian homogeneous spaces G/H developed during
the last two decades.

In this paper, we focus on discontinuous groups
for irreducible complex symmetric spaces. To be
more precise, we consider the following

Setting 1.3. Gc is a connected, complex
simple Lie group, 6 is a holomorphic involutive
automorphism of Gg, and K¢ is an open subgroup of
Gl :={geGec: 0g=g}.

Then G¢/Kc is an irreducible complex sym-
metric space. Classic examples include:

(Ge, K¢) = (SL(n, C), SO(n, C)) where g ="'g .

Then, our main results are stated as follows:
Theorem 1.4. Let G¢ be a complex simple

Lie group, and Gec/Kc a complex symmetric space.
Then, the following four conditions are equivalent:

i) Ge/Kc admits an infinite discontinuous group
generated by a unipotent element of Gg.
There exists a group homomorphism p:
SL(2,R) — G¢ such that SL(2,R) acts prop-
erly on Geo/Kc wvia p.
There exists a holomorphic group homomor-
phism pc : SL(2,C) — G¢ such that SL(2,C)
acts properly on Go/Kc via pc.
The pair of Lie algebras (gc, tc) is isomorphic
to (so(p+ ¢, C),s0(p,C) @ s0(q,C)) (p, q is
odd, p+q=0 mod 4).
A Kleinian group is a discrete subgroup of
SL(2,C). Any discrete subgroup of proper trans-
formation groups is automatically a discontinuous
group. Hence, we have a ‘geometric model’ of a
Kleinian group on locally complex symmetric
spaces as follows:

ii)

iii)

iv)
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Corollary 1.5. For any Kleinian group T,
and for any odd integers p,q such that p+
q=0 mod 4, there exists a locally compler sym-
metric space X whose fundamental group is iso-
morphic to ', and whose wuniversal covering is
biholomorphic to the global complex symmetric
space Spin(p + ¢, C)/Spin(p, C) x Spin(q, C).

Here, we note that Spin(n,C) is a two-fold
covering of SO(n,C) if n > 3.

Our main results should be compared with
two extreme cases: the existence problem of
infinite discontinuous groups [2,4] and the existence
problem of cocompact discontinuous groups
[1,4-6,12,14,15,17,20,22].

First, the criterion [4] for the Calabi-Markus
phenomenon says that there infinite
discontinuous groups for G¢/Kc if and only if
rankr G¢ > rankr K¢. Hence, we have

Fact 1.6 (Calabi-Markus phenomenon). An
irreducible complex symmetric space Gc/Kc admits
an infinite discontinuous group if and only if (g¢, tc)
is one of the following symmetric pairs:

(s1(n, C), 50(n, C)), (s1(2n, C),sp(n, C)), (so(p+
q,C), s0(p,C) & 50(q, C)) (pg is odd)

(e6.c,8p(4,C)), (es.c,fic)-

All the other irreducible complex symmetric
spaces Ggo/Kc such as SO(p+¢,C)/SO(p,C) x
SO(q,C) (pq is even) admit only finite discontin-
uous groups.

Second, let us consider the existence problem
of cocompact discontinuous groups [10,18]. Here is
the state-of-the-art in the case of complex symmet-
ric spaces.

Fact 1.7
metric spaces).
(a) (Kobayashi [6] and Benoist [1]) An irreducible

complex symmetric space Geo/Kc admits a

cocompact discontinuous group only if (g¢, tc)

is isomorphic to (so(4n,C),s0(4n — 1, C)).

(b) (Kobayashi-Yoshino [12]) The complex sphere
SO(4n,C)/SO(4n — 1,C) admits a cocompact
discontinuous group if n < 2.

It is not known whether or not the complex
sphere SO(4n,C)/SO(4n —1,C) (n > 3) admits
a cocompact discontinuous group (See
[12, Conjecture 2.4.4]).

2. Cartan projection and proper ac-
tions. We begin with a ‘coarse geometry’ of
properly discontinuous actions introduced by
Kobayashi:

exist

(Ezistence of compact locally sym-
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Definition 2.1 [9, Definition 2.1.1]. For two
subsets H, H' in a locally compact group G, we
write H ~ H' if there exists a compact subset S in
G such that H C SH'S and H' C SHS. We write
H M H' if the closure of HNSH'S is compact for
any compact subset S in G.

As explained in [13, Section 3|, the relation rh
generalizes the concept of properness of a group
action. In other words, to understand whether an
action is proper, or properly discontinuous, it is
enough to understand the relation . In fact, if H
and L are closed subgroups of G then we have:

The natural L-action on G/H is proper
< LthH.

The use of ~ provides economies in considering
the relation M. In fact,

if H~ H then Lh H <= LM H'

For a reductive linear Lie group G, we have a
Cartan decomposition G = K exp aK, where a is a
maximally split abelian subspace in the Lie algebra
g of G. We write log for the inverse map of
exp:a — expa. Let W be the Weyl group for the
restricted root system 3(g,a). For a subset S of
Gc, we define an W-invariant set by

(1) a(S) :=log(KSK Nexpa).

We note that a(S) = W -log(S) if S C expa. Then,
the following criterion of the relation M and ~ holds.

Fact 2.2 ([4], [9, Theorems 3.4 and 5.6]).

(a) H~H'in G < a(H) ~a(L) in a.
(b) Hh H in G < a(H) ha(L) in a.

In particular, the equivalence (1) implies
a(H) ~a(gHg™!) for any g € G.

Remark 2.3. Our main results can be
proved by using only the criterion of proper actions
of reductive subgroups given in [4]. However we use
a more general criterion given in [9] mainly because
the concept ~ and rh simplifies the exposition of
our proof.

3. The Calabi—-Markus phenomenon for
Gc/Kc. Let Aut(ge) be the group of Lie algebra
automorphisms of the complex simple Lie algebra
gc- We write Int(gg) for the group of inner auto-
morphisms, namely, the group generated by e*d(X)
(X € g¢). Then, Int(gc) is the identity component
of Aut(gg). If Ge is a connected Lie group with Lie
algebra g, the adjoint representation Ad: Gg¢ —
Int(gc) is surjective and its kernel is a finite group.
An element of Aut(gc) \ Int(gc) is called an outer
automorphism.
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Lemma 3.1. If Gc/Kc admits an infinite
discontinuous group, then 6 is an outer automor-
phism. In particular, g¢ is one of sl(n, C), so(2n, C),
orT ¢6.C-

Proof. If 8 were an inner automorphism, then
K¢ would have the equal rank with G¢ because
Ad(Kc) is the centralizer of the elliptic element 6
in Int(ge) = Ad(Ge). In turn, we would have
rankg K¢ = rankrGc, which is equivalent to the
condition that G¢/K¢ does not admit an infinite
discontinuous group by [4, Corollary 4.4]. Hence,
the lemma is proved. ([

Fact 1.6 gives the complete list of the complex
symmetric pairs (gg,tc) such that Go/Kc does
not admit an infinite discontinuous group.

4. Outer automorphisms and nilpotent
orbits. An element X € g¢ is called nilpotent if
ad(X) € End(gc) is a nilpotent endomorphism. The
set N of nilpotent elements in g is a Go-invariant
algebraic variety. There are finitely many Gc-orbits
in M. The adjoint orbit Ad(G¢)X € N is said to be
a nilpotent orbit. The group Aut(gc) normalizes the
identity component Int(gc). That is, if 7 € Aut(ge),
then 7 acts on Int(gs) by A—70Ado7 L In
particular, 7 sends each nilpotent orbit to a
(possibly different) nilpotent orbit because

T(Ad(Ge)X) = 7(Int(ge)X) = Int(ge)7X
= Ad(Gc)TX

With regard to outer automorphisms we have:

Theorem 4.1. Let go be a complex simple
Lie algebra. Then, the following two conditions on
gc are equivalent:

(i) Any outer automorphism leaves every nilpotent
orbit invariant.
(ii) g¢ is not isomorphic to so(4n, C).

Sketch of proof. First of all, we recall the
Dynkin—-Kostant theory that describes nilpotent
orbits by means of weighted Dynkin diagrams.
We fix a Cartan subalgebra h¢ of g, and a positive
root system A1 (ga,hc). We denote by U the set
of simple roots, and by h& the dominant chamber.

We set elements in sl((2,R) by h:= (1 0 )’

0 -1
(01
6—00

Suppose X € N. Then, there exists a Lie
algebra homomorphism p : s{(2,R) — g¢ such that
p(e) = X by the Jacobson—Morosov theorem. Since
p(h) is a semisimple element, there exists a unique
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element in hé, denoted by H, which is conjugate
to p(h). We set

Fx(a) := a(H)

Then Fx(«) € {0,1,2} for any o € ¥, and Fx = Fx
iff X is conjugate to X’ by G¢. Hence, the injective
map

N/ Ad(GC) — Map(\l’, {0, ].7 2}), Ad(Gc)X — FX

for o € .

classifies the set of nilpotent orbits. The map Fx
is represented by the weighted Dynkin diagram
(See [3]).

Let 7 be an automorphism of go. Then, there
exists an inner automorphism o of go such that
or(hc) =be and (07) (A (g¢,be)) = A (gc, be)-
Here, (07)":hg — b& denotes the pull-back of
ol Then (o7)" induces an automorphism, to be
denoted 7, of the Dynkin diagram. Then, 7 is
independent of the choice of an inner automorphism
0. Then, we have:

Lemma 4.2. For X e N, X and 7X is con-
jugate by Gg if and only if its weighted Dynkin
diagram Fx is invariant by T.

Thus, the condition (i) in Theorem 4.1 is
equivalent to each of the following condition (iii)
and (iv):

(iii) For any Lie algebra homomorphism
p:8l(2,R) — gg, Tp(e) is conjugate to p(e) under
Int(gc) for any automorphism T of g¢.

(iv) For any nilpotent orbit in gc the corre-
sponding weighted Dynkin diagram is invariant by
outer automorphisms of the Dynkin diagram.

We can prove the quivalence (iv) and (ii) of
Theorem 4.1 by using the classification of nilpotent
orbits (see [3]). We should point out that the
nilpotent orbit corresponding to the partition
[32,1%] for SO(8,C) is missing in the table of
Collingwood-McGovern [3, Example 5.3.7]. O

Suppose we are now in Setting 1.3. We return
to the setting of Section 1. We take a maximal
compact subgroup Gy of G¢ such that Ky := Gy N
K¢ is a maximal compact subgroup of K¢. Take a
maximal torus of Ky, and extend it to a maximal
torus H of Gy. We shall use the lower German
letter to denote the Lie algebra, and use the
subscript C to denote its complexification. Then,
the complexified Lie algebra h of H is the Cartan
subalgebra of gg. In turn, a:=hoNv/—1gy is a
maximal abelian subspace in \/jl_gU, and a is a
maximal abelian subspace of JTIEU. Since gc =
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gU—i—\/—_lgU is a Cartan decomposition, the sub-
space a becomes a maximal split abelian subspace of
the Lie algebra g¢ (regarded as a real semisimple
Lie algebra), and we have a Cartan decomposition
Gc = GU expa GU.

Lemma 4.3. a(K¢g) =W -d’.

Further, we can choose a positive system
A+(907 hC) such that 9*A+(907 hC) = AJr(«gCa hC)

Then, 6 induces an automorphism 6 of the Dynkin
diagram. (We note that =id iff # is an inner
automorphism.) We have:

Corollary 4.4. Let g be a complex simple
Lie algebra which is not isomorphic to so(4n,C).
Then, for any homomorphism p: s[(2,R) — g¢,

a(p(sl(2,R))) € W - a%up to ~ .

Proof. By Theorem 4.1, if H € ¢, is conjugate
to p(h), then 0H = H. Since

a(p(sl(2,R))) ~ a(p(Rh)) ~ a(RH),

we get Corollary. O

5. Actions on SO(p+ q,C)/SO(p,C) x
SO(q,C). The first step of the proof of
Theorem 1.4 is to show:

Theorem 5.1. Suppose we are in Setting 1.3.
Let p: sl(2,R) — gc be a Lie algebra homomor-
phism, and we set X := p(e). We also use the same
letter p to denote its lift to a group homomorphism
SL(2,R) — G¢. Then the following two conditions
on the triple (Ge, K¢, p) are equivalent:

i) SL(2,R) acts properly on Go/Kc via p.
ii) The nilpotent orbit Ad(Gc)X is not 0-invari-
ant.

Proof. For g€ Gg, we define pf(x):=
gp(x)g~'. Then both of the conditions (i) and (ii)
do not change if we replace p by pJ. Therefore,
we can and do assume that

H :=p(h) € a;.

Then, by the Dynkin-Kostant theory, the condition
(ii) is equivalent to the following condition.

0H #+ H.
On the other hand, by Kobayashi’s criterion

(Fact 2.2) for proper actions, the condition (i) is
equivalent to RH M a(K¢), This amounts to

RHNWa’ = {0}

by Lemma 4.3. Hence, to see the equivalence
(i) < (ii), it is sufficient to prove

[Vol. 84(A),

0H # H < RHNWa’ = {0}.
First, suppose 0H = H. Then H € a’. Therefore,
RHNWa’ = RH # {0}.

Next, suppose OH # H. This happens only
when gg ~ s0(4n, C) by Theorem 4.1. Moreover, 6
must be an outer automorphism. Hence, ¢c must be
isomorphic to so(p, C) + so(g, C) such that pq is odd
and p + g = 4n. In this case, we shall see

(U wa€> ﬂa+:a9ﬁa+

weW

in Lemma 5.2 below, and consequently,
RHN(Wa’Na,)=RHN (e’ Nay) = {0}.

Since H € a;, we conclude RHNWa’ ={0}. O
Let (Ge,Kc) = (SO(p+q,C),SO(p,C) x

SO(q, C)), such that pq is odd. We set p+ ¢ = 2n.

Then, a ~ R", o’ is of codimension one in a, and

the Weyl group W is isomorphic to S, x (Z/2Z)"".
Lemma 5.2.

(U wa9> Nag :aeﬂa+.
weW

Proof. By taking the standard basis ey,..., e,
such that

AT (ge he) ={eite;: 1 <i<j<n},

we have a coodinate expression of a, and a’ as
ar = {(xl,"'axn) eR": Ty > Z Tp—1 Z |x77|}5
a0:{<$17"'7$'rl7170)GR": 1‘17'"7$TL71 GR}'

Hence, we have

Therefore,

n
U wa’ Na, = U{(xl,...,:rj,l,O,...,O) eR"
weW J=1

Cxyp > > >0}

=ad’Na,. O
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