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Abstract:

Let F be a family of meromorphic functions in a domain D, let ¢,k be two

positive integers, and let a,b be two non-zero complex numbers. If, for each f € F, the zeros of
f have multiplicity at least k + 1, and f = a < G(f) = b, where G(f) = P(f®) + H(f) be a
differential polynomial of f satisfying ¢ > vz, and 5| g < k+1, then F is normal in D.
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1. Introduction. Let f and g be meromor-
phic functions on a domain D, and let a and b be two
complex numbers. If g(z) = b whenever f(z) = a,
we write

F(z)=a=g(z) =b
If f(z)=a=g(z)=band g(z) =b= f(z) =

a, we write
f(z2) =a e g(z) =b.

If f(z) = a < g(2) = a, we say that f and g
share a on D.

Let ai(z)v(i = 1a27~'~aq - 1)7b](z)7(] =
1,2,...,n) be analytic in D, ng,nq,...,n; be non-
negative integers. Set

Pw)=w!+a,1(2)w? +...+ a1(2)w,

M(fo f'yoo s ) = frofym . (9,
YM =1No+ N1+ ...+ Nk,
I‘M:no+2n1+...+(k+1)nk.
M(f, ..., f#))is called the differential mono-

mial of f, yar the degree of M(f, f'y... f%) and
T the weight of M(f, f/,..., f®).

Let M;(f, f,....,f®™),(j = 1,2,...,n) be dif-
ferential monomials of f. Set
H(f, oo ) = bi(2)Mu(fy f o ) 4
+bn(2) M (f, f, -, f5),
YH = max{leasza oo 7’7Mn}a
FH = max{I‘Ml,FMQ, e ,FM7L}.

H(f, f',..., f®) is called the differential poly-
nomial of f, vy the degree of H(f, f’,..., f*)) and
I'y the weight of H(f, f’,..., f%®). Set

2000 Mathematics Subject Classiffcation. 30D45.

Normal families; meromorphic functions; shared values.

TUary, Ty s,
_|H:maX{ ) PR ’}7
Y M VMo VM.,
G(f) =P+ H(f ', ).

Schwick[1] was the first to draw a connection be-
tween values shared by functions in F and the nor-
mality of the family F. Specifically, he proved the
following theorem.

Theorem A. Let F be a family of meromorphic
functions in a domain D, and let a1, as,as be three
distinct complex numbers. If, for each f € F, f and
f! share a1, as,as, then F is normal in D.

Fang[2] proved the following theorem.

Theorem B. Let F be a family of meromorphic
functions in a domain D, let k be a positive integer,
and let a be a non-zero complexr number. If, for each
feF, f#0,and f=a< f® =a, then F is
normal in D.

Fang and Zalcman[3] improved Theorem B as
follows:

Theorem C. Let F be a family of meromorphic
functions in a domain D, let k be a positive integer,
and let a,b be two non-zero complex numbers. If, for
each f € F, the zeros of f have multiplicity at least
kE+1,and f =a < f% =b, then F is normal in
D.

In this paper, we extended Theorem C as fol-
lows:

Theorem 1. Let F be a family of meromorphic
functions in a domain D, let q, k be two positive inte-
gers, and let a,b be two mon-zero complex numbers.
If, for each f € F, the zeros of f have multiplic-
ity at least k+ 1, and f = a & G(f) = b, where
G(f) = P(f®) + H(f) be a differential polynomial
of f satisfying ¢ > vu, and 5|H < k+1, then F is
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normal in D.

As an application of Theorem 1, we have the
following example.

Example 1. Let k be a positive integer, let
fn(2) = ne?, let F={fn(z) :n=1,2,...}, let D =
{z :]z] < 1}, and let G(f) = f*). Then F be a
family of meromorphic functions in a domain D, for
each f € F, f#0and f =1 < G(f) =1. By
Theorem 1, we obtain that F is normal in D.

From Theorem 1, we can get

Corollary 2. Let F be a family of meromorphic
functions in a domain D, let a1(2),az2(2),...,ak(2)
be holomorphic functions in D, let k be a positive
integer, and let a,b be two non-zero complexr num-
bers. If, for each f € F, the zeros of f have multi-
plicity at least k + 1, and f = a & L(f) = b, where
L(f) = f® 4ar(2) fE D tay(2) fE*2D 4. 4an(2)f,
then F is normal in D.

2. Some Lemmas. For the proof of Theo-
rem 1, we need the following lemmas.

Lemma 1[4]. Let k be a positive integer, let
F be a family of functions meromorphic on the unit
disc /\, all of whose zeros have multiplicity at least
k, and suppose that there exists A > 1 such that
|f®)(2)| < A whenever f(z) = 0. Then if F is not
normal at zg, there exist, for each 0 < a < k,

a) points zn, € A, zn, — 2o;

b) functions f, € F; and

c) positive numbers p, — 0
such that p® fu(zn + pnC) = ga(C) — g(C) locally
uniformly with respect to the spherical metric, where
g s a mnonconstant meromorphic function on C, all
of whose zeros have multiplicity at least k, such that
g7 (¢) < g#(0) = kA + 1. In particular, g has order
at most 2.

Lemma 2[5]. Let f(z) be a meromorphic fuc-
tion of finite order in the plane, let k be a positive
integer, and let b be a non-zero complex number. If
the zeros of f(z) have multiplicity at least k+1 , the
poles are multiple, and f*)(z) # b, then f(z) is a
constant.

3. Proofs of Theorems 1. Without lose of
generality we assume that D = {|z| < 1}. Sup-
pose that F is not normal at point 0. Then by
Lemma 1, for a = k, there exist f; € F, z; — 0,
and p; — 0F such that g;(¢) = p;"f;(z + p;C)
converges locally uniformly to a non-constant func-
tion g(¢). Moreover, g(¢) is of order at most 2
and only zeros of multiplicity at least k + 1. Set
Qw)=wl+a1(0)wi ' +...+a1(0)w,
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We claim that:

(i) Q™) £b:

(ii) the poles of g are multiple .

Suppose now that Q(g®)(¢y)) = b. we claim
that Q(g®)) # b. Otherwise, g must be a polynomial
of exact degree k , which contradicts the fact that
each zero of g has multiplicity at least k+1. Since
Q(9™)(¢o) = b. Obviously, g(¢o) # co. Hence there
exists § > 0 such that g(¢) is analytic on Gas = {¢ :
C—Col < 26}. Thus ¢ (¢)(i = 0,1,2, ...,
lytic on Gs = {¢ : | —p| < I} for large j and gj(-i) ©)
,k) on

k) are ana-

converges uniformly to ¢ (¢)(i = 0,1,2,...

G5 ={C:|¢— o] <6}
As

G(f;)(z + i) — b = P(f" (2 + p;C))

FH(fi f o ) (z405€)
—b,

and
Nz + Q)

(k?"rl)'YM Iy

H(fj [

=2

(zj + piC)

Considering b;(z) are analytic on D (i =
1,2,...,n), we have

1+r
bty + 01 <21 (55 002)) <
(i=1,2,...,n)

for sufficiently large j.
Hence we deduce from %| g < k+1 that

n

> bz 4 pi Q) T M (g5, 97, g8 (Q)

i=1

converges uniformly to 0 on Ds = {¢C:1C—¢Cl < %}
Thus we know that G(f;)(z;+p,;{) —b converges

uniformly to Q(g*)) — b on D; = {¢:1¢C—¢ol < %}
Hence, by Hurwitz’s theorem we deduce that

there exist (;, (; — (o such that, for large j,

P(g (k)(cj)) Z (ZJ"’PJCJ) (k+1D)var, —Tg
i=1

XMl(g]mg;a s 793 )(CJ)

Thus
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P(f (24 ps N AH g o ) (254 05G) = b

It follows from f = a < G(f) = b that

fizi +piG) = a

['hus £ )
zj + p;Gj a
i (¢) = =~ =
" 7} o}

we have g(¢o) = lim g¢;(¢;) = oo, which contra-

dicts Q(g™({)) = b . This proves (i) .

Now we prove (ii). Suppose g({o) = oo. Since
g # 00, there exists a closed disc K = {¢ : | —
Co| < 6} on which 1/¢ and 1/g; are holomorphic
(for j sufficiently large) and 1/g; — 1/g¢ uniformly.
Hence, 1/g;(¢) —p}/a — 1/g(¢) on K, and since 1/g
is nonconstant, there exist (;, {; — (o, such that (for
j large enough)

k

L)

9i(G) a

Hence f;(z; + p;¢;) = a. Thus we have

P i) H(Fo Foeoos 11

=0.

)(zj+p;i¢) = b

Thus
k
(1) Plg(G)
(k+1)’yM —I'm;
+ Z bi( Zg + P](j)
XMi(gjagja e 7g] )(CJ)
We can get
I j
@) () --%.
gj g5
1 " 1" /)2
®) (3) =-Z 20
gj 9;j 95

for k > 3, mathematical induction shows that

(k) (k) "k
1 g (95)
(_) == + k! k+1 + E :Algy’

9;j g; 9;
Thus
k—2 (k)
" (g5)" .1
4 9" =g} [’f!kj—ﬂ+2Ai% — |
9; i=0 9

Thus by (1), (2), (3), (4) and g > ym, we have
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¢\
q A (k+1)q -
(k+1)g—1

+ Y Bigi(¢) =

=0

where B; is a polynomial in (1/g)’,

(1/9)®.
Since lim g;(¢;) =
j—oo

g\
. G\55 (k+1)q—1 )
(k+1)g—1

+ Z Bzg] ]

Similarly, we have

e\
lim | (k) (gg(—é)> R (¢)

(1/.9)//7 )

00, by (5) we get

=0.

j—oo g;

(k+1)g—1

+ Z Bigi2(¢;)| =0.

Proceeding inductively, we obtain

lim [— gé(gj)‘| ' =
j—o0

92(¢)

It follows that (1/g(¢) ‘C o= = 0, so that (p is
a multiple pole of g(¢). Hence no pole of g is simple.
This proves (ii).

It follows Q(¢*)) # b and the definition of
Q(w) that there exist a non-zero constant ¢ satis-
fying g®*) # ¢. Hence by Lemma 2, we can deduce
that g is a constant, which is a contradiction. Hence
F is normal on D .
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