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Value distribution of difference polynomials
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Abstract:

We continue to studying value distribution of difference polynomials of

meromorphic functions. In particular, we show that extending classical theorems of Tumura—
Clunie type to difference polynomials needs additional assumptions.
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The  classical  Clunie
lemma [3] may be formulated as follows, see
[5; Theorem 3.9]:

Lemma A. Let f be a transcendental mer-
omorphic solution of

[Pz f) = Q= f),

where P(z, f),Q(z, f) are differential polynomials in
f and its deriwatives with small meromorphic
coefficients ay, N €I, in the sense of m(r,ay) =
S(r, f) for all X € I. If the total degree of Q(z, f) as a
polynomial in f and its derivatives is < n, then

m(r, f) = S(r, f).

The Clunie lemma has been a powerful tool
in the field of complex differential equations and
related fields. In particular, the lemma has been
used to studying value distribution of certain
differential polynomials. We first recall two ver-
sions of what are presently known as Tumura—
Clunie type theorems, see [5; Theorem 3.9] and
[7; Corollary on p. 115]:

Theorem B. Suppose that f is meromorphic
and non-constant in the complex plane, that

g(Z) = f(z)n + -Pnfl(za f);

where P,_1(z, f) is a differential polynomial of total
degree at most n— 1 in f and its derivatives with
small coefficients a(z) in the sense of T(r,a)=
S(r, f), and that

N(r, f) + N(r, %) — S(r, f).

1. Introduction.
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Then
9(2) = (f(2) + a(2))",

where T(r,a) = S(r, f).
Theorem C. Let f be a meromorphic func-
tion, and suppose that

U(2) == anf(2)" + -+ ao(2)

has small meromorphic coefficients a;(2), an, # 0, in
the sense of T(r,a;) = S(r, f). Moreover, assume
that

N(r, é) +N(r, ) = S(r. f).

Then

A n
\IJ:a,L<f+ ~ 1> .
na,
For our reasoning below, we need the following
modification of Theorem C.

Theorem D. Let f be a meromorphic func-
tion of finite order p, and suppose that

U(z) == anf(2)" + -+ ap(2)

has small meromorphic coefficients a;(z), a, # 0 in
the sense of T(r,a;) = O(r’~'") + S(r, f). More-

over, assume that

N(n é) +N(r, ) = 06" ) + 8(r, ).

Then

U = aq, ( f+ M) .
nay,

Proof. The proof is, with apparent modifica-
tions, the same as the proof of Theorem C
in [7). 0

Recently, Halburd—Korhonen [4] and Chiang-
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Feng [1] investigated the value distribution
theory of difference expressions. A key result, see
[1; Corollary 2.6], of these studies to be applied
below reads as follows:

Lemma E. Given two distinct complex con-
stants mi,m2, let f be a meromorphic function of

finite order p. Then, for each € > 0, we have

mlr f(2+771) _ r,,_1+5
. ( ’f(2+772)> ot -

As for difference counterparts of the Clunie
lemma, see [4; Corollary 3.3]. We recall the follow-
ing more general version, see [6; Theorem 2.3,
corresponding to [8; Theorem 1]:

Theorem F. Let f be a transcendental mer-
omorphic solution of finite order p of a difference
equation of the form

(2) Uz f)P(z f) = Q(z f).

where U(z, f), P(z, f),Q(z, f) are difference polyno-
mials such that the total degree deg U(z, f) =n in
f(2) and its shifts f(z+c1),..., f(z+ c), and deg
Q(z, f) < n. Moreover, assume that all coefficients
by in (2) are small in the sense that T'(r,by) = S(r, f)
and that Uz, f) contains exactly one term of
mazimal total degree in f(z) and its shifts. Then,
for each e > 0,

(3) m(r, Pz, f)) = O(r*""%) + 8(r, f),

possibly outside of an exceptional set of finite
logarithmic measure.

A natural question is now whether some kind of
difference counterpart of Tumura—Clunie type the-
orems can be proved. However, Theorem 1 below
seems to show that such a direct counterpart cannot
be found. To formulate our result, take a difference
polynomial

@ GE =Y nE@ [+ o)™,

AeJ J

where

and at least one of the shift arguments 6 ; is non-
zero. Moreover, we assume that the coefficients in
(4) are small in the sense of T'(r,by) = O(r’~1°) +
S(r, f).

Theorem 1. If f is a meromorphic function
of finite order p such that
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N(r,1/f) + N(r, f) = O(r"" %) + S(r, f),

the difference polynomial (4) in f(2) and its shifts, of
mazimal total degree n, must have sufficiently many
zeros to satisfy

N(r,1/G) # O(r"~%) + S(r, f).

Remark. Observe that whenever two of the
counting functions N(r,1/f), N(r, f), N(r,1/G) are
of growth O(r’~'%) + S(r, f) at most, then the
third one is # O(r"~1¢) + S(r, f). This immediately
follows from the proof of Theorem 1 below.

Concerning value distribution of difference
products, we prove

Theorem 2. Let f(z) be a transcendental
entire function of finite order, and ¢ be a non-zero
complex constant. Then for n>2, f(2)"f(z+c)
assumes every non-zero value a € C infinitely often.

2. Proof of Theorem 1. Contrary to the
assertion, we assume that

N(r,1/G) = O(r" ') + S(r, f).

To prove Theorem 1, we propose to follow the
idea in the proof of [6; Theorem 2.3]|. Therefore, we
transform (4) into a polynomial expression of f(z)
by writing (f(z+ 8)/f(2))f(z) in place of the shifts
f(z+6) of f(2). The expression (4) then takes the
form

6 = S b)),
=0

where each of the coefficients gj(z), j=1,...,nis
the sum of finitely many terms of type

T\

ba(2) [[(f(z+ 63,)/ ().

J=1

By Lemma E and our assumption concerning
the coefficients by, we immediately see that

m(r,b;) = O(r*~*) + 5(r. f)

for j=1,...,n. Moreover, by the [1; Theorem 2.2],
N(r,b;) = O("~1) + 5(r. f)

and so
T(r,b) = O(*~*) + 8(r. f)

for 7=0,...,n. By Theorem D, we may write

G(2) = ba(f(2) + a(2)",
where T(r,a) = O(r*~'*%) + S(r, f). Therefore, by
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assumption, we have

N(r, Tra —il- a) = O(r" ") + S(r, f).

An application of the second main theorem for
small target functions implies T'(r, f) = O(r*~1%¢) +
S(r, f), a contradiction.

Remark. The restriction in Theorem 1 to
the finite order case seems to be essential. In fact,
it is easy to find entire functions of infinite order
having no zeros such that a differential polynomial
of type (4) in f and its shifts has no zeros. As
an example, take f(z) =exp(e®) and consider
G(2) == f(2)* + f(z+¢), where ¢ satisfies e = 2.
Then we have G(z)=2f(z)’ = 2exp(2¢?). More-
over, this example shows that a difference counter-
part to Theorem B cannot hold, at least not in
the case of infinite order. Indeed, we have N(r, f) +
N(r,1/G) = O(rP=<) + S(r, ). If G(2) = 2f(2)* =
(f(2) + a(2))® for a meromorphic function o(z)
small with respect to f(z), then f(z)?
20(2) f(z) + a(2)®, which implies that T(r,a) =
T(r, f)+O(1), a contradiction. Another similar
example is given by f(z) = exp(i sinz) that sat-
isfies

G(2) := exp(sin® 2) = f*(2) + f(z)f(z + ;T) —el/t

We now have
N(r,f)+ N(r,1/f)+ N(r,1/G) = S(r, f).

If G(2) = (f(z) + a(2))" for a small function a(z),
then

43 +6af? +4a’f+a® =0,
and so T(r, f) = O(T(r,a)) = S(r, f), a contradic-

tion.
3. Proof of Theorem 2.
to the assertion, that

(5) F)"f(z+¢) —a=p(2)e™,

where p(z),q(z) are polynomials, not vanishing
identically. Differentiating (5) and eliminating
e?®)  we obtain

F(2)" Pz, f(2)) = —ap(2),

Suppose, contrary

where
P(z, f(2)) = np(2) f'(2) f(z + ¢)
+p(2) f(2) f (2 +¢) =" (2) f(2) (2 + ©),
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and

p(2) = ' (2) + p(2)d (2).
First observe that P(z, f(2)) cannot vanish identi-
cally. Indeed, if P(z, f(z)) =0, then p*(z) = 0. Since
p(2), q(2) are polynomials, we immediately conclude

that they are constants. Therefore, f(2)" f(z+ c) is
a constant as well, and so

(n+1D)T(r,f)=(n+1)m(r, f) =

f(z) _ p—14e r
(n—l—l)m(r, f(z+c)) +0(1) = O(r" %) + S(r, f)

by Lemma E, a contradiction. To apply now
Lemma A, we rewrite P(z, f(z)) as

Ple 1) = np(2) 22D )

f(2)
f'z+0) .
+p(2) Tero fRf(z+¢) = p"(2)f(2) f(z+ ).

Then a simple modification of Lemma A, together
with [4; Corollary 3.3], implies that

T(Tv P(Z, f)) = O(Tp71+6) + S(’I“, f)

and
T(r, fP(2 [)) = O’ %) + S(r, f),

hence T'(r, f) = O(r*~1*%) + S(r, f), a contradiction.
Remark. Theorem 2 does not remain valid,
if n = 1. Indeed, take f(z) = 1+ e*. Then

f()flz+m)—1=(1+e)(1—e) —1=—e*.

Moreover, the assertion of Theorem 2 may fail, if
f(2) is of infinite order. This can be seen by taking
f(2) = exp(e®). Then f(z)f(z+ mi) =1 and so

F22f(z+mi) = f(2)

has no zeros.

4. Discussion. It remains open whether a
difference counterpart to Theorem B holds for
meromorphic functions of finite order. A possible
strategy to obtain a restricted variant of Tumura—
Clunie might be to assume that f is of order p < 1,
and to apply the idea in [2; Theorem 4.1], to
transform the difference polynomial (4) into a
differential polynomial. To this end, denote

_ it T
=T 5o)

for all shifts of f(z) to be applied. The expression
(4) then takes the form

—-1-c
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X / g
6) G= Zb)\H(l +5)\7jf7+ﬂ)\,j> i
AeJ j=1

By [2; Theorem 4.1], we know that each of
the proximity functions m(r, ;) in (6) satisfies
m(r, Br;) = (p — 1+ ¢)logr for all radii r outside of
an exceptional set of finite logarithmic measure.
However, there seems to be no way to show that
the counting function for the coefficients in (6)
would be small (in the Nevanlinna theory sense),
due to the zeros of f. Therefore, this strategy does
not seem to be very promising.
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