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Abstract:

Let p be an odd prime, Z, the ring of p-adic integers, and [ a prime number

different from p. We have shown in [1] that, if [ is a sufficiently large primitive root modulo p?,
then the [-class group of the Z,-extension over the rational field is trivial. We shall modify part
of the proof of the above result and see, in the case p < 7, that the result holds without assuming

[ to be sufficiently large.
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Introduction. Let p be an odd prime num-
ber, Z, the ring of p-adic integers, and Q. the Z,-
extension over the field Q of rational numbers, i.e.,
the unique abelian extension over Q whose Galois
group over Q is topologically isomorphic to the ad-
ditive group of Z,,. Let [ be a prime number different
from p. Theorem 3 of [1] states that the [-class group
of Q. is trivial if { is a primitive root modulo p? and
if

> — — .
1_210g2(p e(p — 1)(logp + log(log p))

Here ¢ denotes as usual the Euler function. In this
note, we shall review or improve some preliminary
results of [1] for the proof of the theorem, and as a
consequence we shall see that, when p is 5 or 7, the
theorem holds without the second condition in the
above statement (for the case p = 3, ¢f. Lemma 10
of [1)).

1. For each integer m > 0, let h,, denote the
class number of the subfield of Q. with degree p™.
Since p is totally ramified for Q. /Q, class field the-
ory shows that h,_1 divides h,, for every positive in-
teger u. Furthermore, by the definition of the I-class
group of Q,, we immediately have the following
The [-class group of Qs is triv-
ial if and only if I does not divide hy/hy—1 for any
positive integer wu.

Lemma 1.

Let v be the number of distinct prime divisors
of (p—1)/2, let
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p—1
2 =q1 qv

where q1, ..., q, are prime-powers > 1 pairwise rel-
atively prime, and let V' be the subset of the cyclic
group (ez’“/ (p_1)> consisting of
eﬂ'iml /o . .. eﬂ'imu/tb

for all v-tuples (mq,...,m,) of integers with 0 <
mi < q1,...,0<m, <q,. Weunderstand that V =
{1} if p = 3. Denoting by Z the ring of (rational)
integers as usual, let ® denote the set of maps

z2:V—oA{ueZ|0<u<2l}
such that, for some £ € V,

112(6) or 2(6)>0

according as I > 2 or [ = 2, and

[]2(¢) forall & eV\{}.
We then put
M = max N (Zz(g)g—1> :
gev

Here 91 denotes the norm map from Q(e2™/(P=1) to
Q. For each algebraic number «, we let ||« denote
the maximum of the absolute values of all conjugates
of a over Q.

Now, let n be any positive integer, which will be
fixed henceforth. Put

C _ 6271'1'/;Dn+17 t = pn + 17
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and put

H a_ (e H sin(2ma/p"Tt)

n= e —ta S0 Ty’
Lt — (e , sin(2wta/pntl)

with a ranging over the positive integers < p"*1/2
such that a?~' =1 (mod p"*1). We easily see that
7 is a unit in the subfield of Q. with degree p™.

Lemma 2. Assume that | is a primitive root
modulo p™™2")  namely, a primitive root modulo

p". If

log ||
log2

pt>M or 1>

)

then | does not divide hy,/hy—1.
Proof. This follows from Lemmas 2, 3 and 8 of
[1]. |
Remark. If p=3andif!l=2or5 (mod9),
i.e., [ is a primitive root modulo 9, then one has

M=2-2 or M=3
according as [ > 2 or [ = 2, Lemma 4 of [1] yields

Il < ¥ g T = 3V3
T 3 2

and hence, by Lemmas 1 and 2, the [-class group of
Qo is trivial as Lemma 10 of [1] has stated.

Let p be a prime ideal of Q(e2™/(P=1)) dividing
p. Let I be the set of positive integers a < p"*!
such that there exist elements £ of V with a = £
(mod p"*1), and let § be the family of all maps from
I to the set {0,1}. For each a € I, let &, denote the
family of maps j : I — Z such that min(l — 2,1) <
j(a) <l and that j(b) =0 or { for every b € I\ {a}.
Given any integer m, we then let

Pa<m>={<j17j2>eesaxs‘

D (i1 (0) +j2(0))b=m (mod p"+1)}7

bel

Qa(m) :{(jl7j2) EF X G,

S (61 () + ja(B)b=m  (mod p"“)}.

berl
Moreover, in the case [ > 2, we put

-1 J1(a)+22 e r (J1(b)+42(b))
am =% 3 (1)

a€l (j1,j2)€Pa(m) & (a)

)

Ideal class group of Zp-extension 41

(_1)j2(a)+2bel(j1 (b)+32(b))
j2(a)

s =Y %

a€l (j1,j2)€Qa(m)

)

in the case | = 2, we put

s1(m) =Y |[Pa(m)], s2(m) = > |Qa(m)|.
a€l acl
Note that the rational numbers s1(m), so(m) are I-
adic integers.
Lemma 3. Assume | to be a primitive root
modulo p™. If there exist integers ¢ and d satisfy-
ing

c=d (modp"),

s — s1(c) Z s2(d) — s1(d)

then | does not divide hy, /hp—1.
Proof. Let x be an indeterminate. We denote

by J(x) the polynomial in Z[z] such that (z — 1)/ =
! — 1 +1J(z). Namely,

2 (c (mod 1),

-1

O S

according as [ > 2 or [ = 2. We also define in Z[z]

L(z) =) ( II " -n@E- 1))

acl \bel\{a}
((xla o _ (xlta o 1)](1‘“)) i

For any m € Z, the sum of the coefficients of z*
in L(z) for all non-negative integers u with u = m
(mod p"*1) is congruent to sg(m) — s1(m) modulo I;

because
Dy L
l w)

for every positive integer u < [ and, in the case [ = 2,

S

a€l

1)J (2"

(mod 1)

II @*+nE*+ 1)) ((@®* + 1) (2t + 1)
bel\{a}

+ (2® + 1) (2" + 1)) — L(z) € 2Z]z].
Hence, in view of the relation Zf;é ¢ =0, we
know that L({) # 0 (mod 1) if and only if there exist
integers ¢, d satisfying
c=d (modp"),
s2(c) = s1(c) # s2(d) — s1(d)

(cf. Lemma 6 of [1]). Furthermore, the proof of
Lemma 8 of [1] shows that, if L(¢) Z 0 (mod 1), then

(mod 1)
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hn/hn—1 £ 0 (mod I). We thus obtain the lemma.
U

For each integer m, we let
P(m) = | Pa(m),  Q(m) = | Qa(m).
a€l acl

Lemma 4. Assume that | is a primitive root
modulo p™, and that there exist integers ¢ and d sat-

isfying
c¢=d (mod p"),
[P(c)UQ(c)| =1, P(d)UQ(d)=0.
If 1 =2, assume as well that g1(I)Uga(I) contains 1
for the element (g1, g92) of P(c) U Q(c). Then | does
not divide hy /Iy —1.
Proof. The hypothesis implies not only that

s1(d) = s2(d) = 0 but that, for some a € I and
every b € I'\ {a},

[Pa(c)] +1Qa(c)l = 1, Polc) = Qu(c) =0,
and hence sa(c) — s1(c) # 0 (mod l). The lemma
therefore follows from Lemma 3. Ul

2. Given any pair k = (j1, jo) of maps I — Z,
we naturally identify x with a map I — Z x Z, i.e.,
we put

for each a € 1.

r(a) = (j1(a), j2(a))
We also put
D=I{t+1)Y a—1=1(p"+2)Y a—1.
a€l acl
Let us consider the case where p =5 or 7.

Proposition 1. Assume that p = 5 and
that 1 is a primitive root modulo 25, i.e., | =
2,3,8,12,13,17,22,23 (mod 25). Then the l-class
group of Qoo 18 trivial.

Proof. Clearly, we have V = {1,i}. Tt follows
that

n (Z 2(§)€ - 1) = (2(1) = 1)* + 2(1)°
39%
for every map z in ®. Therefore,
M =8"-8l+4 or M =25
according as [ > 2 or [ = 2. Welet, in Z X Z,
S=1{(1,2),(1,3),(2,2),(2,3),(3,13), (4,13),
(4,17),(5,23)}.

Since the inequality 5 < M is equivalent to the
condition that

[Vol. 81(A),

o — 2
8
(n, 1) belongs to S if and only if

2 ) sntl ¢
o} sin — | .
log 2 & T 5

On the other hand, Lemma 4 of [1] implies

mntl ™ 2
Il < ( sin —) )
™ 5

We therefore know form Lemma 2 that [ does not
divide hy, /h,—1 unless (n,l) belongs to S.

Suppose now that (n,l) belongs to S. In view
of 10682 = —1 (mod 5°), let ag be the integer such
that

—|—% <l or (nl)=(2,2),

"< M and I<

0<ag<5", ap=1068 (mod 5",

and take as p the prime ideal of Q(i) generated by 5
and ag — 7. We then have

I:{17a0}7 D:l(a0+1)(5"+2)—1
In the case n > 2,
P(D)=P(D+2-5")=Q(D+2-5") =0,

and Q(D) consists only of the map 6 : I — Z x Z for
which

o(1) = (1,1 - 1),

In the case (n,1) = (1, 3),

P(23) ={v}, Q(23) = {01,062},
Q(28) = {03},

with the maps 1, 61, 02, 03 of I into Z x Z defined
by

0(ap) = (1,1).

P(28) = 0,

w(l) = (073)7 w(ao) = (273)7 6‘1(1) = ( ) )7
01(ao) = (3,3), 62(1) =(3,1), 62(ao) = (0,3),
05(1) = (3,0), 05(a0) = (3,2);

hence one sees that

82(23) — 51 (23) = 07 82(28) — 51 (28) = %

In the case (n,1) = (1,2),
P(15) = Q(10) =0,
P(10) = {1, ¥2},
with the maps 6, 91, 1o of I into Z x Z defined by
0(1) = (2,1), blao) = (2,2), (1) =(1,2),
Pi(ao) = (2,2), 2(1) =(0,2), ¢2(ao) = (1,0),

Q(15) = {6},
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so that PD+5-7)=Q(D+5-7")=0.

52(15) —s1(15) =1,  s2(10) — 51(10) = —2. In the case (n,1) = (3,17) and the case (n,1) = (2,5),

Hence the proof is completed by Lemmas 1, 3 and 4. we see respectively that

LI |P(2548)| =1, Q(2548) = P(3920) = Q(3920) = ()

Proposition 2. Assume that p = 7 and

that 1 is a primitive root modulo 49, namely,

[ = 3,5,10,12,17,24, 26, 33, 38, 40, 45,47 (mod 49). [P(129)] =1, Q(129) = P(227) = Q(227) = 0.
Then the l-class group of Qs is trivial.

Proof. Let us set p = e™/3 for simplicity. As

and that

In the case (n,l) = (1, 3), we obtain

V = {1,p, p*}, we find that P(7) = {1, 2, Y3, ¥u, s}, Q(T) = {61, 02,03},
P(21) = {6}, Q(21) = {64,65),
‘ﬁ(Zz(f)f—l) (21) = {46} (21) = {64,065}
cev where 91, ..., 1, 01,...,05 are the maps [ — Z X Z
= (1) +2(0) — 12 = (2(p) + () (1) P
+2(p) — 1)+ (2(p) + 2(p?))? Y1(1) = (1,3), ¥1(ao) = (3,3), ¢1(ao —1) = (0,3),
for every z in ®. When the right hand side of the ¥2(l) = (0,3), ¥2(a0) = (3,0), ¥alao = 1) = (1,0),
above takes its maximum, one of z(1), z(p), z(p?) ¥s(1) = (3,3), ¥s(a0) = (1,0), ¥s(ao — 1) = (3,3),
belongs to {1, 2l—1} and the others belong to {0, 2}. Ya(1) = (3,0), Ya(ao) = (2,0), thaao —1) = (3,3),
Thus we obtain wS(l) = (370)7 wS(QO) = (173)7 ws(ao - 1) = (370)7
M=(4l-2? 44l —2)+@)? =162 -8l +4.  1(1)=,2), bi(ao) = (3,3), Oia0 —1) = (3,3),
We now let 6‘2(1) = (370)7 92(&0) = (37 1)7 92(&0 — 1) = (073)7
05(1) = (0,0), 3(ao) = (3,2), 03(ao — 1) = (3,0),
§={(1,3),(2,3),(2,5),3,5), (3,17), (4, 17)} (1) = (3,3), vs(a0) = (3,3), Yo(ao — 1) = (2,0),
It follows that (n,l) belongs to S U {(1,5)} if and 04(1) = (3,1), 04(a0) = (3,3), O4(ap — 1) = (0,3),
only if 05(1) = (3,2), 05(ao) = (0,3), O5(ap — 1) = (0,0).
<M, 1< " log (7’:‘1 “in g) ' Therefore, in this Case,5
In the case n = 1, we also have 52(7) — 51(7) = T 52(21) —s1(21) = L.

sin(127/49) sin(177/49) sin(207/49) < o Thus Lemmas 1, 3 and 4 complete the proof of the
sin(27/49) sin(117/49) sin(137/49) ' proposition. O

. W 1d conti di i t i
Hence Lemma 2, together with Lemma 4 of [1], shows © WO CONTIINE O AISCUSSION, NOD assiilie

< i i .
that I does not divide h,,/h,,_1 unless (n,1) belongs p < 7. It is possible to do so to some extent with the
to S help of a computer.
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llnll =

Next, suppose (n,l) to be in S. Let ag be
the positive integer < 77%! such that ap = 1354
(mod 7"*1), hence, a2 —ap + 1 = 0 (mod 7"H1).
Take as p the prime ideal of Q(p) generated by 7

and ag — p, so that Reference
I={1,a0,a0 —1}, D =2ao(7"+2)— 1. [1] K. Horie, Ideal class groups of Iwasawa-theoretical

abelian extensions over the rational field, J. Lon-
It (n, 1) equals (4,17), (3,5) or (2,3), then we have don Math. Soc. (2) 66 (2002), no. 2, 257-275.
P(D+3-7"| =1, Q(D+3-7") =0,



