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Abstract:

We prove that if R is an idempotent reflexive left Goldie ring whose simple

singular left R-modules are GP-injective, then R is a finite product of simple left Goldie rings. As
a byproduct of this result we are able to show that if R is semiprime, left Goldie and left weakly
m-regular, then R is a finite product of simple left Goldie rings.
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Throughout this paper, R denotes an associa-
tive ring with identity and R-modules are unital.
J(R) and Z;(R) denote the Jacobson radical and left
singular ideal of R. A left R-module M is called
generalized left principally injective (briefly left GP-
injective) if, for any 0 # a € R, there exists a posi-
tive integer n = n(a) such that o™ # 0 and any left
R-homomorphism of Ra™ into M extends to one of
rR into M. Note that GP-injective modules defined
here are also called YJ-injective modules in [4, 11,
13-15]. The concept of GP-injective modules was
introduced in [13] to study von Neumann regular
rings, V-rings, self-injective rings and their gener-
alizations. Actually, many authors investigated von
Neumann regularity of rings whose simple left R-
modules (resp. simple singular left R-modules) are
GP-injective [3, 4, 6, 9, 11, 14, 15]. Mason [7] intro-
duced the concept of reflexive ideals. As a nontrivial
generalization of a reflexive ring, idempotent reflex-
ive ring is defined here. In this paper idempotent
reflexive ring whose simple singular left R-modules
are GP-injective is studied. As a byproduct of this
study one of the main results on weakly m-regularity
of rings [5, Theorem 15] is extended. Let X be a
nonempty subset of R, then [(X) denotes the left
annihilator of X in R.

Recall that a ring R is called left weakly contin-
wous [10] if J(R) = Z;(R), R/J(R) is regular and
idempotents can be lifted modulo J(R). Every von
Neumann regular ring is left weakly continuous. It is
easy to see that R is von Neumann regular if and only
if R is a left weakly continuous and left PP-ring (ev-
ery principal left ideal is projective). We start with
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the following Lemma due to Ming.

Lemma 1. If Z;(R) contains no nonzero nil-
potent element, then Z;(R) = 0.
Proof. See [12, Lemma 2.1]. 1

Theorem 2. For a ring R,
statements are equivalent.

the following

(1) R is von Neumann regular.
(2) R is left weakly continuous ring whose simple
singular left R-modules are GP-injective.

Proof. (1) = (2): Observe that if R is von
Neumann regular then every left R-module is GP-
injective [9, Lemma 8]. So we are done.

(2) = (1): Suppose that Z;(R) # 0. Then by
Lemma 1, we may assume that Z;(R) is not reduced.
So there exists nonzero a € Z;(R) such that a® = 0.
We claim that Z;(R) + l(a) = R. If not, there exists
a maximal essential left ideal M containing Z;(R) +
l(a). Thus R/M is GP-injective and so any left R-
homomorphism from Ra to R/M extends to an R-
homomorphism from R to R/M. Let f: Ra — R/M
be defined by f(ra) =r+ M. Then f is well-defined
R-homomorphism. So there exists r € R such that
1+ M = f(a) = ar+ M. Hence 1 —ar € M; whence
1 € M, which is a contradiction. Therefore Z;(R) +
l(a) = R. Hence we can write 1 = ¢ + d for some
¢ € Z)(R) and d € I(a). Thus a = ca and so (1 —
c)a = 0. Since ¢ € Z;(R) = J(R), 1 — ¢ is invertible.
Thus a = 0, which is also contradiction. Therefore
Z1(R) is reduced and so Z;(R) = 0. (]

Corollary 3. A ring R is left continuous
(resp. left self-injective) regular if and only if R is
left continuous (resp. left self-injective) ring whose
simple singular left R-modules are GP-injective.
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A left ideal T is said to be reflexive [7] if aRb C
I implies bRa C I for a,b € R. A ring R is called
reflexive if 0 is a reflexive ideal. We will introduce
the concept of idempotent reflexive ring and give an
example of a ring which is idempotent reflexive, but
not reflexive.

Definition 4. A left ideal I is called idem-
potent reflexive if aRe C I implies eRa C I for a,e =
e? € R. We shall say R is idempotent reflexive ring
when 0 is an idempotent reflexive ideal.

Note that any prime ideal is reflexive. Since
an intersection of reflexive left ideals is reflexive, all
semiprime ideals are reflexive. Recall that a ring R is
said to be abelian if every idempotent of R is central.
Obviously any abelian rings and semiprime rings are
idempotent reflexive rings.

Example 5. There is an idempotent reflexive
ring which is not reflexive. This example is essen-
tially due to Birkenmeier, Kim and Park [1, Example
2.8].

Assume that F{X,Y} is the free algebra over
a field F generated by X and Y, and (Y X) is the
two-sided ideal of F{X,Y} generated by the element
YX. Let R=F{X,Y}/(YX). Put z = X + (Y X)
andy =Y +(YX)in R. Then R = {fo(z)+ f1(z)y+
ot fal@)y™ | m=0,1,2,..., and f;(z) € Flx]},
the polynomial ring such that yz = 0. Now let «, 8
be nonzero elements in R satisfying a8 = 0. Say
a= fo(x)+ fi(@)y+ -+ fulz)y™ and B = go(z) +
g1(@)y+ -+ gm(2)y™ with f,,(z) # 0 and g (z) #
0.

Case 1: fo(z) = 0. Then azf = fo(z)zf = 0.
From the fact that yg(z) = ¢(0)y for g(z)
F[z], it can be checked that go(0) = ¢1(0)
= gm(0) = 0. Thus ayf = a(go(0)+g1(0)y+
<o+ gm(0)y™)y = 0. Thus RS = 0.

Case 2: go(z) = 0. Of course we may assume that
fo(x) # 0. In this case, it also can be checked
that g1 (z) = g2(z) = -+ - = gm(z) = 0, a contra-
diction to g, (z) # 0.

From these we have a8 = 0 implies aR3 = 0 for
a, € R. So it is easily checked that R is an abelian
ring. Hence R is an idempotent reflexive ring. But
R is not reflexive since zRy # 0 and yRxz = 0.

Recall that an element ¢ € R is called a left
weakly regular element if a € RaRa.

Lemma 6. Let R be an idempotent reflexive
ring. If a € R is not a left weakly reqular element,
then every maximal left ideal M of R containing
RaR + 1(a) must be essential left ideal of R.
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Proof. Assume that a € R is not a left weakly
regular element. Then RaR + l(a) is a proper left
ideal of R. Let M be a maximal left ideal containing
RaR + I(a). If M is not essential, then M = Re for
some e = €2 € R. Thus, aR(1 —e€) = 0, so (1 —
e)Ra = 0 since R is idempotent reflexive. Hence 1 —
e€l(a) CM,sole M. It is a contradiction. (]

Using this lemma, we give here a comprehen-
sive proof of the following proposition that slightly
extends results of Xue [11, Proposition 2] and Chen
and Ding [3, Lemma 4.1].

Proposition 7. Let R be an idempotent re-
flezive ring. If every simple singular left R-module
is GP-injective, then for any nonzero element a €
R, there exists a positive integer n = n(a) such that
a"™ # 0 and RaR+1(a"™) = R. Consequently, J(R) =
0.

Proof. If a € R is a left weakly regular element
then we are done. So we may assume that a is not a
left weakly regular element. Hence RaR + l(a) # R.
First we assume that a is nilpotent with a™ # 0 and
a™t! = 0. Then we are able to show that RaR +
[(@™) = R. If not, there exists a maximal left ideal
M containing RaR + [(a™). By Lemma 6, M must
be an essential left ideal of R. Therefore R/M is GP-
injective, and (a™)? = 0, so any R-homomorphism
of Ra™ into R/M extends to one of R into R/M.
Let f: Ra™ — R/M be defined by f(ra™) = r +
M. Then f is well-defined R-homomorphism. Since
R/M is GP-injective, there exists ¢ € R such that 1+
M = f(a™) = a™c+ M. Since a™c € M we obtain
1 € M, a contradiction. Therefore we have RaR +
I(a™) = R. Tt remains to show that the case when
a is not nilpotent element of R. Consider the chain
RaR +1(a) C RaR +1(a?) C ---. Let J;2,[RaR +
l(a")] = I. If I # R, then I is contained in a maximal
left ideal M of R. Again by Lemma 6, M must be an
essential left ideal of R. Thus R/M is GP-injective.
So there exists a positive integer n such that every
R-homomorphism Ra™ — R/M extends to one of R
into R/M. Define f: Ra™ — R/M viara™ — r+ M.
By a similar way as in the previous process, we ob-
tain a contradiction. Therefore we have | J;,[RaR+
I(a')] = R. Since 1 € R, RaR + l(a*) = R for some
positive integer k. Finally, assume that J(R) # 0.
Then for each nonzero a € J(R), we have (1—x)a™ =
0 where x € RaR C J(R) and a™ # 0 for some posi-
tive integer n. Since 1—z is invertible, we have a™ =
0. It is a contradiction. ]



No. 7]

Corollary 8 ([3, Lemma 4.1]). Let R be a
semiprime ring or an abelian ring. If every simple
singular left R-module is GP-injective, then for any
nonzero a € R, there exists a positive integer n =
n(a) such that a™ # 0 and RaR + 1(a™) = R.

Corollary 9 ([11, Proposition 2]). If every
simple left R-module is GP-injective, then for any
nonzero a € R, there exists a positive integer n =
n(a) such that a™ # 0 and RaR +1(a™) = R.

Proof. Note that rings whose simple left R-
module are GP-injective are always semiprimitive
[14, Lemma 1]. U]

Recall that an element ¢ € R is left regular, if
zc = 0 implies z = 0. A right and left regular ele-
ment is called regular.

Theorem 10. Let R be an idempotent reflex-
we left Goldie ring. If every simple singular left R-
module is GP-injective, then R is a finite product of
simple left Goldie rings.

Proof. First note that for any nonzero element
a € R, RaR + [(Ra) is an essential left ideal of R.
Indeed, let (RaR+1(Ra))NI = 0 for some left ideal T
of R. Then for every element b € I, (RaR+1(Ra))N
Rb = 0. Hence aRb C aRN Rb = 0. Since R
is semiprime by Proposition 7, we have bRa = 0.
Therefore b € I(Ra), hence I = 0. By [2, Theorem
1.10], RaR+1(Ra) contains a regular element ¢ € R.
Now we will prove that RaR + I(Ra) = R for any
a € R. Actually we claim that RcR = R. Again by
Proposition 7, there exists a positive integer n = n(c)
such that ReR+ [(c™) = R. Hence (1 —x)c™ =0 for
some z € RcR. Since ¢™ is also a regular element,
1—2 =0. Thus RcR = R. Therefore RaR+I(Ra) =
R for any a € R. This implies that R is a left weakly
regular ring. Therefore R is a finite product of simple
left Goldie rings by [8, Lemma 3.1]. L]

Corollary 11. Let R be a semiprime (or an
abelian) left Goldie ring. If every simple singular left
R-module is GP-injective, then R is a finite product
of simple left Goldie rings.

Finally we turn our attention to weakly -
regular rings. Recall that a ring R is said to be left
weakly m-regular if for every x € R there exists a
positive integer n, depending on x, such that 2" €
Rx™Rax™.

Theorem 12. Let R be a semiprime left
Goldie ring. If R is left weakly mw-regular, then R
is a finite product of simple left Goldie rings.

Proof. By the same method as in the proof of
Theorem 10, for any element a € R, RaR + l(Ra)
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is an essential left ideal of R. Then RaR + I(Ra)
contains a regular element ¢ € R. Since R is left
weakly m-regular, there exists a positive integer n
such that ¢ € Rc"Rc™ and so ¢" = dc™ for some
d € Rc"R. Since ¢" is also regular element and so
d = 1. Hence RaR + I(Ra) = R; whence R is a left
weakly regular ring. Again by [8, Lemma 3.1], R is
a finite product of simple left Goldie rings. L]

Corollary 13 ([5, Theorem 15]). Let R be a
prime left Goldie ring. If R is left weakly m-regular,
then R is simple.
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