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Abstract:

Let G be a discrete subgroup of PU(1,n;C). For a boundary point y of the

Siegel domain, we define the generalized isometric sphere I, (f) of an element f of PU(1,n;C).
By using the generalized isometric spheres of elements of G, we construct a fundamental domain
P,(G) for G, which is regarded as a generalization of the Ford domain. And we show that the
Dirichlet polyhedron D(w) for G with center w convereges to P,(G) as w — y. Some results are

also found in [5], but our method is elementary.
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1. Introduction. Let C be the field of com-
plex numbers. Let V = V17(C) denote the vector
space C"1!, together with the unitary structure de-
fined by the Hermitian form

n

O(2*,w*) = —(Fwi +Zwy) + > Zw)
j=2

for z* = (28, 25, 25, ..., 23), w*=(w§, wi,wi, ..., wk)
in V. An automorphism g of V, that is a linear bi-
jection such that ®(g(z*), g(w*)) = ®(z*, w*) for z*,
w* in V) will be called a unitary transformation. We
denote the group of all unitary transformations by
U(1,n;C). Set PU(1,n;C) = U(1,n; C)/(center).
Let Vp = {z* € V | ®(2*,2%) =0} and V_ = {z* €
V | ®(z%,2%) < 0}. It is clear that Vj and V_ are
invariant under U(1,n; C). Set V* = V_ UV, — {0}.
Let w : V* — 7(V*) be the projection map de-
fined by 7(z8, 25,23, . .., 25) = (21, 22, . . ., 2n ), Where
zj = 2}/ for j = 1,2,...,n. We write oo for
m(0,1,0,...,0). We may identify m(V_) with the
Siegel domain

H" = {22(21,22,...,,2")6 cn

The boundary OH™ of the Siegel domain is defined
by
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8H"={z=(21,22,...,zn)€C"‘

Re(ar) = 3 3 I | U (o0}

An element of PU(1,n; C) acts on the Siegel domain
H™ and its boundary 0H". Denote H" UOH" by
H". In H", we can introduce the hyperbolic metric
d. An element of PU(1,n;C) is an isometry of H™
with respect to d (see [3, 5] for details).

We concern ourselves with discrete subgroups
of PU(1,n; C). In the study of discrete subgroups of
PU(1,n; C) it is important to consider their funda-
mental domains. In this paper we define the gener-
alized isometric spheres of elements of PU(1,n;C),
which are used for constructing a fundamental do-
main for a discrete subgroup of PU(1,n;C). Also
we discuss the relationship between this fundamen-
tal domain and the Dirichlet polyhedron.

2. Generalized isometric spheres. In this
section we give the definition of generalized isometric
spheres of elements of PU(1,n;C) and discuss their
properties. First we recall some definitions and nota-
tion. The H-coordinates of a point (21,22, ...,2n) €
Hm™ — {oo} are defined by (k,t,2') g € (RT U{0}) x
R x C"! such that k = Re(z1) — (1/2) Z?:z 2512,
t =Im(z1) and 2’ = (22, ...,2,). The Cygan metric
p(p,q) for p = (k1,t1,2" )y and q = (ka,te, Z") g is
given by

1
o) = |{ 512/ = 217 + ks~ i
%

+ i{tl —to + Im(?Z’)}

)




106 S. KAaMIva

where [|Z" — 2'|? = YU, |Z; — 2|* and 27 =
Z?:z Z;Zj. We note that this Cygan metric p is
a generalization of the Heisenberg metric § in OH™
(see [7]). The Cygan metric in the usual coordinates
can be written as follows:

Proposition 2.1 ([7; Proposition 2.2]). If p =
(21,22,...,2n) and ¢ = (w1, wa,...,wy,) in OH™ —
{0}, then

n 1 _
ppa) = |~ +wn) + Y Fwy| = B w),
j=2
where 2* = (1,21,22,...,2,) € 7 Y(p) and w* =
(1, wy,wa, ..., w,) € 7 1(q).

Let f = (aij)1§i7j§n+1 S PU(l,n; C) with
f(00) # 0o. We use the same symbol f for a unitary
transformation, which is a lift of f. The isometric
sphere I(f) of f is defined by

I(f) ={z= (21,22, ... zn)em|
B0 = 18" £ @)},
where ¢* = (0,1,0,...,0), z* = (1,,21,,22,...,,2") in

V*. This definition does not depend on the choice
of a lift of f (see [5, 10, 11]). It follows that the iso-
metric sphere I(f) is the sphere in the Cygan metric

with center f~!(c0) and radius Ry = \/1/|a12|, that

is,

I(f) ={z = (k,t,”)g € (RTU{0}) x R x C"! ‘

)
latz] J

It is easy to see that Ry-1 = Ry. We remark that
in the case of PU(1,1; C), our radius of an isometric
sphere is the square root of the usual one.

p(Z, f_l(oo)) =

We have the same formulae as in Mobius trans-
formations (see [4]).

Proposition 2.2 ([7; Proposition 2.3]).
and h be elements with g(co) # 0o, h(co
gh(co) # oo. Then

R,Ry
1) Rgn = g ;
(W) ot = T (00). h(o)
(2) Ry = p((gh)~"(00), h™"(00))p(g ™" (00), h(o0)).
Let y be a point of 0H™. For an element f of
PU(1,n; C) with f(y) # v, we define the generalized
isometric sphere I,(f) of f at y as
I,(f) = {z = (21,22, ., 2n) Em|
(2", ") = |®(z", f

Let g
) # oo and

Yyl

[Vol. T9(A),

where y* € 77 1(y) and z* € 7—1(2). We note that
if y = oo, then Io(f) is the usual isometric sphere

I(f).
Set
_ ey
WD e
for z* = (25,25,...,2)) € 7w H2), y* =
W5, Y1, -oym) € 7 H(y) and fTH(yY) = (f1(15),

FH ) fH ) € 7 (7 (). By definition,

I,(f) = {z € H* | ay(f,2z) = 1}. It is easy to see
that

s L _wd T % N
lyol 212512 p(z, y) = |@(2", y")|2,

and
1, sl ol _
|f 1(y0)|2|20|2p(z,f

In addition we have

Ry __|ea)lE _ lwl?
Py F(22))  |@(f~2(y*),q")2 " |F (w)I2
where ¢* = (0,1,0,...,0). This leads to

|B(2*,y")|2
f’ = = 1
D= e
y

Ryp(z
p(z, f=1(Y)p(y, f(o0))”

Thus we have
Proposition 2.3.

pzy)  _ ply, f(0)) }
p(z, [~ (y)) Ry '

Remark 2.4. In the case of PU(1,1;C), the
generalized isometric sphere I,(f) is an Apollonius
circle, because it is the locus of points which have

L(f) = {zem

the constant ratio between the Euclidean distances
from y and f~1(y).

Let v be an element of PU(1,n; C) with y(y) =
0o. It is easy to show that z € v~ 1(I(yfy~ 1)) if and
only if y(z) € I(yfy~1)). We see that

_ R0 |<T><<* )1
D(v(=*), vy Hg)F @), )]
(=5, y7) %

@ (=", fHy)IE

Thus we have
Proposition 2.5 (cf. [1]).
of PU(1,n; C) with v(y) = oo,

For any element ~
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L(f) =70 )
—{ZEH"|p ’Yf Y 1(00)):va7*1}'

We shall show the basic properties of ay(f, z).

Proposition 2.6 (cf. [1, p.66]). Let f and g
be elements of PU(1,n;C). Then

(1) a(f,2) = ,,(ZT}?W;

(2) ay(fa z) = ag(y)(gfg_l,g(z));

(3) ay(fg,2) = ay(f, 9(2))ay(g, 2);

(4) ay(f:2) = s/, 2);

(5) ay(f,2) = a.(f,y).

Proof. (1) This is immediate.

(2) There is an element ~ such that y~!(c0) =
g(y). By definition,

. o(g(z*), 9(y"))|2
815790 = G
_ o BGr
|B(=*, f1(y*))|2
= ay(f,2).
(3) Similarly, we have
(=", y)|2
M) e
_ RE By
(=5, g~ (") 17| D(g(=*), fHy))|?
(9: 2)ay (f, 9(2))
(4) We have
p(z,y
ettt

_ el (@utwné
[@(=", /1 (a))]? |

_ el (@@tyﬂﬂ$@gwﬂwﬁ>

Dz, £~ (g")|2 \|@(F(2*), ) |2|(2*, ¢7)|>
oG yE
N

lRGnylE
B )]

Oéy(f, Z) =
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= a:(f7y).
U
Put
ExtI,(f) = {z € H" | ay(f,2) < 1},
Int I, (f) = {z € H* | oy ([, 2) > 1},

respectively. The following facts are easily verified:

(1) y € Ext I (f);
(2) fly) € IntL,(f);
(3) f~(y) € Int Iy(f).
Suppose that y € Ext I(f). That is,
I C 0 | LA 1
1> ax(fy) = B @) s )
€ Int I,(f). O There-

This is true if and only if f~1
fore we have

Proposition 2.7.
are equivalent.

(1) y € Ext I(f);

(2) f71(00) € Int Iy (f).

It follows from (2) in Proposition 2.6 that
ar)(f,2) = ay(f, f71(z)). Hence just as in the
case of isometric spheres, we have

Proposition 2.8.

(1) Tpey(f) = fFIy(f) = I,(f7)
1)
).

The following (1) and (2)

(2) fExtI,(f)) C IntI (

(3) f(Int L,(f)) C ExtI,(f~

Next we consider the location of fixed points of
elements.

Proposition 2.9.  Let f be an element of
PU(1,n; C) which does not fix co. Let x be a fixed
point of f. If f is elliptic or parabolic, then x lies
on both 1(f) and I(f~1). If f is lozodromic, then
neither I(f) nor I(f~') contains x.

Proof. First we consider the case that f is
an elliptic element with only one fixed point z in
H™. We may assume that z = (1,0,...,0). Let
f be of the form (aij)1§i7j§n+1.

)

Then we have

{z = (21,22,...,2n) € H» | |azz +
1221 — Z?:?} Gj27j—1| = 1}. Since f and f~! fix
(1,0,...,0),
(2.1) a1 +aiz = ag1 + as9;
(2.2) az2 + a1z = az1 + 0113
(2.3) ar1 + a2 =0 (k> 3).
It follows from (2.1) and (2.2) that
(2.4) ai]p = ag2 and a12 = as1.
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We deduce from (2.3), (2.4) and equations (11), (13)
in [6, p.30] that

n+1
—2Re(@iai) + Y _ lap|* = 0;
k=3
n+1
—lai]? = Jazl* =Y fam[* = -1
k=3

Therefore |a11 + ai2| = 1, which implies 2 =
(1,0,...,0) € I(f~1). If an elliptic element has more
than one fixed point in H™, then it has a fixed point
in OQH™. Therefore we have only to treat the case
that f has a fixed piont in 0H™. Without loss of
generality, we may assume that f has a fixed point
0=(0,0,...,0) € 9H™. Then f is of the form

A s —b
f={0 pn 0|,
0 —-a A

where a, b and A are (n —1) x 1,1 x (n — 1), and
(n — 1) x (n — 1) matrices, respectively. Further-
more, TA = 1, Re(is) = (1/2)||al|? and b = AaT A.
Let a = (a1, a2,...,a,-1)". We have p(f(c0),0) =
lps™1 (/2 and Ry = |s|~(1/2). Hence 0 belongs to
I(f~1) if and only if |u| = 1, which means that f is
elliptic or parabolic. Let f be elliptic and let = =

(71, ...,2,) be its non-zero fixed point. As f~1 fixes
x,
Azy B
A5z + S @i o
which yields sx; + 272—11 a;jrj+1 = 0. Since

I(f74) = {z = (z1,22,...,2n) € H» | |X+§21 +
Z;:ll @jzj41) = 1}, the fixed point z of f is con-
tained in the isometric sphere I(f~!). By the same
argument above, we see that x lies on I(f). Thus we
have proved the proposition. |

We show that replacing isometric spheres by
generalized isometric spheres leads to the same con-
clusion as in Proposition 2.9.

Proposition 2.10. Let f be an element of
PU(1,n; C) which does not fix either y or co. Let
x be a fized point of f. If f is elliptic or parabolic,
then x lies on both L,(f) and L,(f~%). If f is lozo-
dromic, then neither I,(f) nor I,(f~') contains .

Proof. In a manner similar to Proposition 2.4
of [7], we have

plx, 7 () = p(f (@), ' (v))

[Vol. T9(A),

It follows that

Ryp(z,y) p(f(c0), )
p(z, f=1(y)p(f(20), ) Ry

By using Proposition 2.9, we complete our proof.

a

3. Fundamental domains. Let G be a dis-
crete subgroup of PU(1,n;C). We define the limit
set L(G) of G as the set of points at which one or-
bit accumulates. The ordinary set (G) of G is de-
fined as the complement of L(G) in H™. Assume
that oo € Q(G) and its stability subgroup G =
{identity}. Then there is a positive constant M such
that p(0, g(c0)) < M for any element g of G. Since
we have Proposition 2.2 as in the case of Mdobius
transformations, the same argument as in [4] leads
to the following results.

(1) The radii of isometric spheres are bounded
above.

(2) The number of isometric spheres with radii
exceeding a given positive quantity is finite.

(3) Given any infinite sequence of distinct iso-
metric spheres I(g1), I(g2), - - ., of elements of G, the
radii being Ry, , Rg,, ..., then limy, .o Ry, = 0.

By using generalized isometric spheres, we can
construct a fundamental domain for a discrete sub-
group of PU(1,n;C) as in the Ford domain (see [1,
4, 8,9]).

Theorem 3.1. Let G be a discrete subgroup
of PU(1,n;C). Let co be a point of Q(G) and let
Goo = {identity}. Ify is a point of Q(G)NOH™ such
that G, consists only of the identity, then

(| ExtL(f)

feG—{id}

P,(G) =

is a fundamental domain for G.

We call Py(G) the generalized Ford domain for
G. Let z1, 2o be two different points in H™. Let
E(z1, 22) be the bisector of {z1, 22}, that is,

E(z1,22) ={w € H" | d(z1,w) = d(z2,w)},

(see [5] for details). Let w be any point of H™ that
is not fixed by any element of G except the identity.
The Dirichlet polyhedron D(w) for G with center w
is defined by

Dw)= [

geG—{id}

Hg(w)a
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where Hy(w) = {z € H" | d(z,w) < d(z, g(w))}. We
see that

(1) D(w) is not necessarily convex.

(2) D(w) is star-shaped about w.

(3) D(w) is locally finite.

Details and references for these will be found in
2, 12).

We observe the
Dirichlet polyhedron D(w) and the generalized Ford
domain Py (G).

Theorem 3.2. Let G be a discrete subgroup
of PU(1,n;C). Let z € H™ and lety € 0H"NQ(G).
Then D(z) — Py(G) as z — y.

To prove Theorem 3.2, we have only to show the

relationship between the

following lemma.

Lemma 3.3. Let f be an element of
PU(1,n;C) with f(y) # y and f(co) # oo. Then
E(z, f~(2)) converges to L,(f) as z — y.

Proof. We have

E(z, f1(2) = {w € H" ~7£

|
where z* € 771(2), w* € 7 }(w) and f~1(z*) €
7 1(f71(2)). We see that
@ (=", ")) 120y, w)
R ) w1 R (), )]
as z — y. Thus E(z, f~1(2)) converges to I,(f) as
z— . |

From the manner of constructing P,(G), we
have
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Corollary 3.4.
P,(Q) is locally finite.

Acknowledgements. The author wishes to
express his gratitude to Professors Boris N.
Apanasov and John R. Parker for valuable dis-
cussions and comments in the preparation of the

The fundamental domain

manuscript.

References

[1] Apanasov, B. N.: Discrete Groups in Space
and Uniformization Problems. Kluwer Academic
Publishers, Dordrecht (1991).

Beardon, A. F.: The Geometry of Discrete Groups.
Springer-Verlag, New York (1983).

Chen, S. S., and Greenberg, L.: Hyperbolic spaces.
Contributions to Analysis. Academic Press, New
York, pp. 49-87 (1974).

Ford, L. R.: Automorphic Functions. 2nd ed.,
Chelsea, New York (1951).

Goldman, W. M.: Complex Hyperbolic Geometry.
Oxford Mathematical Monographs. Oxford Uni-
versity Press, Oxford (1999).

Kamiya, S.: Notes on elements of U(1,n;C).
Hiroshima Math. J., 21, 23-45 (1991).

Kamiya, S.: On discrete subgroups of PU(1,2;C)
with Heisenberg translations. J. London Math.
Soc. (2), 62, 827-842 (2000).

Lehner, J.: Discontinuous groups and automorphic
functions. Mathematical Surveys, no. 8, Ameri-
can Mathematical Society, Providence (1964).

Maskit, B.: Kleinian Groups. Springer-Verlag,
New York (1988).

Parker, J. R.: Shimizu’s lemma for complex hy-
perbolic space. Internat. J. Math., 3, 291-308
(1992).

Parker, J. R.: On Ford isometric spheres in com-
plex hyperbolic space. Math. Proc. Cambridge
Philos. Soc., 115, 501-512 (1994).

Phillips, M. B.: Dirichlet polyhedra for cyclic
groups in complex hyperbolic space. Proc. Amer.
Math. Soc., 115, 221-228 (1992).

(2]
[3]

[4]

[5]

[6]

(7]

(8]

[9]

[10]

[11]

[12]





