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Abstract:

We prove that infinite convolution products of complex probability measures

with bounded total variation converge to a hyperfunction under a weak assumption on supports.
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This paper concerns infinite convolution prod-
ucts of complex probability Radon measures with
bounded total variation on R", and we shall prove
that they converge to a hyperfunction under a weak
assumption on supports. This kind of convergence
problem is studied in connection with wavelet con-
struction (see [DD], [L1]). The author was inspired
by a talk of W. Lawton [L2] to establish the result
presented here, which is a hyperfunction analogue of
a theorem of [DD] and will give us the most gen-
eral framework for convergence of infinite convolu-
tion products of complex probability measures. The
proof is an exercise of the theory of hyperfunctions.

1. Main result. For a complex Radon mea-
sure v on R™ with compact support, ||u|| denotes its
total variation, and supp u its support. u*v denotes
the convolution product of v and v.

For r > 0, B(r) denotes the closed ball centered
at the origin with radius r.

For a compact subset K of R™, let us consider
B[K], the space of Sato hyperfunctions on R™ with
support contained in K. Recall that this space is
the topological dual of the space A(K) of analytic
functions on K and is a F'S space endowed with the
strong dual topology (see for example [M], [S]).

Theorem 1. Let {u,},>0 be a sequence of
complex measures with compact support. Assume the
following:

(1) u,(R™) =1 for all v;

(2) The total variations ||u,||, v > 0, are bounded
(i.e., |luy|| < C for all v, with some C > 0
independent of v);

(3) suppu, C B(r,) with r, >0, and

o0
ry, < OoQ.
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Then, for R = % <,rv, the convolution product
ug * -+ *u, (v — 00) converges to a hyperfunction
supported in B(R).

Note that the convergence is realized in the
topology of B[B(R)].

Remark. Let C, be the total variation of u,,.
We can replace (2) and (3) by the following assump-
tion:

oo oo
ZV:O C,r, <oo and Zu:o r, < 00.

If we also assume (in (3)) that r, < Ca” for
some o < 1 and C > 0,ug * - - - * u, converges to a
distribution (in the topology of the space of distri-
butions). This result was first proved by Deslau-
riers and Dubuc [DD]. Lawton [L1] gave another
proof based on the Taylor expansion, which is ap-
plied also to convolution products of measures on a
non-commutative Lie group.

2. Proof of Theorem 1.
Fourier-Borel transform of u,:

Q) = /e’”gul,(x)dx.

Let f,(¢) be the

Then, by (1),

L) =14+ / (7% — 1y, (2)d,

and, by (2),

‘ / (717 — 1)u(w)da

< C sup |e” ¢ —1]

|z|<r,

< C’I“V|C|€r"‘1m<|.

Therefore we have f,(¢) =1+ g,(¢) and
(21) 90(O] < Cryf¢lenmel,

By (3), we see that >_, - |9, (¢)| converges locally
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uniformly in ¢, and hence

[T, n©

converges locally uniformly to an entire holomorphic
function F(¢).

By (3), for any € > 0, there exists a non-negative
integer N such that > o7, < €/2C. Then there
is a positive number C. such that

(14 Crol¢]) -+ (1 + Cry_1[¢]) < Ceefl61/2, ¢ e C™.
Since we have

1£,(Q) < (1 + Cry[¢[jervtme]
by (2.1), it follows that

22) T, 1) < CoelcRim ¢ e o,

where R = )" ., 7y; therefore F(() is estimated by
the second member of (2.2).

By the Paley-Wiener-Ehrenpreis theorem for
hyperfunctions (see for example [M]), F is the
Fourier-Borel transform of a hyperfunction 8 with
support in B(R). Let

Fe() = folQ) -+ fu().
For any € > 0 and any n > 0, we have
(2:3) |F(¢) — F(C)] < npesl¢IH+RITmcl

if k is sufficiently large. In fact, from (2.1) and (2.2),
we have

FL(Q) = FOI D0 IR = B Q)]

- sz |Fy(€)guv4+1(C)]
< Ceexp{(e +sup{r, | v > k})[(]

+R[ImC} Y,
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with some C; > 0, for any € > 0. The Fourier-
Borel transform of hyperfunctions with compact sup-

~

port yields an isomorphism of FS spaces B[B(R)] =
Exp(R), where the second member denotes the vec-
tor space endowed with natural Fréchet topology,
consisting of entire holomorphic functions F(¢) such
that

|F(Q)] < CeeflSHRImC ¢ e Cm,

with some C. > 0, for any € > 0 (see Theorem 6.4.5
of [M]). By (2.3), we have Fj, — F in Exp(R). This
implies that

Ug k- kup — B, k— o0,

in the topology of B[B(R)].
This completes the proof. L]
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