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Homotopy groups of compact exceptional Lie groups
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We consider homotopy groups of compact, con-
nected, simply connected simple exceptional Lie
groups G; they are classified as Ga, Fy, Fg, E7 and
FEsg. By the Hopf theorem we have

H*(G;Q) = Az, 20, -+, 4),

where ¢ is the rank of G, degz; is odd and
Zle degz; is the dimension of G. Let X
be the direct product of spheres of dimensions
degxy,- - ,degxy, then, from Serre’s C-theory [10],
7;(G) are C-isomorphic to m;(X) for all 4, where C
is the class of finite abelian groups. Therefore the
rank of m,(G) is equal to the number of such ¢ that
deg z; is equal to ¢, particularly if ¢ is even, then
mq(G) is finite. It is a classical fact that mo(G) = 0
and m3(G) = Z.
According to Bott-Samelson [1], we have

7r1(E6):Of0r4§z§8, 7T9(E6)§Z,
TI'Z'(E7) =0 for 4 < 1 < 107 7T11(E7) = Z7
Wi(Eg):OfOI‘ZLSZ'S 14, 7T15(E3)§Z.

For i < 23, the homotopy groups m;(G2) and
m;(Fy) are determined in [7] by the second author.
For G = Eg, E7 and Eg, the 2-primary components
of homotopy group ;(G) are determined in [5] by the
first author for ¢ < 22, ¢ < 25 and 7 < 28 respectively.

The purpose of this paper is to calculate 7;(G :
3) the 3-primary components of homotopy groups
7;(@) by making use of usual methods, such as the
killing-homotopy method [2] and homotopy exact se-
quences associated with various fibrations.

Let Bi(2n—1,2n+3) be a S?"~!-bundle over
S§?n+3 with the characteristic element «q(2n —
1) € map2(S*1 1 3) so that H*(By(2n — 1,2n +
3); Z3) = M@on—1,T2n+3), where zo, 15 = p'wo,_1.
Let Bo(2n —1,2n +7) be a S*~l-bundle over
S2n+7 with the characteristic element ag(2n — 1) €
Tant6(S?"1 : 3) so that H*(Ba(2n—1,2n+7); Z3) &
A(xop—1,Tan+7), Where zo,y7 = Pxo,_1; D is the
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secondary cohomology operation associated with the
relation p!Bp! — Bp? — 2B = 0.

Homotopy group of Ga. It is known [7] that
Go is 3-equivalent to By(3,11), and so m;(G2) are
Cs-isomorphic to m;(Bz(3,11)), where Cs is the class
of finite abelian groups without 3 torsion. Thus
m; (G2 : 3) can be calculated from the homotopy ex-
act sequence

e 7T1'+1(Sll) — ’/Ti(Ss) — 'lTl(BQ(?),].l))
— 771-(5’11) — 71'2',1(53) —

associated with the bundle B(3,11)/8% = S,
Homotopy group of F,. Let K be a finite
complex constructed by Harper in [3] such that

H*(K; Z3) = Zs|ws]/(23) © Mz, z7),

where z7 = p'xs and g = Bx7. Then, according to
Harper [3], Fy is 3-equivalent to K x By(11,15).
We consider the 3-connective fiber space F over
Fy by killing 75(Fy4) so that m(}a) > ;(Fy) for ¢ >
4. Then we have that Fj is 3-equivalent to K x
Bi1(11,15), where K is the 3-connective fiber space
over K and H*(IN(; Z3) = Z3[y18] ® A(y19, y23), where
Y19 = Py1z and yo3 = ' By1s. Now we approximate
K by a finite cell complex K'=518 Us,,set? Ue? such
that 7;(K) is Cz-isomorphic to m;(K") for i < 34.
Then we have the homotopy exact sequence

fx
e — 7Ti(522) — ﬂ-i(SlS U3L18 619) — Wl(Kl)
fx
= mi—1(5%) B mi_1(S" Usyyg ') — -

for i < 34, where f : S — S8 U3, e!? is the
attaching map for €?*. Thus we can obtain ;(F} :
3) for i < 34. (Recall that m;(B1(11, 15) is calculated
in [9]).

Homotopy group of Eg. According to Har-
ris [4], FEs is 3 equivalent to Fy x By(9,17).
Thus 7;(Fs : 3) can be read off from those of Fy
and B3(9,17), which is calculated from the ho-
motopy exact sequence associated with the bundle
By(9,17)/5°=57.

Homotopy group of Es. The 3-connective
fiber space Fg over Fg has the following mod 3 co-
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homology [6]: i 17 18 1920 21 22 23 24 25
H*(Eg;Zg) mi(G2:3)]0 3 3 0 O2 9 0 3 0
= Z3[wsa] ® A(w15, T23, T27, T35, T39, Ta7, T55, T59), mi(Fa:3)]0 943 0 0 (3 27 o0 0 0
mi(Eg:3) oo 943 3 27 343 2743 00 9 O
where x5 = 25237@1@3 = w97 and Pzor = Fx35. mi(E7:3)]0 3 oo 0 3 27 oo 0 0
Then there exists a cell complex Kg = S5 U,, eQiU i(FEg:3)[0 3 0 0 0 0 oo 0 3
e?"Ue® such that m;(Kg) is Cz-isomorphic to m;(Fg)
for 4 S 36, where Qo = 042(15) Let f : S26 — Kaz = i 26 27 28 29 30
S5 Uy, €23 and g : §3* — K, Ue?" be the attaching (G2 :3)| (3)2 3 0 3 3
maps for €2’ and e3° respectively. Then po f = mi(Fy:3) 2743 0 (3)2 3 349
a1(23) and p’' o g = a2(27), where p : K,, — S Z 5 5 5
and p' : K,, Ue?” — S27 are the maps Whic2h shrink ZZEEG g; 297;_; 3;3 27+3(3) (?;)) 92—;:5))2)
S15 and K., respectively to a point. The 3-primary 71'2-(E7 510 > _ - -
component of 7;(Kg) for i« < 36 are calculated by N8
means of the following three exact sequences; -
i 31 32 33 34 35 36
Qo 5
o m(S77) H m(S1) = mi(Kay) m(G2:3)| 0 0 3 9+3 3 3
- 7-(-1.71(5'22) a_2>* 71'2‘,1(815) — e, 7Ti(F4 : 3) (3)2 3 (3)2 2743
a6y fx ‘ o7 mi(Eg : 3) |9+(3)% 27+(3)%2 3 27+3
= 1 (S%°) D mi(Ka,) = mi(Ka, Ue”") i(Br : 3) 3 3 3)?
o (S S (K)o m(Bs:3)| 0 0 3 0 oot30
o (S = Ti(Kay U e’") — mi(Ks) In the above table an integer n indicates a cyclic
— 11 (S B g (Ko, Ue?T) group Zy, of order n, the symbol co an infinite cyclic

_>....

Homotopy group of E;. We obtain that
H*(E7/F4;Zg) = A(219,227,235) where ‘I’Zlg = Zo7
and ®zo7 = z35. Then there exists a cell complex
Kpg./p, = S Ua, €27 U €* such that m(Kg,,p,)
are Cz-isomorphic to 7;(E7/Fy) for i < 44. This en-
ables us to calculate the 3-primary components of
7Ti(E7/F4) for ¢ S 44.

On the other hand we obtain that H*(Q(Es/Er)
i Z3) =2 A(wq1,w19) for deg < 37. Then there exists a
cell complex K75 = S Uel?Ue® such that ; (K7 g)
are Cs-isomorphic to m;(Eg/E7) for ¢ < 36.

By making use of the homotopy exact sequences
associated with the fibrations Fy — E; — E7/Fy
and Q(Es/E;) — E; — Eg, we can calculate the
3-primary component of ;(E7).

Theorem 1. The 3-primary component of
i (G) are summarized in the following Table.

Table
i 345678 910111213141516
mi(G2:3)]cc00300 3 0oc0c0 0 3 0 3
mi(Fy:3)|c0c0 0000 0 0occ0 0 0 o000
mi(Eg:3)|cc0 000000 003 0000
mi(E7:3)|cc00000 0 0000 0 0000
mi(Eg:3)|cc00000 000000000

group Z, the symbol + the direct sum of the group,
and (3)* indicates the direct sum of k-copies of Z3.
Some of our results were announced in [13].
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