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1. Statement of results. In this paper we
shall consider the inverse problem of determining
the nonlinear term g of the boundary value prob-

lem
(1.1) {u” +[A—q(x)]lu=gwm),0<x<1,
' w(0) =u(l) =0,

from its first bifurcating branch. From a view-
point of physical applications, the investigation of
the inverse problem can be regarded as a study
to determine unknown inhomogeneity of elastic
materials such as springs or rubbers by sear-
ching a modulus of elasticity which matches
given period of vibration for each amplitude. Re-
lated inverse problems have been studied by De-
nisov [2], Lorenzi [8], Denisov and Lorenzi [3],
Kamimura [7], which can be considered as inves-
tigations to determine inhomogeneity by measur-
ing the dependence of the initial velocity and the
displacement at a fixed time on the modulus of
elasticity. There have been few investigations
concerning inverse problems of determining un-
known nonlinear terms in nonlinear differential
equations from some measured date for their
solutions, outside of these works.

An existence result for the inverse problem
mentioned in the beginning was established by
Iwasaki and Kamimura [4]. The purpose of the
present paper is to establish a uniqueness result
for the problem.

Let g be a real function of class C[0, 1] and
assume that ¢ is a real function of class C' (R)
satisfying g(0) = ¢g’(0) = 0. As a representation
of the first bifurcating branch of (1.1) in Rz, let
I'(g) be the set of (A, h) € R? for which there
exists a solution #(x) of (1.1) such that (i) #(x)
#0 for any x € [0,1); (i) » (0) = h. The

This reseach was partially supported by Grant-in-
Aid for Scientific Research (No. 07640179) from the
Ministry of Education, Science, Sports and Culture of
Japan.

assumption g (0) = g’ (0) = 0 implies that the
linearized problem of (1.1) at the trivial solution
u(x) =0is :

(1.2) w+ A—qg(x)lu=0,0<z<1,

' {u’(O) =u(l) = 0.

Therefore the set I' (g) bifurcates at the point
(1, 0) from the trivial solution wu(x) =0,
where A, is the first eigenvalue of the problem
(1.2) (see [4,82], also see [1,9,10] for general
theory).

Throughout the paper, we assume that the
first eigenfunction v,(x) of (1.2) satisfies the fol-
lowing three conditions :

(A1) v7(0) <O.

(A2) vi(x) <O0forO0<x<1.

(A3) v/ (x)v,(x) < 2v(x) for 0 <z < 1.
This is an assumption on ¢. It should be pointed-

out that if max gq(x) < A, then (A1)—(A3) hold.
0<z<1

For other sufficient conditions for (A1)—(A3) the
reader may refer to [4, Remark 4.8].

We use the following two function spaces.
Let 0<a<1/2 and let X, Y be function

spaces defined by
X: =[g) € C'B)1g0) = 40) =0,
|+ g B — @+ g'W N

hkeRhEk Ik — nl*

Y:={a0) € CRIGK € CR), 20) = 2, supla (|
heER

. 6P+ 2R — W@+ W2 0]
hEeRAEE Ik — h**

For A(h) € Y, let u(h, x) denote the solution of
the initial value problem
u” + [Ah) — q(x)]u= g,
{u(O) =hn, ') =0.
Clearly if (A(h), h) € I'(g) then u(k, 1) = 0.
The main result of the present paper is
stated as follows:

<.

(1.3)
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Theorem 1.1. Let q(x) be a real function of
class C*10, 1] and suppose that the conditions (A1)
—(A3) hold. Suppose that, for A(h) €Y, there ¢
ists a function g € X satisfying
(1.4) I'(g) = {QM), h) | h e R\{0}},
and that, for each h € R\{0}, the solution u(h, x)
of (1.3) satisfies the following three conditions:

(i) w”(h,0) <0,

(ii) w’(h, ) # 0 for any x € (0, 11,

(iit) the solution w (h, x) of the initial value

problem

[W” + A — q(x) — g'(uh, ))]lw =0,

w(0) =0, w () =1,

satisfies w(h, 1) # 0.

Then g satisfying (1.4) is unique in X.

In [4] it was proved that if (k) is sufficient-
ly near the straight line 2,(#) = A, in the norm
of Y then there exists a function g € X satisfying
(1.4), and that the correspondence A (h ) I—
g (h) is continuous as a mapping from X to Y.
Moreover, as is easily seen, the conditions (i) —
(iii) are satisfied if sup |A(h) — A,| + sup lg” (h)|

heR h
is sufficiently small. Hence, as a direct consequ-
ence of Theorem 1.1, we have:

Theorem 1.2. Let g(x) be a real function of
class C 2[0, 1] and suppose that the conditions (A1)
— (A3) hold. If A(h) € Y is sufficiently near the
straight line 2,(h) = A, in the norm of Y then, for
91, 9, € X,

I'(g) = I'(gy) = {QA), )| h€ R\{0})} =g,=g,

This result implies that the first bifurcating
curve of (1.1) controls its nonlinear term g. In
particular we have:

Corollary 1.3.
q as in Theorem 1.2,

'@ ={(A, | he R\{0}},ge X=>g=0.

Remark 1.4. For the second bifurcating
branch, the conclusion in Corollary 1.3 is not
true (see [6]).

In the case ¢(x) = 0, we easily get w’ (h, x)
w h,x) —u (h, x)wh, x) = 0, from which it
follows that the condition (iii) is satisfied for
q (x) = 0. Furthermore, as is readily checked
(see [5,82]), other conditions (i) and (ii) are also
satisfied. Hence we have:

Corollary 1.5. Let ¢(x) = 0. Then, for g,,
9. € X

Under the same assumption on

[Vol. 74(A),

I'(g,) =I(g,) =g, =9,

In the next section we shall present an out-
line of the proof of Theorem 1.1. More detailed
proof will be published elsewhere. Our approach
consists in combining the idea of [4] with the
techniques developed in [7] to trace the proof of
the implicit function theorem (see e.g. [10,
§2.7.2)).

2. Sketch of the proof. Let g, € X be a
function satisfying (1.4) and conditions (i) — (iii)
of Theorem 1.1. Moreover let g, € X be a func-
tion satisfying (1.4). We use the notation § (k)
=g,(h) — g,(h) and put, for 0 < o < 1, g,(h)
=g, () + 0§ (). Our goal is to show that
gh) = 0.

Let v(h, x ; 0) be the solution of

{v” + [Ah) — q(x)lv=h""g,(h),
v(0) =1, v(0) =0.

In the case # = 0 we define v(0, x ; 0) = v,(x),
where v,(x) is the first eigenfunction normalized
by ©,(0) = 1. By means of the assumptions
sup|h7'g, (h) | < oo, sup|A(h)| < oo, it fol-
heR heR

lows that v(k, £ ; 0) can be defined for any & €
R, 0LZx<1,050<=1. It is clear from the
assumption

I'(g,) =I(g,) ={QW), h) |h e R\{0}}
that
(2.1) v(h,1;0) =v(h,1;1) =0.
The theory of dependence of solutions on pa-
rameters shows that v(k, x ; o) is differentiable
in 0 and the derivative v,(h, x ; 0) satisfies the
following :

v, + [Ah) — q(x) — g’ ,(ho(h, x; 0)]v,

(2.2) = h"'gho(h, x ; 0)),
v,(0) = v/,(0) = 0.
Let w,(h, x ; 0), w,(h, x ; 0) are solutions of the
equation

w” + [A2() — q(x) — g’ ,(ho(h, 2 ; 0))]lw =0

satisfying the conditions w,-(j—1> (h,0; 0) =0y,
i,7=1, 2, and put
(2.3) G, x,t;0:=w,t; dw,h, x; 0

— w,(h, t; Ow,(h, x; 0).
Then (2.2) is solved as

vh,z;0 =" [ Glh, 2, t; Oglhuth, t; o))t
0
This, together with (2.1), yields
1
(24) 0= j; v,(h, 1; 0)do
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1 1
=p! daf G, 1,t; 0)ghv(h, t; 0))dt.
) 0
We define an operator T by
(2.5) Tg(h):
~1 !
= fo G, 1, t; 0)glho(h, t; 0)dt

Moreover we set

1 1
o= =n" [ do [ (61,5 0ghoth, £; 0)
(2.6) b =G, 1, t; 0)ghuth, t; 0)))dt
Then (2.4) can be written as
(2.7) T = ¢.
We now introduce two function spaces as
follows :

X(H) : ={gh) € C'T- H, H |90 = ¢ 0) =0,
lg’ (k) — ¢’ ()]
lgly: = LR AT
P h,ke[-?:gl,h*k Ik — n* J

V) = | §(h) € CI- H, H g/ () € C1- H, H, 60 =

_ k' ) — 1"’ )]
"‘P”y(m: = a+l/2 <oy,
hkel-HHLhFk |k - h|
where H > 0. Moreover we use the notation
lgly: = sup g’ (w)].
hel—-H,H)

Concerning the function ¢ (k) defided in
(2.6), we have the following estimate :

Lemma 2.1. Let H > 0. If v (h,x;0) # 0
for |hl SH,0<zx<1,0<0=<1 then for
each H < H,, ¢(h) belongs to the space Y(H) and
the norm is estimated as

lolya < Mlglka | G17
where M is independent of H.

To show that if H is suitably small then the
operator T defined in (2.5) is an isomorphism of
X (H) onto Y(H), we approximate T by an oper-
ator L defined by

Lo(h) : = h‘l'/:G(O,1,t;0)g(hv1(t))dt

By denoting the residual T — L by R we obtain
the decomposition

T=L+R
It follows from (2.3) that G (0,1,¢;0 ) =
- v{(l)_lvl(t) which yields

1
Loy = = 170D [ 0,(t)glho, () dt.
0

This operator was studied in [4, §4]. The follow-
ing is a direct consequence of [4, Theorem 4.7].
(Here we have used the assumptions (A1)—(A3).)

Lemma 2.2. For any H > 0, the operator L is
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an isomorphism from X (H) onto Y (H). Moreover
the operator norm || L_1||H 1s uniformly bounded, that
is, | L™y < M with some constant M independent
of H.

Furthermore a tedious estimation to

Rg(h) = h“f (G, 1, t; 0 ghoh, t; 0))
° —G,1,¢t; O)g(hvl(t))}dt
yields the following:

Lemma 2.3. For sufficiently small H > 0,
the operator R is a bounded operator from X (H) to
Y(H). The operator norm ” R ||H converges to 0 as H
— 0, that is, lHim IRz =o0.

-0

By Lemmas 2.2 and 2.3 we have |L7'R|,

S 5 for sufficiently small H > 0. In this case the
equatlon (2.7) can be solved as §g= (I+ L™

R)7'L™'¢ by the Neumann series, where I de-
notes the identity operator. This, together with
Lemma 2.1, leads to

g1k = 2M 1§ lyin < MG lxeen | 15

for small H > 0, where M’ is independent of H.
But, in view of §(0) = 0, if H > 0 is sufficiently
small then M’|gly < 1. This shows that ||y
= 0. Thus we have proved the following:

Lemma 2.4. There exists H > 0 such that
gh) =0 foramyh € [ — H, H].

We now define a number H* by

H*: = sup (H| §(h) H, H]}.

By Lemma 2.4 we have H* > 0. Assume that
H* < oo | Then, by the conditions (i), (ii) and
continuity of v(k, x ; o) it follows that there ex-
ists H;, > H* such that

v(h,z;0) #0for |h| <H,0<2<1,0<0< 1

(2.8) =(0foranyh €[ —

Let v~ (h, y ) denote the inverse function of
v (h,x ; 0). Then, by the definition (2.8), the
equation (2.7) can be rewritten in the form

bW, s) _
LH* Wsy(s)ds =), H* < £h < H,,

for = h > 0, respectively. Here we set
_ 6,1, v, s/h); 0) (h* — sHY?
— o, 0", /)00 S

An elementary calculation shows that

W(h, s)
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G, 1,0;0)
(—v"(h, 0; O
where — v” (h, 0; 0) > 0 by the condition (ii).
From (2.3) and the condition (iii) we have
G(h,1,0;0) = wy,(h,1;0) =w,1) #0.
Therefore, by a standard method (see [11, §41])
of reduction to Volterra integral equations of the

second kind, we can prove the following:
Lemma 2.5. Foreach H € [ H*, H|],

” g~ ”X(H) S C" (/) "Y(H)’

where C is a constant independent of H.
Combining Lemmas 2.1 and 2.5 we obtain

Ny < CMl Gl 33,

from which it follows that there exists H_ > Hx
such that (k) =0 for any hE€ [— H,, H,].
This contradicts the fact H* was the largest of
such numbers. Therefore we conclude that H* =
oo, which implies g(k) = 0 for any h € R.

W(h, h) =
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