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Abstract: Let F, denote the finite field of order g and characteristic p. For fx) in Fq[x], let
f* (x, y) denote the substitution polynomial f(x)-f(y). In this paper we show that if

fle) =2"+a,_x" +a, 2"+ -

+ ax + a, € F,[x] (a,_,a,_; # 0) has degree d

prime to ¢ and f*(x, ) has at least one cubic irreducible factor, then
flz) = G@' + Ua,_,/d)x’ + (4a,_,/d)x) for some G(x) € F,[x]

or

flx) = H(z’ + Ba,_,/dx + 3a,_,/

d)"™*") for some H(z) € F,[x]

where 7 denotes the number of irreducible cubic factors of f*(x, y) of the form 2> — Ty’ +

Ax + By + C.

Let F, denote the finite field of order ¢ and
characteristic p. For f(x) in F,[x], let f*(x, y)
denote the substitution polynomial f(z) — f(y).
The polynomial f* (x, y) has frequently been
used in questions on the values set of f(x), see
for example Wan [8], Dickson [4], Hayes [7], and
Gomez-Calderon and Madden [6]. Recently in [2]
and [3], Cohen and in [1], Acosta and Gomez-Cal-
deron studied the linear and quadratic factors of
f*(x, ¥). In this paper we consider the irreduci-
ble cubic factors of f* (x, y). We show that if
flx)=z"+a, , 2" +a, 2+ - +ax
+ a, € F,[z] (a,_,a,_, # 0) has degree d prime
to ¢ and f*(x, y) has at least one cubic irreduci-
ble factor, then

flz) = GG+ (da,_,/d)x* + @a,_,/d)x)
for some G(x) € F,[x]
or

fx) = H{(2’+ Ba,_,/d)x + 3a,_,/d)"™)
for some H (x) € F,[x] where 7 denotes the
number of irreducible cubic factors of f* (z, y)
of the form ° — Ty® + Az + By + C.

Now we will give a series of lemmas from
which our main result, Theorem 7, will follow.
Proofs for Lemmas 1 and 2 can be found in [5].

Lemma 1. Let f(x) = 2 + a,_ 2" + -+~
+ a,x + a, denote a monic polynomial over F,
of degree d prime to ¢. Let the irreducible factor-
ization of f*(x, y) = f(x) — f(y) be given by

f(x,y = Iillﬁ(x, v).

Let

filx,y = %gi,(x, )

be the homogeneous decomposition of f;(x, ) so
that #; = deg(f;(x, )) and g;(x, y) is homo-

geneous of degree j. Assume @,;_; = Q,_, =
= a,_, = 0 for some 7 = 1. Then
8in-1 (z,9) = gm,—z(xr y) = =gue,(xr y)=0
where
n,—ritn, = r
-
0 ifn, <v7.
Lemma 2. Let f(zx) =z’ + a,_,x" ' + -+~

+ a,x + a, be a monic polynomial over F, of de-

gree d prime to ¢q. Let N be the number of

homogeneous linear factors of f* (r,y) = f (x)
—f(y) over Fy for some 7 = 1. Then, f(z) =
g(x™) for some g(x‘) € F,[x].

Lemma 3. Let d denote a positive divisor of
q — 1. Then
d—r d—r d—1 —i(r—=1) i
xr — Y 4 —u
d da =2 i
' —y i=o dy" ' (x — u'y)
where ¢ denotes a d-th primitive root of unity in

F,

Proof. Considering the expressions as
rational functions in x over the rational function
field F,(y) we obtain

d—r d—r

r ¥y _ A
d a i’
' —y =0z — p'y
for some A,, A4,,..., A F,(y). Hence,

» Ay in
a—r d—r a1
=y = Z 1 (x — p'pA,
j%

i=0

('™ =y =1 (Ly — A,
ji
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and consequently '
(u—tr _ l)yd—-r — dﬂt(d_l)yd_lAi,

—ir=1 i g or-1

% —u =dy A,
for all 0 <7< d — 1. This completes the proof
of the Lemma.

Our next Lemma provides a list of basic
identities that will be needed later.

Lemma 4. Working formally, if z — Px?
+Qxr— W= (x—a)(x—b(x— o), then
lNa+b+c=P,

(2) ab + bc + ac = Q,

(3) abc = W,

(4)a’ + b* + ¢ = P? — 2Q,

(5) a’t’ + a’c* + b’’’ = Q* — 2PwW,

6) a’b’ + a’c® + b’ = Q* — 3PQW + 3W>.

Lemma 5. Let f(z) =z°+a, "'+ -
+ a,x + a, be a monic polynomial with coeffi-
cients in F,. Assume that f*(x, y) has a factor
of the form g (x) — cg (y) for some g(x) €
F,[x] and 0 # ¢ € F, Then, f(z) = G(g(x))
for some G(x) € F,[x].

Proof. Let e = deg(g(x)) >0, D= [d/e]
and

flx) = ébi(x)gi(x)

for some b, (x) € F,[x] with deg (b, (z)) <e
for all 4. Thus,
0=r*x, y (mod (g(x) — cg®)))

= 3 (0,0)g' @) — bg' W)
(mod (g(x) — cg@))

=3 (bx)c’ — b,y)g' @)
0 (mod (g(x) — cg(y))

N

1

It

and consequently
D X D .
ahuH@@Y—EM@EM

= (glx) —cgy)h(x, v
for some h(x, y) € F,[x, y]. Further, since the

z-degree of % b,(x)(cg(y))' is less than e and
i=0
deg(g(x)) = e, then h(x, y) = 0. So,
D D .
% b,(x) (cgy)' = §) b,(eWw' € F,(z)[y]

and b, (x)c' = b,(y) = b, € F, for all i, 0 < i
< D. Therefore, eld and f (x) =G (g (x))

D .
where G(x) = X bx' € F,[x].
i=0

Lemma 6. Let fiz) =z + a,_2° "+ -+~
+ a,x + a, denote a monic polynomial over Fq
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of degree d prime to g. Assume a,_; = 0. Assume
2’ — Rx’y + Sxy* — Ty’ + Ax + By + C is a
cubic irreducible factor of f*(x, y). Then
(i) If a;_, # 0, then TR = S, dAT = (3T — RS
+2S8T)a,, and dBT= (S°— 2RT—
3T%a,_,.
(i) If @a,_, # O, then T°R = S*— 2RT, RS* —
2TR®* = TS + 2ST? and
dCT? = (S* — 3TRS + 3T* — 3T%a,_,.
(iii) If RSa,_,a,_; * 0, then T = — 1.
Proof. Let the prime factorization of f* (x,
y) = f(x) — f(y) be given by

*, 9 = 1 f(z, ),

where f, (z,y) = x2° — Rx’y + Sxy® — Ty’ +
Az + By + C. Write

2= Rz + Sey’ — Ty’ = (¢ — wy) (x — wy) (x — wyy)
for some d-th roots of unity w,, w,, and w,. So,
with notation as in Lemma 1,

@y, (" —y"?)=(Az+By) N g, @, y)
i=2

S s
+ Z (gin!—z(x; ?/) H giﬂ,(l’, y))
=2 i=1
j =1
and

S
ad_z(xd 3 _ yd 3) = C H gin‘(x, y)
i=2

+ 2 (g (x, ») T g, (z, 9)).
j=2 i=1

i+

Thus,
i, xd_: — y:_z _Ax+ By 3 &in—2(T, ¥)
x —Y g13(.1', \7/) j=2 gjn,(‘rr y)
and
z'—y &z, y) 5 gjn,(x, )

Hence, combining with Lemma 3,
Ayp 3 w,-~l —w;, Ax+ By
dy 5 ©— wy ng(xy ¥)

and
Ay_s 23: w,-_2 —w _ C
dyz =1 T = WY gz, ¥
Therefore,

1) ag,w, ™ —w +w, " —w,+w, —w,) =
0,

2 dA=— ((w, " — w,)(w, + wy) + (w,”" —
w,) (w, + wy) + (w,™" — w,) (w, + w,))a,_,,

(3) dB = ((w,~" — w)w,w, + (w,”" — w,) w,w,
+ (ws_l — Wy) Wy W,) Ay_s,

(4) ags w2 —wy +w, P — wy, + wy— wy)
= O’
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(5) @y ((w,” —w, ) (w, + w, ) + (w,”> — w,)
(w, + wy) + (wy* — wy) (w, + w,)) =0,
and
6) dC= ((w,* — w, ) wyw, + (w,”> — w, ) w,w,
+ (™" — wy)w,w,) a,_s.
Hence, combining with Lemma 4,
(1 (S—RT)a,_,=0,
(2) dAT= 2ST— SR+ 3T)a,_,,
(3) dBT = (S*—2RT—3T?a,_,
(4) (S*—2RT— T?R)a,_,=0,
(5) (RS®—2R’T— ST—25T%a,_,=0,
and
(6") dCT’=(S*—3RST+3T°—3T"%a,_,.
Now, to prove (iii), assume that RSa,_,a,_, ¥ 0.
So, TR=S, T’ R = S*— 2RT and consequently
S = T+ 2. Therefore,
RS*— 2TR*— TS —2ST* =0,
R(T+2)S—2SR— TS —2ST*=0,
S(RT+ 2R — 2R — T—2T% =0,
S(S—T-2T% =0,
T==*1.
One also notices that 7= 1 gives the contradict-
ing statement that z° — R.rzy + Sxy2 - Ty3 =
(z—y)® is a factor of ° — y”. Therefore, T =
— 1 and the proof of the lemma is complete.
We are ready for our main result.
Theorem 7. Let f (z) =z'+a, x°" +
-++ + a,x + a, be a monic polynomial over F, of
degree d prime to ¢. Assume a, ;=0 and
ay_,0,_3F 0. Let
1 (- Rx’y+ Sxy’— Ty’ +Ax+ By
=l mtr

+C) I °—Ty’+Ax+By+C) (RS, +0)

i=m+1
denote the product of all the irreducible cubic
factors of f*(x, y) = f(x) — f(y). Then
) m<1 and f(z) =G &'+ (4a,_/d)x*+
(4a,_y/d)x) for some G(x) € F,[x] if m
=1.
(i) f(x)=Hz®+ Ba,,/d)x+ 3a,_,/d)"™)
for some H(x) € F,[x].
Proof. By Lemma 6, T, =R, = — S, = — 1,
dA;, = dB;,=4a,_, and dC,=4a,_; for all 7,1
< i< m. Thus, m <1 and if m = 1, then f(x)
— f(y) has a factor of the form
@—yp@+2y+ay’ + ¢’ + Ga,_/dzx
+ (4a,_/ Dy + 4a,_5/d)
= (' + (da,_,/d)x* + (4a,_,/d)x)
— '+ @a,_,/dy’ + (4a,_s/dy)
= h(z) — h(y).
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Therefore, applying Lemma 5, we have f(x) =
G(h(x)) for some G(x) € F,[x].

Similarly, # = 1 and Lemma 6 give factors of
the form

=Ty’ +Az+By+ C,= @'+ Ba,_/dzx+

3a, /d) — T,(y’ + Ba,_,/dy + 3a,_,/d)

=g(x) — Tgly
with T; # 1 for all m + 1 < ¢ < m + 7. So, again
by Lemma 5, f (x) =G (g (x)) for some
G(z) € F,[x] and ,

flz) = f(y) = (glx) — g(y))IIl(g(x)

- Tg) 1 Q,6(), 20)
=@—9&’'+ay+y*+3a,/d
1 (¢@) ~ Tg@) 1Q,g@), g0)

for some polynomials ,(z, y) € F [z, yl, 1<
<'s. One also sees that if one of the factors
Q,(g(x), g(y)) is linear in g(x) and g(y), then
it is reducible and of the form

Q;(g(x), g(y) =glx) +g(y) —6a,_,/d

=@+ —ay+y*+3a,,/d).

Hence, applying Lemma 2, f(x) = w(z?®) for some
w (x) € Flzx] and a,_;=0. Therefore, G (g
(x)) — G (g(y)) has a total of -+ 1 homo-
geneous linear factors in g(x) and g(y) and

flx) = H((z® + 3a,_,x + 3a,_/d")
for some H(x) € F,[x].
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