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Let M be a bounded domain in R* with
smooth boundary 0M. Let & be a fixed point in
M. Let B, be the ball of radius € with the center
@w. We put M, = M\ B,. Consider the following
eigenvalue problem:

— Au(x) = Au(x) xE M,
ulx) =0 r € OM

u(x) + ke’ 6?), u(x) =0 z € 9B,.

Here o € [0, 1) and k denotes a@ positive con-

0
stant. Here P denotes the derivative along the
xz

exterior normal direction with respect to M,. Let
¢;(e) be the j th eigenvalue of the above problem.

Let ¢; be the j th eigenvalue of the problem:

—Au(x) = u(x) xEM
u(x) =0 x € M.
Let ¢;(@) be the L normalized eigenfunction of
— A associated with ;.

We have the following

Theorem 1. Fix 0 € [0, 1). Fix j. Assume
that p; is a simple eigenvalue. Then,

1 (&) — p, = 22k 7' o, (w)*
+ 0(54—20 + 83—0(6(1/2)+0 + €o+0))
for some 6 > 0 as € tends to zero.

The related topics are discussed in Ozawa
[1], Roppongi [8], Ozawa-Roppongi [7]. See, for
other related topics, Ozawa [2], [3], [4].

The main idea of our Theorem 1 lies in the
use of an approximated iterated Green function,
which were found in Ozawa [5], [6].

Let (w,,..., w,) be an orthonormal basis of
R’ Then, we put

KV, flx, w), V,glw, y)> = éaiw/f(x, w) 52)—1

g(ws y) Iw=17)
Let G(x, y) be the Green function of — 4 in M
under the Dirichlet condition on dM. Let G.(z, y)
be the Green function of — 4 in M, under the
Dirichlet condition on 0M satisfying

G.(x,y) + k& G.(x,y) =0 x < 0B,.

0
oy,

Let G;Z)(x, ¥) be the iterated Green function of

— A which is defined by
62, 9 = [ 6.z, 2GC.(z, Pz
M,

Let G?(z, y) be the iterated Green function
which is defined by

G?(, y) = f G(x, 2)G(z, ydz.
M

We put
.z, ) = GC?x, ») + g6 (G?, w) G, y)
+ Gz, 1) G (@, y))
+ n(e) KV,G? (x, #),V,G(w, y)>
+ <V, Gz, w),V,G? G, »))),
where
gle) = — (UrH) e+ 27k %"
h(e) = ke 7% + (3/2)kn %" ™).
Let G2, Q. be the operators defined by

@@ = [ 62, phdy
M,

and

@.h) (2) = fM a.(x, Phydy.

We have the following
Proposition 1. There exists a constant C in-
dependent of € such that
” Gi — Q. ”.‘£(L2(M5),L2(M£))
S CSS—O | log € |1/2(60+0 _+_ 8(1/2)+0)
for 6 > 0.
The above Proposition can be obtained by
using the following
Lemma 1. Consider the equation
Av,(x) =0 xr € M\B,
v.(x) =0 x €M

v (x) + ke’ 6?) (@) =alw) z=w+ewE

0B..
Herew € S = {z;|z| = 1). Then, v, satisfies

" [Z8 "LZ(ME) < C&s_a ‘ log 1 |l/2 “ o "H(l/z)+'é(sa)
for 6> 0, where HY?*°(S% is the L* Sobolev
space of fractional order. Here C is a constant inde-
pendent of €. We can take 8 as close as 0.

We put
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bz, y) =Gz, y + gle)Glx, W) G(w, y)
+ h@©<V,G(x, w), V,Glb, y)>

and

PH@ = [ plx, 0 f@)dy.

Fix f€ L*(M,). We have (G2 — Q) f= v, + v,
where v, = G.(G,— P,) f and v,= (G.P.— Q,) f.
We have the following identities.
Av,(@) = (G, — P)f(x) zx€ M,
v,(x) =0 r <€ oM

v, () + ke%—?}: v,(x) =0 z € 0B,

and
Av,(x) =0 r € M,
v,(x) =0 x € oM.

Thus, if we estimate
0
a_
v,(x) + ke R v,(x)

on 0B,, then v, can be estimated using Lemma 1.
We stated a rough story of our proof of
Proposition 1. If Proposition 1 is proved, the rest
part of our proof of Theorem 1 is a perturbation
theory of eigenvalues.
Comment. The details of the present paper
will appear elsewhere.
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