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§0. Introduction. In a recent interesting
paper [1] L.C. Evans and S. Miiller established
the estimate of local Hardy space norm of gra-
dients ¢, ¢z,
©0.1) [ ¢@ads, I + 1 @2 — @2

< C(" ¢x1 ”12.2(3(0,R>> + H bez “i"’(B(O,R)))

provided that
(0.2) — Ap = w = 0in R”.

Here ¢ is in Cy (R? and the constants C
and R depends only on ¢;h1 is a local Hardy
space defined in §1 and B(x, R) denotes the
closed ball of radius R centered at x € R
(Another proof based on harmonic analysis is
given by Semmes [2].)

This estimate is useful in proving the exist-
ence of weak solutions for the initial value prob-
lem of the two-dimensional Euler equation when
the vorticity of the initial value is nonnegative
measure ([1] and Delort [3]). The assumption w 2
0 in (0.2) is essential for the estimate (0.1); in
fact, Evans and Miiller [1] gave a counterexample
for (0.1) when the condition w = 0 is violated.
However, in their example the set where w is
nonnegative may be complicated.

In this paper we give another counterexam-
ple for (0.1) even when w is odd in the second
variable z, ie. w(x, x,) = — w(x,, — x,) and
w(x,, x,) 2 0 for x, = 0. This suggests that it is
difficult to extend weak solutions for the
initial-boundary value problem of the Euler
equation when the domain is a half space Ri
even if initial value is nonnegative in Ri.

To get our counterexample we construct a
sequence ¢° of form ¢°(x) = ¢(x/e). A key
observation is the existence of function ¢ that
satisfies

L2¢2ldx¢Lz¢izdx
with — A¢ = w, where w € Cy (R?) is odd in
the second variable x, and w 2 0 in Ri, and
¢ € H'(R» ; H'(R® denotes the Sobolev space,

ie. the space of f€ L*(R® with fop S, €
L*(R?.

§1. Definition and main theorem. We be-
gin with definition of local Hardy space as in [1].

Definition 1.1. Let 7 be in C, (R") with
suppny € B(0,1) and j;nndx= 1. For a func-
tion f in L},,(R™), £ ** is defined by
(1.1) f* () = sup r_"f n (x . y)f(y)dy‘.

0<r<1 R”

The local Hardy space %}oc is defined by
(1.2) #,, (R ={feL, R f* L, (R"}.

We recall the normed local Hardy space n'
defined by
(1.3) K®R)={fe L'®R"|f*™ e L'R")}
with the norm

[ f”hl(m) = "f** ”L‘(R”)'

Definition 1.2. For a function f in Cy (R?),

we define the operator (— 4)™ by

- 1
(14) (=07 /@ =5 [ f@loglz—yldy.

Theorem 1.3. Let T and S be the spaces of
form
T=A{we< C:(Rz) | w(x,, x,) = 0 for
2,20, 0, ) = — oz, —x,)},
S={(-d"'wlweD.
Then there exists a sequence {¢}yccc; in S
such that

sup || ¢° Iy g2y <
0<e<l1

and

(1.5) 11?3 loC@3)* — (9203 s =

where ¢ € C:(Rz), 0=¢=1,9 |B(0,1/8) =
1 and suppp < B(0,1/2).

§2. Proof of theorem. At first, we show a
fundamental estimate in normed local Hardy
space; this is an extension of a result to Evans
and Miller [1].

Lemma 2.1. Assume that f is in L'(R"),

and j;”f(x)dx =C,#0. Let f*(x) = %f(%)
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Then || £l = fllp < o0, and
(2.1) ”f‘é I @7 lpxgm = 0
&

for a fumction ¢ in Cy (R") with 0 < ¢ =1,
o] |B(0,1/8) = 1, and suppg < B(0,1/4).

Proof. L'-estimate is easily obtained by
scaling variables. To show the estimate (2.1),
assume that the function 7 in (1.1) satisfies

0=7n=1and 7y Is(o v = 1. Now we estimate
the function (¢f%)™*
(2.2) (¥f9" @
1 xT—y . ’
ppEA N d
os<l:£1 7" ./;znn< >¢(y)f (y)dy
= L X — &z ’
B Os<l:£1 7" Ln 77( ¥ ) ¢(52)f(z)dz .
Now take a parameter R > 0, and let » = 4
| z|. Then
23) B9
| |
=
g |z |” L(o,m (W> ¢ (e2) f(2)dz
— 1 X — &z »
4"z j;e"\Bm,R) ﬁ(m) ¢ (e2) f(2)dz

=1I —1I, foreR < |x| < 1/4.

We show that lim, | , I I; 180,170y = O and
lim, | , I I} 11801/ = © to complete the proof.
Firstly, we estimate the term I; :

E@s—— [  Jr@ld="R
(4eR)” YR\BO.R (4¢eR)
with F(R) = [ | (o) | dz.
R™\B(O,R)

Since F(R) is continuous, nonincreasing, and
limg_ F(R) = 0, for sufficiently small ¢, there
exists R = R(g) such that

(F(RY?
-, T ¢.

(2.4) o
By (2.4), we get Ua
F(R
(25) L@ = {—Z,,Lﬁ OaselO
and get lim, |, I Z; | 01/0) = 0.
Secondly, we estimate the term I;. As
x— ez | x| L _€R 1
4z = 4] x| 4|$C|
1
26) I =—— ‘
@8 L= [ o P @iz
1
= ot f;(ovmf(z)dz for R < | z| < 1/4.
for eR < 1/8.

Now let € | 0. For ¢eR = {F(R)}*"— 0 by
(2.4),
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(2.7) 1imlf=~1—|f f(z)dzl
elo 4"|x|" R”
C;
= [ | ros|z|=1/4.
4 le
Since |1 is not in L'(R"), we get a
x
conclusion. O

Next lemma is important to show Lemma 2.3
which is the key to show Theorem 1.3:

Lemma 2.2. For any function ¢ in S, there
exists a constant C depending only on ¢ such that

C

(2.8) l </)(x) | = 1—_'-_—|7[
(2.9) | g, (0) | £ ——, =12
, 1+ |zl
forx € R”.
Proof. 1f ¢ is in S, then there exists a func-

tion w in T such that
(2.10) ¢ (x) =if () log|z —yl|dy
: 27f Rz :

Notice that @ is in Cg (R, so there is a
constant R = R(w) such that suppw < B(0, R).
Since w is odd in x,, we get

1
211) 9@ =5z [ @ loglz—yldy
= w(y) log ]——_Tl — vl dy
27 Jg,0p r—y ’
1 1~ U
(212 ¢, @ =57 [ 0@ S
¥, (x;, — )

2z
=—_an @) 2 —dy,
B.O.R) lz—yl'lz— 7l

1 T2 T Y2
(213) ¢,,(0) = 5~ f( R)w(y) lz—yl* w
1 )
T Jp,0.R) “Y
yz{(l'z — yz) (xz + Z/z) (

lz =yl lz— gl
where B, (0, R) denotes B(0, R) N Ri and ¥ =
(1, — y). Now we show that ¢ and ¢, is
bounded in B(0, 2R) and that there exists a con-
stant C such that
(2.14) l¢@ | = Clzl™,
| ¢, @ | = Clz|™ for | z| = 2R.

The boundedness of ¢ and ¢; on B(0, 2R) is
obtained by the fact that log |z| and |z|” -
in L},,(R? :

(2.15) |¢(x)|_sup|w|f |log|z =yl dy

1/1) }

’
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=C. [ loglylay

<
=C, j; oo |log |yl dy

= Cup < o,
sup | w | 1
(2.16) |¢’Il(l‘) I = %—me]—df——y[dy
< -1
=Co 'L:(O,BR) ly™dy
= Cw,R < oo

for | x| = 2R. (Notice that |y | = |z — y| + | x|
= 3R)

Now we show (2.14) to complete the proof.
We may assume x, = 0 to estimate ¢, because ¢
is odd in x,. By this assumption, we get the fol-
lowing inequality:

7 = =

2R 4R
=
x|—R ™ 1+ [x
for |x| =2 2R and |y| = R. The inequality
(2.17) leads the estimate of ¢ :

=1+

2.18) | ¢@) |
= anlog (1 + %) ~[1;+(0,R) w(ydy
lxl
< %%@[log (1+ f—x%) o, om
= 2 o lpgen | 217

Notice that the inequality
| 2| | z |
L P R . R
5 =lz—yl, 5 =le—gl

holds for |x| = 2R, |y| = R. This inequality
leads the estimate of ¢, :

(2.19) | ¢, @) |

=== lw@ | dy
T Jp,0p lz—yl* |z — 7|

< 16R ol
|zl

(2.20) | ¢, (@ |

1 2|yl
g_i—lz;(o,mlw(y) | lz—yllz— 7l dy
< 8R " @ "L‘
wlzl
Combining the estimate (2.15), (2.16), (2.18),
(2.19), and (2.20) leads the conclusion (2.8) and
(2.9). O

Now we are ready to show the key lemma.

’
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Lemma 2.3.
such that

(2.21) j; {gl!zl(x)}zdxaﬁj;z {¢,, (0} dx.

Proof. Assume that the conclusion is not true,
ie.

(2.22) L {gbxl(x)}zdx=-/;2 {¢,,(@)* dx

for any ¢ in S. Let ¢ is in S, and let ¢"(z) =
¢(x, — h, x,). Then the function ¢" and ¢ + ¢"
are in S. In fact, there exists a function w in T
such that ¢ = (— A)"'w, and we can write ¢" =
(—D7'0" and ¢+ ¢" = (— ) (w+ ",
where " (x) = w(x, — h, x,). It is obvious that
" and w + " are in T
By the assumption (2.22), we get

2 — 2
223) [ (9, @V dz= [ (4., @) dz,
[ A@h @Y dr = [ (", @) dz,
R? ! R? 2

[ @+, @Pd= [ (@+¢h, @) d.
R? R?
Combining the equalities (2.23), we get
(2.24) f ¢, (@ (@, (D dx
Rz

= [ 0. @@, @dz.
Now we integrate the equality (2.24) by & :

e25) [ [ ¢ @@, @ds
- f: fR ¢z, (@ ("), (D dx.

Notice that we can change the order of in-
tegration by the estimate (2.9). Firstly, we com-
pute the left term of (2.25):

226 [ [ ¢.@@h. @dzan
= [ 0.@ [ g0 = bz ax

= [ 0@ |60, »)]_as

= 0.
The equality is obvious by the estimate

(2.8). Secondly, we compute the right term of
(2.25):

c2n [ [ 6@ @ @dzdn
= j; ¢z, (x) f_: ¢z, (2, — b, x)dh dx

There exists a function ¢ n S
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= [{[ ¢t 2z} dm,

> 0.

The positivity of integrals is shown by com-
puting the form of ¢,,. Notice that ¢, is con-
tinuous, so it is sufficient to check that (/)Iz(xl, 0)
is not zero. By (2.13), we can write ¢,, as

1
(2.28) ¢z, (x) = ;_[; o w(y)

Yl (x, — ) (x, +y) — (2 — ?/1)2} dy
lz—yl'lz—gl°
where w is a function in 7. Putting x, = 0 in
(2.28) leads

(2.29) ¢, (x,,0) = — 1

T Jg,0,R

dy.

w(y)

Y2

(x, — 9’ +v;

Since w and the integral kernel are positive

in B,(0, R), ¢, (x;; 0) is always nonzero. The
results of computation (2.26) and (2.27) leads a
contradiction, and we get a conclusion of the lem-
ma. O
Proof of Theorem 1.3. Let ¢ the function in

S that satisfies (2.21). Let ¢°(x) = ¢(x/e).

[Vol. 72(A),

Then
(9., @) — (¢, @)

1 x
= 5@ = ()
and Lemma 2.1 is appliable. (Notice that gbil —
@2 is in L'(R®): the estimate (2.9) leads this

fact.) O
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