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It is known that there are only finitely many
normal CM-fields with class number one (see [3]).
Moreover, all the imaginary abelian number
fields with call number one have been determined
by K. Yamamura: There are 172 such fields.
Hence, it is time to determine all the non-abelian
normal CM-fields with class number one. The au-
thor and R. Okazaki in [7] found all the
non-abelian normal octic CM-fields with class
number one: There are 17 such fields, all of
which are dihedral and narrow Hilbert class
fields of real quadratic fields. Then, the author,
R. Okazaki and M. Olivier in [4] found all the
non-abelian normal CM-fields of degree 12 with
class number one: There are 9 such fields, all of
which are dehedral. We shall explain in this note
how we determine in [6] all CM-fields H (k)
with class number one (without fixing their de-
grees) which are narrow Hilbert class fields of
quadratic fields k: There are at least 95 such
fields, and assuming a conjecture put forward in
[5], there are exactly 95 such fields. All the
proofs of the results stated here may be found in
[6]. Note that 4 of them have degree 16,1 of them
has degree 20 and 1 of them has degree 24,
these six fields being non-abelian normal dihed-
ral CM-fields.

We let G, be the genus field of k, which is
the maximal abelian number field that is unrami-
fied over k at all the finite places. In this paper,
genus field will always stand for genus field of
some quadratic field. The Hilbert class field (in
larger sense) H,(k) of a real quadratic field is
totally real. Hence, it is not a CM-field. However,
one can easily prove that the narrow Hilbert
class field H (k) of a real quadratic field k is a
CM-field if and only if the norm of the fun-
damental unit of k is equal to + 1, which we will
assume for the rest of this paper. In that case,
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H,(k) is the maximal totally real subfield of
H (k).

1. Let us first focus on Hilbert class fields
of imaginary quadratic fields.

Theorem 1 (See [2, proof of Th. 6.1]). Let k
be an imaginary quadratic field. Let H,(k) be the
Hilbert class field of k. Then, H,(k) is Galois and
its Galois group Gal(H (k)/ Q) is a generalized
dihedral group which is a semi-direct product of
A = Gal(H (k)/ k) which is canonically isomor-
phic to the ideal class group of k with {Id, ¢} where

. . . -1
the complex conjugation ¢ acts on A via cac = =
-1

Now, an imaginary normal number field is a
CM-field if and only if the complex conjugation
is in the center of its Galois group. Hence, the
Hilbert class field H (k) of an imaginary quadra-
tic field k is a CM-field if and only if the ideal
class group of k has exponent < 2, in which case
H (k) = G,. Hence, we have only to determine
all imaginary genus fields G = Q(E, <,
/EE) with class number one. Here, k=
Q(/pipy -+ p7) has discriminant prp, - - - Dy,
where p,, p,, - © -, p, are t =1 distinct primes
and
b; if p; =1 (mod 4),

— b if p, = 3 (mod 4),
—4, —8or 8 ifp, = 2.

Note that Gk has degree 2. In fact, it is easy to
determine all imaginary genus fields with relative
class number one, and then to compute the class
numbers of their maximal real subfields. To this
end, we prove that if G and G’ are two imagin-
ary genus fields such that G & G’ then the rela-
tive class number of G divides that of G’, and if
G, has odd relative class number, then t < 3. As
all the imaginary quadratic fields with class num-
ber < 2 are known, we get (see [6]):

Theorem 2. There are exactly 73 imaginary
genus fields G, = Q(E, RN ‘/EF) with relative

class number one: those which appear in the follow-
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g Table 1. Note that 30 out of them are genus
fields of imaginary quadratic fields k, and 43 out
of them are genus fields of veal quadratic fields k.
Only 4 out of them do not have class number one,
those which ave the gewnus fields of the four follow-
ing  real quadratic  fields k:Q\7-67),
Q(/2-163), Q(Y11-43) in which cases Gy, and k
have class number 3, and Q(/19-43) in which
case Gy, and k have class number 5.

Corollary 3 (to Th. 1 and Th. 2). There are
exactly 30 CM-fields with class number one which
are Hilbert class fields of imaginary quadratic
fields. All these fields are abelian.

2. Let us now focus on narrow Hilbert
class fields of real quadratic fields k, which are
always CM-fields since we still assume that the
fundamental unit of k has norm + 1.

Theorem 4. Let k be a real quadratic field.
Let H.(k) be the narrow Hilbert class field of k.
Then, H,(k) is a normal CM-field and its Galois
group G = Gal(H,(k)/ Q) is a generalized dihed-
ral group which is a semi-direct product G = A X
{Id, o} of A = Gal(H (k)/ k) which is canonically
isomorphic to the narrow ideal class group of k with
{Id, o} which acts on A via cac ' = a”'. Here ¢
is any element of G = Gal(H,(k)/ Q) whose res-
triction to k is non trivial, which implies that G has
order 2 in G.

Hence, the narrow Hilbert class field
H (k) of a real quadratic field k is abelian if
and only if the narrow ideal class group of k has
exponent < 2, in which case H (k) = G,.

Corollary 5 (to Th. 2 and Th. 4). There are
exactly 39 imaginary abelian number fields with
class number one which are Hilbert class fields of
real quadratic fields.

Let k be any one of the four real quadratic
fields whose genus fields have class numbers
greater than one given in Theorem 2. According
to explicit constructions of their Hibert class
fields H,(k), and to the computation of the class
numbers of these H (k) by using the system for
computational number theory Pari/GP (see [1])
we get:

Theorem 6. Let k be a real quadratic field
and M a CM-field such that k € M = H (k). If
H (k) has class number one, then M has relative
class number one and class number equal to the de-
gree [H (k) : M1. Hence, if G, is imaginary, then
it has relative class number one and it is given in
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Theorem 2. Hence, there are exactly 4 non-abelian
CM-fields with class number one which are narrow
Hilbert class fields of real quadratic fields k such
that G,, is imaginary.

Hence, we are reduced to the determination
of those H (k) with class number one for which
G, is real. Note that the complex conjugation ¢
which is in A = Gal(H (k)/k) is a square in A
if and only if G, is real. Indeed, since G,/ Q is
the maximal abelian sub-extension of H (k)/Q
unramified at the finite places, then Gal(H|
(k)/G@,) is equal to the derived group D(G) =
A? of G, and G, is real if and only if ¢ is in
Gal(H,(k)/ G,). The key step to the determina-
tion of all H (k) with class number one is the
following result:

Theorem 7. Let G, be real. If H (k) has
class number one, then the 2-Sylow subgroup of the
narrow ideal class group of k is cyclic of order = 4.
Hence, the narrow Hilbert 2-class field H,,(k) of k
is a dihedral CM-field with relative class number
one. Finally, the narrow Hilbert 2-class field
H,,(k) of a real quadratic field k has odd relative
class number, if and only if k= Q(/pq) where
2 < p < q are two distinct primes not congruent to
3 modulo 4 and such that the Legendre’s symbol
®/q) is equal to + 1. In that situation the Hasse
unit index of H,(k) is equal to 2 and its relative
class number is a square.

Proof. We delineate the proof of this key
step to our desired determination. First, G, is
real if and only if the complex conjugation is a
square in A = Gal(H,(k)/k). Hence, if G is
real, then A has 4-rank greater than or equal to
one. Second, assume that the 2-Sylow subgroup
A, of the narrow ideal class group of k is not
cyclic. Then, there exists a subgroup B of A
which does not contain the complex conjugation,
which has even order and such that A/B is cyc-
lic of order 4n = 4 (B is obtained as follows. Let
0 € A be a square root of ¢ and let C be the cyc-
lic subgroup of order 4 generated by 0. Let X ¢
be a character of order 4 defined on C and let x
denote any character of G whose restriction to C
is equal to X Then take B equal to the kernel
of x). Third, let H be the subfield of H (k) such
that Gal(H,(k)/H) = B. Then H is a normal
field containing k such that the complex conjuga-
tion is a non trivial element of Gal(H/Q).
Hence, it is easily seen that H is a dihedral
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CM-field of degree 8un = 8. According to
Theorem 6, the relative class number of H is odd
(in fact, it is equal to one). Now, we prove in [6]
that any dihedral CM-field of degree 8n = 8
with odd relative class number has Hasse unit in-
dex equal to 2, which implies that the canonical
homomorphism from the ideal class group of the
maximal totally real subfield H™ of H to the one
of H is injective, and the class number of H" is
odd (see [8, Chapter 10]). Hence the class number
of H is odd. However, according to Theorem 6,
this field H has class number [H (k) :H] = | B|
which is even. A contradiction.

By using the results of [3], we can prove
that if such a dihedral H,,(k) with odd relative
class number has relative class number one, then
its degree is less than or equal to 128. Moreover,
S. Louboutin and R. Okazaki determined in [7] all
octic dihedral CM-fields with relative class num-
ber one: there are 19 such number fields, and S.
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Louboutin found in [5] five dihedral CM-fields of
degree 16 with relative class number one. Now,
we have shown in [5] that it is reasonable to con-
jecture that there are only these 24 dihedral
CM-fields of 2-power degrees with relative class
number one. According to explicit constructions
of the corresponding H (k), to the computation
of their class numbers by using the system for
computational number theory Pari/GP (see [1])
and to Theorem 6 we get:

Theorem 8. There are at least 26 real
quadratic fields k = Q(/pq) whose narrow Hilbert
class fields H,(k) are non abelian CM-fields with
class number one: those which appear in the follow-
ing Table T (where, n,, denotes the degree
[H, (k) : Q). Assuming the conjecture put forward
wm [B], there arve only these 26 mnon-abelian
CM-fields with class number one which are narrow
Hilbert class fields of real quadratic fields.

Table I
k imaginary k real
) ) V) ») )
{— 3} {—4,13} {(—3, — 4} {—7,—19} {—43, — 67}
{(— 4} {— 4,37} {(—3,—7 {—7, — 43} {— 43, — 163}
{—7} {— 7,5} {—3, —8} {—7,—67} {—67, — 163}
{— 8} {—7,13} {—3, —11} {—7,—163}
(=11} {(—7,61} (=3, —19} {(—8,—11} (=3, —4,5}
{—19} {— 8,5} {—3, — 43} {—8, —19} {(—3,—75)}
{— 43} {— 8§, 29} {—3, —67} {—8, — 43} {—3,—8,5}
{—67} {— 11, 8} {—3, — 163} {(—8,—67} {—3, —11, 8}
{— 163} {(—11,17} {(—4, -7} {—8, — 163} {(—3, — 11,17}
{—4, — 11} {(—11, — 19} {—4, — 7,5}
{— 3,5} {(—3,—4,—7) {—4, —19) {—11, — 43} {—4,—7,13)}
{— 3, 8} {(—3,—4,—11} {—.4, — 43} {—11, — 67} {—7,—18,5})
{(—3,17} {—3,—4,—19} {—4, — 67} {—11, — 163}
{— 3,41} {—3, —7,—8}) {(—4, —163) {—19, — 43}
{— 3,89} {—3, —11, —19} {(—7, —8) {—19, — 67}
{— 4, 5) {(—4,—7,—19) {(—7, —11) {—19, — 163}
Table I
@, @ Npq (V) Npq @, 0 Ryq
(2,17) 8 (5,389) 8 (2,163) 12
(2,73) 8 (13,17) 8 (7,67) 12
(2,89) 8 (13,29) 8 (11,43) 12
(2,233) 8 (13,157) 8 (5,101) 16
(2,281) 8 (13,181) 8 (5,181) 16
(5,41) 8 (17,137) 8 (13,53) 16
(5,61) 8 (29,53) 8 (13,61) 16
(5,109) 8 (73,97) 8 (19,43) 20
(5,149) 8 (5,269) 24
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