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In our former paper [4] we introduced a no-
tion which we called the Virtanen property for
Riemannian manifolds. The property is always
fulfilled by two dimensional Riemannian man-
ifolds so that it often ensures the possibility of
extending certain potential theoretic results valid
for two dimensional case to higher dimensions.
The purpose of this paper is to give a new defini-
tion of the Virtanen property which is equivalent
to but more understandable than that given in [4].

Throughout this paper we let M be a non-
compact, connected and orientable Riemannian
manifold of class C~ of dimension # = 2. Let
(g;;) be the metric tensor on M and (g”) =
(g;)”". With an s-form @ on M (0 <s < n)
whose local expression in a local parameter x =
'..., 2" is

a= I a,.. (@dz" A - Adz"
i< e<i
we associate a nonnegative function |a| on M,
usually referred to as the point norm of a, given
by o
(1) |a|z= 5 (.Z‘gnn,,,
* s
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)
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.
iyeeeig®

If a is measurable, then we can consider its
p-norm (1 = p < o)

1/p
lal, = (f1atav)” asp< o,
| all.. = ess. sup | a],
M

where dV is the volume element on M. Using
these notations we can give our new definition of
the Virtanen property:

Definition. The manifold M is said to possess
the Virtanen property if for any C* (n — 2)-form «
on M with | da l, < o there exists a sequence
(a,) of C* (n — 2)-forms a,, on M such that
(2) [y, lle <0 (m=1,2,...),
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3) lim | da — da,, |, = 0.
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If the dimension # = 2, then the given form
a and sought forms «, are O-forms, i.e. func-
tions, on M. Taking a, as a suitable regulariza-
tion of the function max(min(a, m), — m) for
each m =1, 2,..., we see that (2) and (3) are
satisfied by these a and «,, (cf. e.g. [3]) so that
the Virtanen property is always possessed by
any two dimensional Riemannian manifold M. In
our former definition of the Virtanen property in
[4] we had
(4) Nla,] := supfl &, A do |, /lldell,: ¢ €

C, (MD\{0}} < o

instead of (2). The function norm | a|. is much
easier to compute than the operator norm
Nla] so that we may say that our new definition
is better than our former one. To assure that
these two definitions are actually equivalent we
have to prove that these two norms are equiva-
lent. The practical purpose of this paper is, thus,
to prove the following

Theorem. The norms | a|.. and Nlal for any
C” (n — 2)-form a are equivalent, i.e. the follow-
ing inequalities are valid for every C™ (n — 2)-
form o on M :

(5) n/2)*|al, = Nlal = | al..

Observe that (5) implies N[a] = | a ||, for #
= 2, which we already remarked in [4]. Inequali-
ties in (5) are sharp in the following sense: for ev-
ery dimension # = 2, there is a couple (M, a)
such that Nla]l = #/2) Y| all. > 0 and also
Nlal = | all.. > 0. Such examples will be given
right after the proof of (5).

Proof of Theorem. A parametric neighbor-
hood (U ;x) at € € M is always supposed to
satisfy x(§) = 0. We say that a parametric
neighborhood (U ; x) at £ € M is special if the
components of the metric tensor (g;;(x)) in the
local parameter x takes the form g;;(0) = §,; so
that g7(0) = 6" as well (G, =1,..., n).

We start with the proof for the second ine-
quality in (5) which is simple. Take any ¢ €
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C, (M)\{0} and any point & € M. We can find a
special parametric neighborhood (U ;x) at & €
M (cf. e.g. [1]). Let the local expression of a in
terms of x be

6) a Z a..,, (@dx" A -+ A dz'™e
i1<ese<ip_g

On denoting D]go = 9¢ /8x’ we have

7) aldp = 5( a,....,, @ Do @)dz"

j=1 iy<eee<iy_y

A o Adx'™ A dx')
where 3] ..., . means the sum with respect to
z-'-znzsuchthat (i, ..., 0,0 c{1,...,
m\{} and 4, < - - - <i,_, In view of (1) and
£"(0) = 6" we deduce that

|| (&F = D i ), lde| (©° = Z
(D, (0))?,

la A dol (®)*=
é (il< 2; 2 (D0 (0))).
Since T} <...<i, , @i.. (o> <lal®* =lall,

we see that
la A de| (®° =
é L,«%im Gy "n—z(O)z] (D0 (0)*
= lali Jé(Dj(p(O))z —laldel ®°

i.e. we have obtained that |a A do P=<lal’
| do |* on M. Hence we have |a A do|, = || a]..
| de |l,, which proves Nlal < | al..

We turn to the proof for the first inequality
in (5) which is less simple. Fix any point § € M
and choose a special parametric neighborhood
(U ; x) at £ Again let (6) be the local expression
of a in the local parameter x in U. Let Bj be the
open ball of radius 0 > O centered at the origin
of the Euclidean #-space and U;={n € U :
| z(n) | < 8}. There is a §, > 0 such that Uy is
compact in M and x : U, — B is a homeomorph-
ism for 0 < d < §,. Fix two arbitrary real num-
bers K > 1 and € > 0. We can find and then fix
a0 < 0 < g, such that for every x € B;
(8) K73, = (g,(x) = K(@5;) and

K70 = (2"@) = K"

in the sense of matrix inequalities and also for
every x € B,
(9) @y (0 — e <oa,
for every {1,,...,5,_,0 < {1,..
<lp,y

For an arbitrary integer 0 <

2
1...in_2($) )
, m} with 4; <

s = n we con-
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sider a C” s-form 8 on U whose local expression
in x is
p= Z
i <eee<ig
Besides the original point norm | 8| of 8 we con-
sider the point norm | 8 le with respect to the flat
metric tensor (d;;) on U:

b;, _,is(x)dxi‘ A - A dx™.

l B ‘i = Z ( Z 6i1j1 e 6islsb )btl-nis
iy <ene<iy Ny<ere<is ,
= Z (b,l i) -
iy<es
Here we note that |,3| (&) =|B] (& since

£7(0) = 8", Now let A,(x), ., A4,(x) be the
proper values of the matrix (g”(x)). Ihen the
proper values of the tensor product (g ’)® .-
® (g") of s same matrices (g") are A, e Ay,
Li,=1,..., n) Since the second part of (8)
is equivalent to K ' =}, = K= .., ) on
B;, wehave K =2, -+ 2, = K° (il,. R RS
1,..., n) on B;, which is equivalent to B
K7@)® - QW) = @)® - @)
SK ()Q - ®©6Y)
on Bj;. This implies the following inequalities
valid on Uy :
(10) KBl =18l = K’|BI..

Take any ¢ € C, (U)\{0} (< C; (M\{0}).
Recall that dV = \/Edr where g = det(g;;) and
dr=dx' A - -+ A dx" on U. The first part of
(8) implies that det(K '(d;)) = det(g;;) =
det(K(5,)) so that K <v/g < K" on U,
Using (10) for ¢, do and @ N\ d¢ we see that

jl'] |a/\dg0|§dx§K(n_l)+n/2j; |a/\d(p|2\/§dl’
'] -}
K" a A delf < K 'Nlal®| do |
_ Kan/z—lN[a]zf | doo lz Jgdx
Us

< Ksn/z—lN[alzKHn/zf | do Izdl'
Us
so that on noting ¢ € C; (U,;) we have obtained
2 < 27 - 2 2
(11) j;la A do |2dx = K”Nlal fU|d<p l,dx.

We now specialize ¢ € C, (U)\{0}. For
the purpose take a small 7 > 0 such that the in-
terval [— 7, 7] X -+- X [— 7, 7] (n factors) is
contained in U,  We can find a ¢ € Cy (R"
such that supp ¢ C[—7,7] and A:=

f ¢D’dt> 0 so that B:=f ¢ (H%dt > 0.

On setting ¢(x) = II}_,¢(z") we may view that
¢ € C, (Up\{0} © C;(M\{0}. Then we see
that D,p(x) = ¢ (@), o) G=1,...,n)
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and
ldp@ 2= > Dp@)* = 2 ¢ @)1 ¢())’.
i=1 i=1 j#i
By wusing the Fubini

theorem we that
f (D¢ ())%dx equals
U

see

[oa2ngera=( ¢aya)n

i
J 9@’ = a"'B

for every 1=1, . .

A""'B we obtain

(12) fU<D,.<p(x>>2dx =CG=1,...,n and

., n. Thus on setting C :=

f | dop(x) 2dx = nC.

U

From (7) and (9) we infer that

landol=%( = a,., @ De@))

F=1Nij<eee<iy, ,

23 T (44,0 9 De@))
J=1 N <er <y,

on U; and hence on U by ¢ € C, (U,). Therefore
we obtain

(=

=1 Vi1 <eee<iy_y

@0, O~ [ (D@ dz)

< j; la A do iz
From this with (11) and (12) we deduce that
(2 (@, @ = 9) S K" Nlal”
J=1 N <0 o<y,

Since K> 1 and ¢ > 0 were chosen arbitrarily,
we may let K | 1 and ¢ | O in the above inequal-
ity to conclude that

n .

>( =
J=1 V)< eee<iy g
The left hand side term of the above inequality can
be easily seen to coincide with 2| | (€)% Here we
have used |a| (&) =|a|,(&). Therefore |a| (&)?
< (n/2)Nla)®. Since £€ M is arbitrary, we
finally conclude that |||, £ (n/2) Nlal®. O
We let M be the Euclidean #-space R” with
the usual Euclidean metric tensor (§,) in the fol-
lowing two examples. First, if we take a =
Zicenncin, AT N A dx™* in the natural coor-
dinate z= (', ..., 2" on R” then Nla] =
n/2)7?| a|... In fact, for any ¢ € CJ(R™"\{0},
we see that |aAdel*= m—1)|de|* and
thus Nlal = (n — 1)*2 Since |a > = n(n — 1)/
2, lall. = i —1)/2)"% A fortiori, Nlal =
(n/2)™"*|| .., which with the left hand side of

@iy, (0)%) S nNTal".
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(5) implies that Nlal = ./2)""*|a|. > 0.
Next, we show the existence of a C” (n —
2)-form @ on R” such that Nla] = || a. > 0.
Since this is always the case for any C” (2 —
2)-form a # 0 on R? we only have to consider
the case # = 3. Then the required a is a = dz’
A dx* A - -+ Adz” in the natural coordinate x
= (z',..., 2" on R” In fact, we can choose a

¢, € Cy(R") such that f ¢, (O*dt = m and

[ outat=0a/m for cah m=1,2,....
We also choose a ¢ € Cg(R') such that A:=
f ¢p(H’dt>0 and B:= f ¢ (H2dt > 0.

Then set ¢,(x) = ¢, (@)I_,¢(x’), which be-
longs to C, (R™). We have
ldo, |2=mA" + 60 /m)-(n — 1)A" B,

laAdeli=mA""+6Q/m)-A""*B.
Thus  Nlal®>Z sup, |a A do,, [t/ de,IE=1=
el so that N[a] = || .., which with the right
hand side of (5) implies that N[a] = | a...

Finally we consider the case M is a subre-
gion of R" which is homeomorphic to the unit
ball {r € R":| x| < 1}. The proofs of the fol-
lowing facts will appear elsewhere.

Fact 1. If the boundary OM of M relative to
R” is a smooth closed hypersurface, then M posses-
ses the Virtanen property.

Fact 2. fM={x€R":1/2<|z|<1}
\{(z"0,...,00 €ER":1/2 < z' <1}, then M
does not possess the Virtanen property.

Fact 3. If M is star-shaped with respect to a
point in M, then M possesses the Virtanen property.
Every point in OM in Fact 1 is

Dirichlet-regular. The M in Fact 2 contains the
set {(z,0,...,0€R":1/2<z"<1}of
irregular points in its boundary. Looking at these
two results one might feel that the existence of
irregular points in dM has something to do with
the Virtanen property for M. From this view
point the significance of Fact 3 lies in the fact
that there is a star-shaped region M whose
boundary contains the Lebesgue spine (cf. e.g.
[2]), an irregular boundary point.
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