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1. Introduction. Let (B, g) and (F, ) be
two Riemannian manifolds of dimensions n and p
respectively, and let f be a positive smooth function on B. Then the warped product space Mis defined by the Riemannian metric
B
are the
r * (g)+ (fo z) 20.* (), where zr and
F onto B and F, respectively.
projections of B
Let n p- m. For a local coordinate system (z) (a- 1,2,"’, n) of B, the metric tensor g has the components (go) and
on F has
the components a) for a local coordinate system () (a- 1,2,"’, p). Hence the metric tensor on M has the components

F

+

()_

(g f

0

and the others are zero, where fo
Vbf
The components of Ricci tensors are given
by

(1.9) S
(1.10)

where A f is the Laplacian of f for g and S, S
and S are the Ricci tensors of M, B and F respectively.
Let
7 and f be the scalar curvatures of
M, B and F respectively, then we have

,

(1.11)
Critical Riemannian metrics. Let (MB F, )be a compact oriented Riemannian
manifold. Consider the following Riemannian

2.

0

with respect to the local coordinate system z
(z, ) on M and i, j 1,’", m.
Let
(resp. Va) be the components of the
covariant derivative with respect to g (resp.

functional

Vo

{ba c} (resp. {7} ) the

and

christoffel

symbol

of B (resp.
of

M are

(1.1)

given as follows

b a

(1.2)

b a

6

H(g)
where dp is the volume element measured by
A critical point of H(g)is called a critical
Riemannian metric on M. In particular, every
Einstein metric is a critical metric for H on M.
M. Berger [1] obtained the equation of the
critical Riemannian metric in the following form
in the tensor notations

(2.1)
where c is undetermined constant and

d

(1.3)

0,

H

is

given by

f( oY g goa,

(2.2)

(1.4)
and the others are zero.
Let N, N, and N be the curvature tensor of
M, B and F respectively, then we get [2, a, 4, 51

where V means covariant differentiation with respect to
If the Riemannian metric g on M is a critical
Riemannian metric, then the undetermined constant c is determined as

(1.5)
1.6)

m
Hence, by use of (2.2) and (2.), we have
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Main results.
of (1.1)-(1.4), we get

3.

(3.1)
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B zF,

0.

(3.7)

p S,

g,,
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Hence, if we consider the case
0 and
(I)
(II) is non-zero constant, then we can state
on F is zero,
(I) If the scalar curvature

by use

VV7,

f L(o),
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then the metric
on F is critical Riemannian
metric by means of (3.7).
(II) If on F is non-zero constant and on
F is critical Riemannian metric, then from (3.7),
we see that F is Einstein.
Since the Einstein metric is critical Riemannian metric, we have
Theorem 3.2, Let M B
F be a proper
warped product space with a critical Riemannian
metric and 4= 0. Then
on F is a critical
Riemannian metric if and only if F is Einstein.

oo

Let M, B, F be compact orientable C man-

B xF, and assume that
ifolds such that M
on M is critical Riemannian metric.
the metric
Then, from the equation (1.11) and (2.4), we
obtain

(3.6)

me{T+f-y--2pf-Af--p(p-f- I[
From this and (3.1)-(3.5), we get
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0.
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