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12. On Contiguity Relations of the Confluent
Hypergeometric Systems

By Hironobu KIMURA,*’ Yoshishige HARAOKA,**’ and Kyoichi TAKANO* **)

(Communicated by Kiyosi ITO, M. J. A., Feb. 14, 1994)

Introduction. This paper concerns the contiguity relations for the con-
fluent hypergeometric systems M, (CHG system, for short) defined on the
space Z,, of ¥ X n complex matrices of maximum rank 7 (< #). As for the
definition of the CHG systems and notations employed in this paper, we
adopt those of [7].

In [4], we gave a Lie algebra of contiguity operators (see Definition 2.1)
in an explicit form. In the present paper, we show that the contiguity oper-
ators, obtained in [4], appear in a natural manner in connection with the root
space decomposition of the Lie algebra gl,(C) with respect to the maximal
abelian subalgebra §) = LieH,.

1. Root space decomposition. Let H= H, = J(1)) X --- X J(1,) be a
maximal abelian subgroup of GL(n, C) corresponding to the composition
A= (A,...,4) of n, where J(2,) be the Jordan group of size 4,.

In the following, we often decompose an # X # matrix X into blocks
according to the composition A as

X=Xr<is<n
where X,; is a 4; X A; matrix, which will be called (¢, 7)-block of X.
We denote by § the Lie algebra of H, which is given by

X X -1 X .
b= {h =®,..,h"; h' = Eo nl Ay, b € C]

and is a maximal abelian subalgebra of gl, = gl,(C). The dual space of § is
denoted by §*. For any % € B, we consider an endmorphism ad 4 : gl,— gl,
defined by
(admX = [h, X] = hX — Xh.
We say that a non zero element 8 € E)* is a root for Y if the vector space
gg:={X€ql,;(@dh— BH))X=0 for all h € b}
is of dimension greater than or equal to 1. The vector space gz will be called
the root subspace. Note that g, = ¥.
Let B, G=1,...,D) be an element of p* which sends the matrix
L (R A}) to the common diagonal element hy of (j, )-block. We
see that the set 4 of non zero roots for § is given by
A=1{B,—B;;t,1=1,...,0,i#j}.
Proposition 1.1.  For any root B; — B; € 4,
88,8, = CXB;—B;’
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wheve Xﬁ‘_ﬁj € gl, is a matrix element whose only non zevo entry locates at the
position of the first vow and the last column of (i, §)-block.
We define a linear subspace g of gl, by
g=p9+ BZA g (direct sum).
=3

Note that g is a Lie subalgebra of gl,. ‘
We study the relation among the generators of g. Let H,f,') be an element
of gl, such that the (¢, 7)-block is A;’i and the others are zero matrices. Then
2-1
H= i ‘2 CH,;“ (direct sum)
and g is spanned by i=1m=0
B:={H," X 4,;i,i=1,..,,m=0,...,2,— 1}

over C.
Proposition 1.2. The elements of B satisfy the commutation relations:
[h, X;] = B X,, forh €Y, pE A
[XB:-B;’ XB;—Bk] = 61,1XB,—Bk fori+ k
[X,g‘_,s,, Xﬂ,—ﬂ‘] = 51,1Hx(:—)1 - 51‘1Hx(;l—)1
[X;, X,] =0 forB, r€ A4, B+ r&A U {0}.

2. Contiguity operators and contiguity relations. Let & be the Weyl
algebra on Z,,, ie. the set of linear differential operators with polynomial
coefficients in z € Z,, which is equipped with a natural additive structure
and the multiplicative structure given by composition as operators.

Let £,(a) be the left ideal of 4 generated by the operators

Ly —ay, k=1,...,,m=0,...,2, —1,

M+ 0, ,7=0,...,7t — 1,

D,’j,pq, i,j=0,...,z'—1,p,q=0,...,n—1
which defines the CHG system M,(a). We denote by JS(a) the sheaf of solu-
tions of the system M,(a).

Definition 2.1. An element L € o is said to be a contiguity operator for
the system M, if there is a { € Z” such that L defines a sheaf homomorph-
ism
(2.1) L:J8(a)— Sa+ 0.

It is to be noted that L € o satisfies (2.1) if and only if

QLE Y(a) forany Q € L(a+ ).
In this section, we change the indexing of entries of an element z € Z,, as
follows: W »
z=(z ,...,2 ),
where 2 is a 7 X A, matrix,
(k) __ (k) (k) (k) t (k) (k)
20 = (2 .. 2,0, 2 = (25,0520,

Take X € gl, and let {exp sX} be a 1-parameter subgroup of GL(n, C)
generated by X. Define a linear differential operator Ly acting on the sheaf
of C” function on Z,, by

(2.2) Lyf(2):= %f(z exp sX) |,_,.

Now we take X = X, _, in (2.2). Noting that
exp sX; = E + sX, € GL(n, O)
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for X; € g, and sufficiently small | s |, we have
r—1 , 0
L =3zl = .
o= 5

If we take X = H,:,“ in (2.2) we get Lyy = L(,:,), the operator in the system
M. The operators Ly (X € B) generate a Lie algebra § isomorphic to g.

Let ¢, (i =1,...,0) be a unit vector in the parameter space C" whose
non zero component is in the first position of the ¢-th block.

By using the integral representation of solutions of M, ([7], Proposition
1.3), we obtain

Theorem 2.2. For any root B; — B; € A (i # j), the operator L
contiguity operator for M, such that . .

Ly, ., S@— 8@+ e —e).
More precisely, for any D (z; ) € S(a), we have . .
Ly, , PG ;0 = aﬁj)_l Oz;a+ e’ —el).

Remark 2.3. (i) The differential operator LXa,-s, is just the operator
P;; obtained in [4].

(ii) The Lie algebra § in this paper is larger than that of [4]. The dif-
ference of two Lie algebras comes from the fact that § is obtained from that
of [4] by adding Ly G =1,...,0;m=0,...,4, — 2).
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