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Introduction. Let p be an odd prime. Let g be a primitive root modmodulo p for every i 20. Let
and g the least positive residue of
(2zr
/p) + i sin(2zr/p) be a primitive
cos
g- (p- 1)/2 and let
pth root of unity. For every i -> 0, we put
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by cyclotomic units, i.e., E c
(So,el,... ,s,_l). Let h o be the class number
of Q( + -). Then it is well known that h0
[Eo:Ec]. For every i--> 0,
0 or 1 according as s is positive or negative.
we let c
Let L be a real subfield of Q()of degree m. We denote by EL the
the subgroup of Er. generated by the cyclotogroup of units of 1_, and by
0 or 1 by
mic units. We let d

Ec’.
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for every > 0. We note that if L Q( q- -1), then c =di for every
and that d,+
d for every i >_ 0. We then define the matrix

-> 0

ML

of degre e m. Let PL
+
shown that # Ec’./ E c’.

(d+)0. g,m- rank,.ML, where F.
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Z/2Z. Then it is easily
denotes the group of totally positive

Ec’.
Ec"
In this note we shall give a generalization of Theorem

units in

.
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where

3 in Uchida [5].

That is, we shall prove the following
Theorem. Let and p be two odd primes such that p --= 1 (mod/). Let a >_ 1
a
be the integer such that 2 (P- 1)/I. Let K be the imaginary subfield of
Q(p) of degree 2al, Ko the maximal real subfield of K and L the subfield of Ko
and h L be the class
be the relative class number of K. Let
of degree I. Let
numbers of Ko and L, respectively. Suppose that 2 is a primitive root modulo l.
Then the following are equivalent.
(iii) 21hL, (iv) PL-- l-- 1.
(i) 21h*, (ii)
2. Lemmas. To prove our theorem, we need the following three lem-
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Lemma 1. Let L be a real subfield of Q(p) of odd prime degree l. Let f be
of 2 modulo l. Then Pz 0 (mod f).
Lemma 2. Let K be an imaginary subfield of Q(p). Theg h is even if
and only if PKo > O.
Lemma 3. Let L be a real subfield of Q(). Let F be a subfield of L such
that L/F is a 2-extension. Then Or.
0 if and only if OF
O.
+
#
b
1
Lemma
Then
2
Let
l-- Or., because
Proof of
EcL/E c,
+
# E c,/
E c, 2 ’’ as noted above. Let a be a generator of the Galois group of
L over Q. Here we consider the homomorphism from Ec, into the direct
sum of copies of {+_1}, which is defined by
(sign(), sign(),...,sign(’-l)),
where sign(7 ) --]7 I/7 for each i. Clearly the kernel of q is Ec. So
# q(Ec)
2 Now G(L/Q) naturally acts on q(Ec), that is, q(r)
)
for
any
(r
Ec, and v G(L/Q). Therefore (ao, a,...,a,_)
the order

.

=
=

(a, a2,. ,a_i, a 0) for any (ao, al,. ,at_) q(Ec,). It easily follows
that the orbit of every element of q(Ec) except (1,1,...,1) and (--1, --1,...,
--1) has elements Hence 2
1 (motif).
2 (mod l). Thus we obtain b
Since f is a divisor of l- 1, we have the desired congruence.
Proof of Lemma 2. We shall show that hK det Mio (mod 2). First we
deal with the case K
Q(). Let 0 be a primitive (p 1)th root of unity. It
is well known that

. =--

F(O)F(Oa)’" .F(O -)

(2p),-

,-

F denotes

the polynomial F(X)= =o g X (cf. [1] p.358). Since
0
1 we have F(O
=o (g- g,+)O for odd k. Noting that
t2-I
0-2j-l)
(1 O-)F(O) 2 Z tt-1
=o(g--g+l) Okj for odd k and that II=o(12, we obtain

where

-

.

p-i h
=o (g- g+l) X We

where G(X)
set be
g- g+l. Then
Therefore it follows from a well known calculation that

G(O) G(03)
On the other hand we have

G(O -)

2b

b.+-

be.

+_ det(b+)og, <_.

b+s + pc,

where s denotes the integer such that gs
2 (cf. Kummer [3]). So c
b+s
(mod 2). Therefore we obtain det(b+) =-det(b++s)
det(c+) (mod 2).
Thus we get the desired congruence in the case K
Q().
In the case K :/: Q(), using a. similar argument as above, we get the
congruence.

Proof of Lemma

.

We may assume that L/F is an extension of degree
d were defined for L. Putting [L’Q] 2n and

2. We define d for F just as
2nt, we have
/2

2t-1

d

2,
j=O

c+.

(mod2).
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Therefore

d =- di + d+,, (mod 2).
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Here we put two matrices A and B of de-

gree n as follows:

A

B

(di+)o<i,

Then

Hence, since

A

+ B (mod 2)

dee Mz

we obtain

My B

(mod 2).

MrA

On the other hand, by definition of p, we see that Pr 0 (resp. PF 0) is
1) (mod 2). Therefore Lemma 3 is
equivalent to det Mr -= 1 (resp. det MF
proved,
3. Proof of Theorem. It is well known that (iii) implies (ii) and that (ii)
implies (i). By Lemma 2 we see that if h, is even, then PKo > 0, so that Pe > 0
0 or l- 1 by Lemby Lemma 3. Since 2 is a primitive root modulo l, Pe
ma 1. Therefore it is shown that (i) implies (iv), so that it suffices to prove
that if Pe = l- 1, then he is even.
Suppose that Pe l- 1 and he,is odd. Let
be the narrow class num+
ber of L. Then h/he
[E[’E] Ec_
ca] 2 where Ee+ is the
group of totally positive units of E e. Let L be the narrow Hilbert 2-class
field of L. Since G(L/L) is an elementary 2-group, L is written in the form:

h

"E"

-

where each ti is an integer of L. Since L(-i)/L is unramified at all prime
Therefore
ideals of L, there exists an ideal a such that (t)2 Z he implies that a is principal. So we may replace z by a unit of L for
[Ee" Eca] (cf. [2]), we may assume that
each i. Moreover, noting that h e
L.
of
We
denote by E the subgroup of
is
a
each ti
cyclotomic unit
generated by t, t2,..., t_ and by the elements of Ec L. Then E/E,
-1
+
/ E ca
{1}, because #E/ E 2
f
and #Ec,./E ca
2
2 Thus we can find a cyclotomic unit z in
which is not contained in E Ca, Obviously L =/= L((-) c/,. Since z is totally positive, L((-) /
L is also unramified at all infinite prime divisors of L. This implies that/% is
even, which is a contradiction. This completes the proof.
3. Then, among positive integers < 10000,
Numerical example. Let
there are 70 primes p---- 1 (mod 3) which satisfy the condition of Theorem
(cf. [4]). Next let l 5, Then, among positive integers < 50000, we have the
following 18 primes p---- 1 (mod 5) which satisfy the condition of Theorem"

.

a.

--

E,/Ea =

ca- #EcL

E

Ec+

p- 941, 2161, 3301, 3931, 8831, 10181, 12671, 13411, 16831, 18661,
21391, 24421, 26141, 32371, 35851, 39821, 43151, 44531.
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