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Abstract: In this paper we give a construction of bands of arbitrary
semigroups and we apply this result to study of normal bands of semi-
groups, and especially for normal bands of monoids. We generalize some
well-known results concerning normal bands of monoids and groups.

In this paper we consider band compositions in the general case. Using
a general construction for a semilattice of semigroups, we give a construction
for a band of arbitrary semigroups. This construction is a very simple con-
sequence of Theorem A, but we give some important applications of this con-
struction: We give a description of normal bands of arbitrary semigroups,
especially of normal bands of monoids, and as consequences we obtain some
well-known results concerning normal bands of monoids and groups. Note
that in our considerations, the conditions (5) and (6) in Theorem A have the
important role.

Throughout this paper, S = (B ;S,) means that a semigroup S is a
band B of semigroups S;, 1 € B. Let S= (B;S,), where each S, is a
monoid with the identity e;, S is a systematic band B of S;, 1 € B, if ij = j=
e.e; = ¢; and ji = j= e;e; = e¢; (M. Yamada [14]). S is a proper band of S; if
{e;| i € B} is a subsemigroup of S (B.M. Schein [11]). Let S be an ideal of a
semigroup D. A congruence ¢ on D is an S-congruence on D if its restriction
on S is the equality relation on S. An ideal extension D of a semigroup S is
a dense extension of S if the equality relation is the unique S-congruence on D.

Theorem A [9]. Let Y be a semilattice. For each @ € Y we associate a
semigroup S, and an extension D, of S, such that D, N Dy = @ if a #+ B. For
every pair &, B € Y such that @ 2 B let ¢, 5: S, Dy be a mapping satisfying:

(1) @q.a is the identity mapping on S, ;
(2) (Sa¢a,a5) (SB¢B,aB) S Sass
(3) [(aPq,up) (0Pp.ap)1Pas,, = (ady,,) (b)),
foralla, B, v € Y such that af > 7y and alla € S,, b € S,.
Define a multiplication * on S = U oS, with:
(4) a*b = (adyp) (bPgag), (@€ S, beES,).
Then S is a semilattice Y of semigroups Sy, n notation S = (Y ; Sq, Pag, Do)

Conversely, every semigroup S which is a semilattice Y of semigroups S, can

be so constructed. In addition, D, can be chosen to satisfy:
(5) D, = {b¢3,a|,82a,be Sgy BE Y}

(6) D, is a dense extension of S,,.

*) Supported by Grant 0401A of RFNS through Math. Inst. SANU.
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If we assume & = 3 in (3), then ¢,, is a homomorphism for all @, y € ¥
such that a2 7. If each @, maps S, into Sg, ie. if Sudyp & S;, or if D, =
S,, for each & € Y, then we write S = (Y ; S,, @,,). In this case the condi-
tion (2) can be omitted. If S = (Y ; S,, Pu,) and if {P,s | @ = B} is a transi-
tive system of homomorphisms, i.e. if @o 505, = Po, for & = B 2 7, then Sis a
strong semilattice of semigroups S, and we write S = [V ; S,, ¢,,4].

For undefined notions and notations we refer to [9] and [10].

A very important problem in the theory of semigroups is the following:
Given a family {S,|¢ € B} of semigroups indexed by a band B, how to de-
fine a multiplication on S = U ;5S; such that S = (B;S,), i.e. such that
S;S; € Sy;, for all ¢, § € B? In such a case, we say that S is a band composi-
tion of semigroups S;. Band compositions have been considered merely in va-
rious special cases. Left, right and matrix compositions of semigroups were
studied by R. Yoshida [15], [16], M. Petrich [10] and S. Schwarz [12]. A com-
position of a semilattice of arbitrary semigroups is given by Theorem A ([9]).
Some special types of such compositions were studied by G. Lallement [6]
and M. Petrich [8]. Strong semilattices of semigroups were first defined and
studied by A.H. Clifford [5], and then by M. Yamada and N. Kimura [13], M.
Petrich [7], M. Yamada [14]. Some band compositions were considered by the
authors [2], and compositions of bands of monoids were considered by B.M.
Schein [11], M. Yamada [14] and by the authors [1], [3]. Band compositions
obtained from spined products of some semigroups will be presented in the
next paper of the authors [4].

Theorem 1. Let a band B be a semilattice Y of rectangular bands B,,
a € Y. To each i € B we associate a semigroup S; such that S; N S, = @ if
i #J. Then a semigroup S is a band B of semigroups S;, i € B, if and only if
the following conditions hold :

(7) S = (Y ; Sa’ ¢a,;9’ Da) 5

(8) each S, is a malrix B, of semigroups S;, ¢ € B, and D, is an ideal ex-
tension of S, ;

9) (SiPa.ap) (SiBp.as) S Sij» for all i € By, j € By.

Proof. Let S be a band B of semigroups S;, ¢ € B. Then S is a semilat-
tice Y of semigroups S, and for every a € Y, S, is a matrix B, of semi-
groups S;, ¢ € B,. By Theorem A, we see (7) and (8), and by (4) we obtain
(9).

Conversely, let (7), (8) and (9) hold. Then by (9) and by the definition of
multiplication in B we obtain that S is a band B of semigroups S;, ¢ € B.

A band B is normal if it is a strong semilattice of rectangular bands, or,
equivalently, if it satisfies the identity axya = ayxa ([10]).

Theorem 2. Let S be a semigroup constructed as in Theorem 1. Then each
D, can be chosen to satisfy:

(A1) D, is a matrix B, of semigroups D;, 1 € B, ;
(A2) each S; is contained in D;;
if and only if B is a normal band.
Proof. Let S be a band composition constructed as in Theorem 1 and
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let m be the related band congruence.

Assume a,x,yE€ S,a€ S, x € S, yE S,,a,B, rE Y Let 6=
aBy, and let ad,; € D, x € ¢, 0 € D, yp,;, € D,, ¢, j, k € B;. By (4),
(3) and by (A1) we obtain
(10)  a*xx*xy*a = (ad,s (x0s) W9, (adss) € D,D,D,D; < D,

(11)  axy*xx*a= (ad,;) ¥, (rds,) (ad,,s) € D.D,D,D; < D,.
Thus, by (10) and (11) we have that a%kx*ky* a, akykxrka €D, N S =
S;, so akxrkykaraky*xr*a, whence B= S/ is a normal band.

Conversely, let B =[Y ; B,, 6,,] be a normal band and each D, be
chosen to satisfy (5). Let a € S;, b € S;, where t€ B,, € By, a, 8, 7 €
Y, a, B = 7 Then
(12) aPay = b¢ﬁr:16ar_ 057
Indeed, let ag,, = b¢,,, and let £ € S5 . Then a*x € S§;* S, < S, ),
b¥x € S;% S, < Si,, so by a*x— (ag,)x = (b¢3,, r=b%x we
obtain that (7(77‘g » (26, ,) = j(i0,,) = i0,, Similarly we obtain that
16,,) (G6,,) = i6,,, so i6,, = jb,,. Thus (12) holds. Assume that

D, = {a¢,,la=>27r,a€ S,i€B,, ib,,=k}, r€Y,k€EB,.

By (12) it follows that these sets are pairwise disjoint. It is clear that D, =
UA{D,|k € B}, S, < D,, for all k € B, and S;§,, S D,y , for all @ = 7,
i € B, ’

Assume a € S, bE S, a,271,a,B8, 7€ Y,i€ B,, j € B, Then
a*b € S, so by (3) it follows that
(a¢a,r) (b¢ﬁ,7) = ((a¢a,aﬁ) (b¢ﬁ,aﬁ))¢aﬂ.r = (a* b) ¢aﬁ,7‘ = Sij¢a5.7 = Dui)oa,,,-
Since  (49) Oapy = ((164,0p) (105,08)) Onpr = (16,,,) (05,), then Dy Dy <
D 9, )6, p» SO €ach D, is a matrix B, of semigroups Dy, k € B,.

It is known that if S is a semilattice Y of monoids S,, then this semilat-
tice is composed as (Y ;S,, @, ,) (since monoids have not proper dense ex-
tensions). This result can be generalized in the following way.

Theorem 3. A semigroup S is normal band of monoids if and only if S =
(Y ;S,, $ap) such that each S, is a matrix of monoids.

Proof. Let B = [Y ; B,, 0,41, where B, are rectangular bands and let
S be a normal band B of monoids S;, ¢ € B,, @« € Y, constructed as in
Theorem 1, with (5) and (6), and let (A1) and (A2) from Theorem 2 hold. For
¢ € B,, let ¢; be the identity element of S,.

Assume a € Y. Define a relation o on D, by

aocb&a,be< D, 1 € B, and ae; = be,.
It is clear that o is an equivalence relation. Let @ 0 b and x € D,. Note, first-
ly, that ae;, = ¢;(ae;) = (e,a)e; = e¢;a, for all a € D, since e,a, ae; € S,.
Assume that @, b € D, for some ¢ € B,. Then ax, bx € D,;, whence
(ax)e; = e;(ax) = (e a)e,x = e (ae)x = e¢;;(be)x = (bx) ey,
so 0 is a right congruence. Similarly we prove that o is a left congruence, so
o is a congruence.

Let a, b € S, and let @ 0b. Then a, b € S,, for some ¢ € B,, whence
a = ae; = be; = b. Thus, 0 is a S,-congruence. Since D, is a dense exten-
sion of S, (by the hypothesis (6)), then ¢ is the equality relation on D,.
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Assume a € D,, for some 1 € B,. Then by a o ae, it follows that a = ae; €
S;. Therefore D, = S,,.

Conversely, let S= (Y ;S,, ¢, and let each S, be a matrix B, of
monoids S;, 1 € B,. Assume &, 8 € Y such that @ = . Let us prove that
(13) (Vi€ B, (3 € By) Si¢o < S;.

Assume ¢ € B, and assume that e is an identity element of S;. Let j € B,
such that e, ; € S;. Then for every a € S; we obtain that

a¢a,ﬁ = (eae) ¢a,ﬂ = (e¢a,/3) (a¢a,‘g) (e¢a,ﬁ) S5 Sjsﬁsj .(; Sj.

Thus, S;@.s & S,, and since S, are pairwise disjoint, then (13) holds. There-
fore, the mapping 6, of B, into B, given by:

10n5 =59 Sibas & Sj
is well defined. It is not hard to verify that {6,,]la =B, a, BE V)
constitutes a transitive system. If B = [Y ;8,, 6,,], then B is a normal
band and for @ € §;, b € S;, we have that

ab (a¢a,a8) (b¢B,aB) = (Si¢a,aﬁ) (Sj¢6,ou3) SN
S i g0p) (509 — Sis
so S is a band B of monoids S; (@ € Y, i € B,).

Remark 1. Let S= (B;S,), B be a normal band and each S; be a
monoid with the identity e, and let B = [Y ; B,, 6,,], Y be a semilattice,
B, rectangular bands. By Theorem 3 it follows that this is equivalent to
S=(Y;S,, o8, where S, = (B,;S;). Moreover, it can be proved that
cach @ug, @, BE Y, a 2 B, is uniquely determined with ag,, = aey ,, for
a€ S, 1€ B,.

Example. The semilattice composition from Theorem 3 may not be
strong. This is shown by the following example: let Y = {0,1,2}, 0 > 1 > 2,
be a semilattice, and let S, = {e,, @,} be monoids in which the multiplica-
tion is given by €2 = e,, €,d, = Gne, = a2 = a,, a € Y. Define homo-
morphisms @, 4, a > B, by

— (€ @ —_ (€ Qo (&
¢0,1 - (al a, )» ¢o,2 - <ez a2>’ ¢1,z - (az az)’
Paar @ € Y, satisfying (1). Then S = (Y ;S,, Pop) is a semilattice of
monoids S, and it is not a strong semilattice of monoids S,, since (e,(y 1) P15 F
€Poz’

Let S= (B;S,), where B is a band and each S, is a monoid with the
identity e;,, Then S is a weakly systematic band of monoids S; if for ¢, j, k €
B,i2j2 k= eeje, = ee,.

By the following theorem we describe strong semilattices of matrices of
monoids.

Theorem 4. A semigroup S is a strong semilattice of matrices of monoids if
and only if S is a weakly systematic normal band of monoids.

Proof. Let S = [Y ;S,, ¢osl. By Theorem 3 we obtain that S is a nor-
mal band of monoids. Let us use notations of Remark 1. Assume ¢, j, kK € B
such that ¢=2j=k. Then i€ B,,jE B, k€ B,,a=2B=27 and j=
10,4, k = 10,,, whence

0, Sf 05,08

o=
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€0l = €;ig, Cig,, = €i€in, Ciny 105, — €iPasPsr = €iPa; = €i€is,, = €€

Conversely, let S be a weakly systematic normal band of monoids and
let us use notations of Remark 1. If @, B, vy €E Y, a= =7 and a € §,,
1 € B,, then

APasPor = Ain, 0, 40,, = A€iCin, ,Ci0,, — G€i€ig,, = APy,

Let S= 1Y ;S,, ¢,l, where S, = (B,;S,), B, is a rectangular band
and each S; is a monoid with the identity ¢;. S is a special strong semilattice
of Spiffora, BE Y, a=p={e;|i € B,z S {e;|j € By} (M. Yamada
[14]). In notations of Remark 1, this is equivalent with: &« = 8, i € B, =
€i€in,, = Cigg, X B € Y, or, equivalently, if for 1, § € B, 1 2 j= ¢;e; = e,

By Theorems 3 and 4 and Remark 1 we obtain the following consequ-
ences.

Corollary 1 [14]. A semigroup S is a systematic normal band of monoids if
and only if S is a special strong semilattice of systematic matrices of monoids.

Corollary 2. A semigroup S is a proper normal band of monoids if and only
if S is a special strong semilattice of proper matrices of monoids.

Note that S is a proper matrix of monoids if and only if S is isomorphic
to a direct product of a monoid and a rectangular band [11].

Corollary 3. A semigroup S is a normal band of unipotent monoids if and
only if S is a strong semilattice of matrices of unipotent monoids.

Corollary 4 [9]. A semigroup S is a normal band of groups if and only if S
1s a strong semilattice of completely simple semigroups.

Corollary 5 [9]. A semigroup S is an orthodox wmormal band of groups if
and only if S is a strong semilattice of rectangular groups.

Acknowledgements. The authors are indebted to the referee for several
useful comments and suggestions concerning the presentation of this paper.

References

[1] S. Bogdanovic and M. Ciri¢: Bands of monoids. Matem. Bilten, 9—10
(XXXV-XXXVI) (1985-1986); Skopje, 57—61 (1989).

[2] M. Ciri¢ and.S. Bogdanovié: Sturdy bands of semigroups. Collect. Math. Barcelo-
na, 41 (3), 189-195 (1990).

Inflations of a band of monoids. Zb. rad. Fil. fak. Ni§, Ser. Mat., 6,
141-149 (1992).

[4] —: Spined products of some semigroups (in preparation).

[5] AH. Clifford: Semigroups admitting relative inverses. Annals of Math., (2) 42,
1037-1049 (1941).

[6] G. Lallement: Demi-groupes réguliers. Ann. Mat. Pure Appl., (4) 77, 47—129
(1967).

[ 7] M. Petrich:Regular semigroups satisfying certain conditions on idempotents and
ideals. Trans. Amer. Math. Soc., 170, 245—-267 (1972).

[3]

[8] ——: Tbre structure of completely regular semigroups. ibid., 189, 211-236
(1974).

[9] ——: Introduction to Semigroups. Merill, Ohio (1973).

[10] ——: Lectures in Semigroups. Akad. Verlag, Berlin (1977).

[11] B.M. Schein: Bands of monoids. Acta Sci. Math. Szeged, 36, 145—154 (1974).



No. 7] Normal Band Compositions of Semigroups 261

[12] S. Schwarz: Right compositions of semigroups. Math. Slovaca, 36 (1), 3—-14
(1988).

[13] M. Yamada and N. Kimura: Note on idempotent semigroups. Il . Proc. Japan
Acad., 34, 110-112 (1958).

[14] M. Yamada: Some remarks on strong semilattices of certain special semigroups.
Math. Japonica, 33 (5), 813—-820 (1988).

[15] R. Yoshida: [I-compositions of semigroups. I. Mem. Res. Inst. Sci. Eng.,
Ritumeiken Univ., 14, 1-12 (1965).

[16] ditto. II.. ibid., 15, 1—5 (1966).




