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Let R denote a commutative ring with identity. Let f(x) = 2" —
"obx' denote a monic polynomial with coefficients in R. Let
C(f) denote the companion matrix of f(x) defined by

00 - 0 b,
1 cee O b

cp=(r0 00

00 -~ 1b,,

In this note we describe the set of # X # matrices with entries in R that
commute with C(f). If R = GR(p', m) denote the Galois ring (see note) of
order p™ and f(z) is irreducible over the residue field GR(p, m), then we
show that there are p™" #n X n matrices that commute with C(f) and that
p“—l)m” (™ — 1) of these matrices are invertible.

We now state and prove our main result.

Theorem 1. Let R denote a commutative ring with identity. For
n=2 le¢e M= M,,,(R) denote the ring of n X n matrices with entries in
R. Let f(x) =x" — )2, bx' denote a momic polynomial in Rlxl. Let
C(f) denote the companion matrix of f(x). Then, A = (a,;) € M commutes with
C(f) if and only if ay; = bya,;, and a; = a;_y;_, + b,_ya,;_, for all
2<14,5j<n

Proof. We have

n
A Qi3 ' Ay Zlbj—l ay;
=

AC(H = @)C(p = | % B ™ am Zbiiay

n
and nz Qpz " Qpp E:l bj_y @y
C(HA=C(Pa,) =
boanl boanz ot boann
a,, + ba, a,, + ba,, a,, * ba,,

an—l,l + bn—lanl an—l.z + bn—lanz o an—l,n + bn—lann

Therefore, defining a,; = 0 for 1 < j < #n, A = (a;;) commutes with C(f) if
and only if
(1) ;= a1t biya,;
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and
(2) 2: a:kbk 1 ai ln'+ bz 1 @y

for 1 < i< 7 and 2 S] S n. Therefore, we will complete the proof of the
theorem if we show that (1) implies (2).

We now proceed by induction on #.
(a) n=2.

Z aby_, = a, b, + a,, b, = a, b, + (a, + bya,)b, = a,, b, + a,, byb,,

kzl Aoby_y = @3y by + ay, by = ay, by + (ay, + biay) b, = a,, b, + a,,(b, + bf)’

@y, + by a,, = byla,, + b, a,) = a,, by + a,, byb,, and ,
a;,, + b, a22 ay + byay + bi(a,, + b, ay) = a,, b, + a, (b, + by).

Therefore, Z b,y =a; 1, b0y, for 1 < i< 2.
k=1

(b) Assume that the theorem is true for n — 1.
For 1 <4, j < n — 1 define ag; = 0, b; = b,,, and aj; by

iy ifi>j5—1
@j; =\ Gir1i01 — Ay ifi=j5—1.
Ay~ Doy f1<j—1
Thus,
Qi1 = Q5o Thia,; ifti>j7—1
@j; = | Qipris1 — Au = @y + ba,; — ay ifi=j5—1

Aiprj — bo@pjioy = a1yt b, — by f1<j— 1
=ajq,tb_1ay ;- forall 1<i<m—1landl<j<n-—1.
Therefore, we can apply our induction assumption on # — 1 to obtain
n-1
Zapbiy=ai_y,tb_iay,for2<i<n—1.
k=1
We are ready to prove (2). Our work follows:

n i—-1 n
Zayb,_,=a,by+ Zayb,_,ta;b_,+ 2 a,b,.,
k=1 k=2 k=i+1
i-1
=a; b, + kZZ A A (@i_y; + a;)b;_,

+ :: (al Lk 4_ b ank l)bk—
k=i+1

=a; byt ay 11+kzallkbk 2t by Z Qpoi by

k=i+1

n
— 4 V4 7 ’
=a; byt a,b_, + E:z (ai—z,k—1 + b, an—l,k—l) by,

n
+ b, Z pp—i by
k=i+1
n—1 n—1
=a,b,+ayb_,+ = @i_gy by T b, 2 a, ;b
k=1 j=1
n

+ by 2 (@ppoivr = Bporp—i)

k=i+1
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=au byt ayubi v a3 T b _3a, 14
+ by (@21t byg@yin-) t b @i — @)
=apb it @ su — b i T U0 T b A
—biay T bbby
= ai—l,n + bi—l ann'
This completes the proof of the Theorem 1.
The following operators D and Ly will simplify our next result.

a, 0 a, bya, b,

a a a b,a b
D| 7% |= 1o ]and Ly| 2 )= o where B = *

an an—l an bn—lan bn—l

Corollary 2. With wnotation as in Theorem 1, A€M commutes with
C(f) if and only if A = Col[A,, A,,...,A,] for some A, € R" and A; = DA,_,
+ LgA,_, fori = 2,3,...,n.

Corollary 3. Let F denote the finite field of order q. Let f(x) = x” —
Z::; b,xi denote a monic irreducible polynomial with coefficients in F. Then, all
nonzero matrices that commute with C(f) are invertible.

Proof. By Cerollary 2, there are exactly ¢” distinct # X # matrices that
commute with C(f). Now, according to L. E. Dickson in [1: p. 235], the num-
ber of # X n nonsingular matrices over F that commute with C(f) is ¢" — 1.
Therefore, all nonzero matrices commuting with C(f) are invertible.

Corollary 4. Let F denote the finite field of order q. Assume that
fx) = 2" — beFlxl is irreducible. Let H= H(a,, a,, . . . ,a,;b) denote a
n X n matrix of the form
a, ba, - ba, ba,

a, a, ‘* ba, ba,

H
Apy Qup ™" Gy ban
a, Ap1 0 Gy 4
Then, H is singular if and only ifa, = a,= ... = a, = 0.
Corollary 5. Let F denote the finite field of order q. Assume that
f(x) = 2® — b e Flal is irreducuble. Then the equation
x° + by’ + b’z = 3bxyz
has only the trivial solution x = y = z = 0 over the field F.
Proof. This follows from
x bz by
det|y x bz |=x°+ by’ + b°2° — 3bayz.
zZ Yy x
Corollary 6. Let GR(p', m) denote the Galois ring (see note below) with
order p™. Let f () =2" — Z:; bixi denote a wmonic polynomial over
GR ', m). Assume f(x) is irreducible over the field GR(p, m). Then. there are
p""” distinct n X n matrices with entries in GR (p', m) that commute with
C(f) and p" V"™ @™ — 1) of these matrices are invertible.
Proof. By Corollary 2, there are p'"’” distinct matrices that commute with
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C(f). Further, each of these matrices A are determined by their first column
values 4y, @, ..., @, So, we write A = A(a,, a,,...,a,). Now by Corollary
3,A=A(a,a, ...,a, =0 if and only if det A = 0. Hence, A = A(a,,
a,,...,a,) is invertible if and only if @, # 0 for some 7, 1 < i < . There-
fore, there are p™" — p“™’™ invertible matrices over the ring GR(p', m)
that commute with C(f).

Note. Galois rings are finite extensions of the residue class ring
Z/p’Z of integers. In particular, if p is a prime and ¢, m = 1 are integers,
GR(p', m) denotes the Galois ring of order p'™ which can be obtained as a
Galois extension of Z/p'Z of degree m. Hence GR(p', m) can be viewed as
(Z/9'Z) 2] / (f) where f is a monic basic irreducible in (Z/p'Z) [x] of de-
gree m. Thus GR(®', 1) = Z/p'Z and GR(p, m) = GF(p™), the finite field
of order p™. Further details concerning Galois rings can be found in Chapter
XVTI of McDonald [2].

References

[1] L.E.Dickson: Linear Groups. Leipzig (1901).
[2] B. R. McDonald: Finite Rings with Identity. Marcel Dekker, Inc., New York
(1974).



