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1. Introduction. Let D be a square-free integer of the form D=
m2+r where -m<r_m and r[4m. Then a real quadratic field Q(/), or
simply D, is said to be of R-D type. If r +_1 or +_4, then D is said to be
of narrow R-D type. Let k=Q(/) be a real quadratic field of R-D type
with discriminant d. We denote by h and X the class number and the
Kronecker .character of k, respectively.

In 1951, Tatuzawa [6] proved that for v_11.2 and d_e,
L(1, X)> 0"655d;1/v

with one possible exception of d, where L(s, X) is the Dirichlet L-function
for Z. Using this result, the problem of determining all k’s of R-D type
under given conditions, with one possible exception which can be eliminated
under the assumption of the generalized Riemann Hypothesis (cf. Remark
2), has been successfully solved by the following authors" h=l for r=1 or
4 by Kim, Leu and Ono [2], h=2 for r=l or 4 by Leu [3] and h=l for
general R-D type by Mollin and Williams [4].

In this paper we shall solve this problem for h=2, k being of narrow
R-D type, by using the theory of the 2-part of the ideal class group of
quadratic fields in addition to the usual methods.

Throughout this paper, we denote by hZ and , (>1) the class number
in the narrow sense and the fundamental unit of k, respectively. Let N
be the absolute norm from k and t be the number of distinct prime factors
of d.

2. Some lemmas. We first prepare some lemmas. For a square-
free integer dl and a natural number nl, we say that an integral solu-
tion (x, y) of the equation x--dy-- +_4n is trivial if and only if n--s is a
square and x----y==_O (mod. s).

Lemma 1 (Yokoi [8]). Let dl be a square-free integer and nl a
natural number. We denote the fundamental unit of the real quadratic

field k-Q(/ d) by -(u+v/-d)/2>l, and put B--u/v or (u--2)/v
according as N()----1 or 1. Then the equation x--dy-- +_4n has no
non-trivial integral solutions unless n_B,.

Lemma 2. We fix a positive integer c. Let d and B, be as in Lemma
1 and p any prime dividing d.

(a) If there exists a prime such that Z,(/)-I and lcB,, then hc.
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(b) If there exists a prime such that Z(/)=l and plumbs, then h2c
+1.

Proof. (a) Let be a prime number such that z(/)=l and lB.
Then (/)-W in k, where ::/:17. We assume that is a principal ideal for
some e (l_e_c), so that =((x+y/d )/2) for some integers x,y, where
x, y are not divisible by 1. Since l=IN()]=lN((x+y/d )/2) I, we have

x-dy= +_41 or some integers x, y.
However, this contradicts Lemma 1. Therefore i is non-principal for
each e, so we have hc.

(b) Let be a prime number such that X(/)=l and plumbs. Then
(l) W ( =/= ’) and (p) p in k. Since p, and pl (1 _i, ]

_
c) are less than

B, Lemma 1 implies that p, i and p are non-principal ideals. Now it is
easy to see that the above 2c+1 ideals belong to distinct ideal classes.
Therefore we have h2c+l. Q.E.D.

Lemma :. The possible forms of narrow R-D type are as follows.
(1) Case D-m+4:
(2) Case D--m +1:

(3) Case D=m-4
(4) Case D=m-l

If h=2, then D=pq and m is odd.
If h=2, then D=pq and m is even, or D--2p
and m is odd.
If h=2, then D=pq or pqr, and m is odd.
If h=2, then D--pq and m is even.

In the above, p, q and r are odd primes such that p4qr.
Proof. (1) and (2) are proved in [3]. We first prove (3). Let h* be

the number of genera. Here we note that, if the discriminant o a quad-
ratic field has only one prime factor, then its class number is odd. Since
N() 1, we have 2h h; 2t-1 h*. Hence if h =2, then 4 2- h*. So we
have t=2 or 3, D=d---pq or pqr and m is odd.

We can prove (4) similarly, noting that N() 1 and d 4(m+1)(m- 1).
Q.E.D.

In the cases D=m+4 and D=m+l, Leu proved the following lemma
in [3].

Lemma 4. The possible forms of m are as follows.
(1) Case D=m+4: If h=2, then m=s.
(2) Case D=m+l: If h=2, then m=8,2s (resp. re=s) for even

(resp. odd) m.
In the above, s is odd prime number and d=l, 2.

We further consider the 2-part of ideal class groups. Genus theory of
quadratic fields tells us that the 2-rank of a narrow class group is equal to
t--1. So if the narrow class group of a quadratic field has a cyclic sub-
group of degree 4, then its class number in the narrow sense is divisible
by 2t.

As is well-known, we have d=dd, where (d, d)=l and d is the dis-
criminant of some quadratic field or equal to one (i=1, 2). This decompo-
sition of d is called d-decomposition. We now assume that d=dd is a
non-trivial d-decomposition, i.e. d:/:l and d:/:l. Then we say that a
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d-decomposition is of the second kind when there exists an unramified
cyclic extension over/ of degree 4 including k(/) in the narrow absolute
class field of k. Then Rdei-Reichardt [5] proved the following theorem.

Theorem A (Rdei-Reichardt [5]). Let d=dd be a non-trivial d-
decomposition. Then d=dd is of the second kind if and only if (d/p)=l
for all prime factors p of d and (d/q)=l for all prime factors q of d,
where (,/,) denotes the Kronecker symbol.

Moreover, Yamamoto [7] gave necessary and sufficient conditions for
h to be divisible by a power of 2 when t--2. Using those results, we
obtain the following lemma.

Lemma 5. Let (,/,) be the biquadratic residue symbol and p, q, r be
odd primes.

(1) Case D=m+4 For D=pq (d=pq), (p/q)=l::41h.
(2) Case D=m +1"

(A) For D-pq (d=pq) and even m, (p/q)=l=:41h.
(B) For D=2p (d=Sp) and odd m, p=_l (rood. 8)::41h.

(3) Case D=m-4"
(A) For D-pq (d--pq),

a. if p=_q=_3 (mod. 4), then h is odd,
b. if p_q=_l (mod. 4), then (p/q)--l=::21h, and (p/q)4=(q/p)4

=1==41 h.
(B) For D--pqr (d--pqr),

a. if p=__q=_r=_l (mod. 4), then at most one value of (p/q), (p/r),
(q/r) is --1(===41 h,

b. if two of the prime factors are congruent to. 3 (mod. 4) and
the other is congruent to. 1 (mod. 4), say p==_q=__3, r=__l

(mod. 4), then (r/p)=(r/q)--l@==41h.
(4) Case D=m2--1 For D=pq (d--4pq), if p==_3 and q--1 (mod.

4), then q=__l (mod. 8) and (q/p)-I ==41 h.
Proof. (1) and (2). Assume that D--m2+4=pq or D=m2+l=pq, 2p.

Note that p=-I (mod. 4) for all odd prime factors p of D, since N()=--1.
The 2-part of the narrow ideal class group is cyclic, so 41 h is equivalent
to the fact that the d-decomposition d D=pq (or 2p) is of the second kind.
Hence from Theorem A, we have

41h=h2 (p/q)=l and (q/p)=l (p/q)=l.
41h=hZ (8/p)=l and (p/2)=l p--_--I (mod. 8).

(3) Assume that D=m--4=pq or pqr. We then note that 2h=h.
Similarly from Theorem A we obtain the condition or hZ to be divisible
by 2t. Also when t=2, we obtain the condition for hZ to be divisible by 8
from Proposition 3.3 of Yamamoto [7]. Therefore the conclusion ollows
immediately.

The other case follows from a similar argument. Q.E.D.
3. Determination of quadratic fields with class number two. From
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lemmas in the previous section, we immediately obtain the following
theorems.

Theorem 1. For k--Q(/--) and D-=-m+4, if h-2, then we have
(1) D--pq, where p and q (p q) are odd primes,
(2) m-s, where s is an odd prime and d-1 or 2,
(3) if a prime is such that Z(/)-l, then lm and plY_m,
(4) (p/q)----1.
Theorem 2. For k--Q(/ D ) and D-=m-l, if h=2, then we have the

following. When m is even (resp. odd),
(1) D-pq (resp. D=2p), where p and q (pq) are odd primes,
(2) m=--8 or 2s (resp. m-s), where s is an odd prime and d---1 or 2,
(3) if a prime is such that Z(/)=l, then 41_2m and 4pl_2m (resp.

2/_2m),
(4) (p/q)=--I (resp. pl (mod. 8)).
Theorem :. For k--Q(/ D ) and D--m--4, if h=2, then we have
(1) D=pq or pqr, where p, q and r (pqr) are odd primes,
(2) if a prime is such that Z(/)=l, then l_m-2 and plY_m-2.

Moreover if D--pq, then
(3) p-- q--1 (mod. 4) and (p/q) 1 and at least one, value of (p/q),

(q/p) is --1.
Moreover if D-pqr, then

(4) if p--q----r=_1 (mod. 4), then at most one value of (p/q), (p/r),
(q/r) is 1,

(5) if two of the prime factors are congruent to 3 (mod. 4) and the
other is congruent to 1 (mod. 4), say p--q--3, r_=l (mod. 4), then
(r/p)=/=l, or (r/q)=/=l.

Theorem 4. For k--Q(/ D ) and D=m--l, if h=2, then we have
(1) D=pq, where p and q (p q) are odd primes,
(2) if a prime is such that Z(/)--1, then 2/2m-2,
(3) if one of the prime factors is congruent to 3 (mod. 4) and the

other .is congruent to 1 (mod. 4), say p--3, q--1 (mod. 4), then
(q/p) =/=1 or q1 (mod. 8).

On the other hand, by applying Siegel-Tatuzawa theorem [6], we obtain
an upper bound for D o narrow R-D type with class number two.

Proposition 1. There exists at most one D of narrow R-D type with
D

_
e and h

_
2.

Proof. By Dirichlet’s class number ormula and Theorem 2 of [6], for
v_11.2 and d

_
e, we have

/- L(1, Z)> /d 0.655d-/"h-
2 log e 2 log v

with one possible ex,ception of d. We note that e=(m+/D )/2 (resp.
m+/D ) if D=m+_4 (resp. D=m+_l), so we have2/D +1, d_D in
each case. Hence if we put v-16, then we get
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0.655 Dn 0 655 Dn 0.655 Dmh2 log (2/- +1) 16 16 2 log 3/- 16 3+ log D
Since f(x)-xV/(3+log x) is increasing in [e, o), we obtain

h 0.655 2 36 2.
16

J(e )

This proves thath2 for all D>_ewith one possible exception of D. Q.E.D.
By the help of a computer (using Kida’s UBASIC 86), we can list all

D’s o narrow R-D type which satisfy the necessary conditions of each
theorem of ours and D<_e. The table is given below. Then, checking
the class number of these quadratic fields, we have the following theorem.

Theorem 5. There exist 28 D’s of narrow R-D type such that h--2
with one possible exception of D.

(1) If D=m2+4, then D--85, 365, 533, 629, 965, 1685, 1853, 2813.
(2) If D--m2+l, then D--10, 26, 65, 122, 362, 485, 1157, 2117, 3365*.
(3) If D-m-4, then D-165, 221,285, 357, 957, 1085, 1517, 2397.
(4) If D=m--l, then D=15, 35, 143.
Remark 1. It should be noted that the number marked with in the

above theorem, i.e. D=3365=58+1, is lacking in Leu’s paper [3]. We
think that our method is more effective for determination of quadratic
fields with h=4.

Remark 2. Assuming the generalized Riemann Hypothesis, Kim [1]
proved that the Siegel-Tatuzawa theorem [6] is true without exception. So
if we assume this, then one possible exception in Theorem 5 can be elimi-
nated.

Table. The D’s of R-D type<_e6 which satisfy the necessary conditions
of each theorem

D=m+4 D=m+l D=m-4 D=m2_l
m h D m h D m h D m hD

85
365
533
629
965

1685
1853
2813
49733

9
19
23
25,
31
41
43
53

223

2
2
2
2
2
2
2
2
6

10
26
65

122
362
485

1157
2117
3365

24965
27557
37637
64517

264197
343397

3
5
8

11
19
22
34
46
58

158
166
194
254
514
586

2
2
2
2
2
2
2
2
2
6
6
6
6

10
10

165
221
285
357
957

1085
1517
2397
35717
53357

13
15
17
19
31
33
39
49

189
231

2
2
2
6
6

2 15
2 35
2 143
2
2

4
6

12

2
2
2
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