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(Communicated by Shokichi I,N.(., M. . A., March 12, 1990)

1. Introduction. Let (s) be the Riemann zeta function. In [2] and
[5], the author has .shown that for TTo, 0z/((1 and for each integer
k_l,

;2 (S(t+)--S(t)Ydt

(2k)! T(21og(2+z]logT))+O(T(log(2+z]logT))_(n)),
(2u)k

where we put S(t)=(1/)argS(1/2+it) as usual. This formula has been
proved to be powerful in the theory of the Riemann zeta function (cf. [7],
[9] and [10], for example). Recently, some attentions have been paid to it
from the view point o the comparison with the distribution of the eigen-
values of the Gaussian Unitary Ensembles (cf. [1], [3], [7] and [12]).

In the present article, we shall assume the Riemann Hypothesis and
refine the above result for k-1 as ollows. To state our result we put

EF(a)--F(a, T)-- T log

where a_>0, " and " run over the imaginary parts (:/:0) o the zeros of 5(s).
Theorem. Suppose that 0<:z/=o(1). Then we have for T To,

(S(t+ zl) S(t))dt

=--{0To (r/.) 1_ cos (a) d+; F(a)(1--cos(aAlog))da}+o(T)
We shM1 prove this by pplying Goldston [8] while we have pplied Sel-

berg [13] to prove our previous mean value theorem described above.
Some applications of this theorem will be discussed in the orthcoming

paper [6].
2. Proof of Theorem. We shall use first the following Goldston’s

explicit formula for S(t) (cf. p. 157 of [8]). For t:> 1,t=/=’, x=(T/2) and
0_<_<1,

()__ in(,o)(o)-- /- log n log x

+ 1__ h((t- r) og x) +0 1 + 0t log x log x

()1 -t-O t
say,A(t) +B(t)+ 0 t log x log x
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where A(x) is the von-Mangoldt function,

f(u)= :--U-u cot(:-) and h(v)=sinvf: u du
2 u+v sinh u

Now,

SI: (S(t+ J)-S(t))dt

-.[ (A(t+ A) A(t))dt-- 2 .[ (S(t+ A)-- S(t))(A(t+ A) A(t))dt

=S+S+S+O
logz

1 1()1() ( log ) ( log ), log m log n log x log x. (sin ((t+ A) log m) sin (t log m))(sin ((t+ A) log n) sin (t log n))dt

u nlogn logx logx

S 2 I; S(t)(A(t+)+A(t--) 2A(t))dt+o( lg T
loglog T log x

A()
f (eos( log)- 1)

log log z

loglog T log

2T A(n) f( logn )(cos(logn)--l)+O(x loglogx)n log n log x log x

where the last integral is evaluated in [4].
Thus we get

S+S (cos (A log p)-- 1) f log p 2f log
p log x log

1 (f( )(log(cos (o-)

_
o fT

Pr+ =, k log $ log x //

+ O(x lglg x )log x

=S+S+O(x loglogx ), say,
log x

where p runs over the prime numbers.

S(T{ l/J sin((A/2)p,r log p’) + P’r }
=2,prKMin(x,e =2,pr>e

=O(Ta).
Here we notice that with the Euler constant C0,
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pKu p

r() << log for u> u0.

Usin his we ge

S= T cos(aAlog(T/2))--I a cot a _1 da

--I: cos(aA log (T/ 2u)) I da}
i’ o(oo())- (() co () o())

T (cos (A log 2) l) (f2
_T {I: cos (a log (T/2)) I(a cot ()--l)da

We shall nex evaluate S.
S=2 f; B(t)dt--2 I; B(t+A)B(t)dt+O(A log T).

Using the argument in pp. 158-160 of [8], we get

2 B(t+)B(t)dt h((t+--) log x)h(($- ’) log x)dt

((t+-)ox)((t- ’) o x)dt+0(o T)

((--’--) log x) + O(log T),

where ()=( 1 eo() or Ii< nd for 1> and
2u 2 2’ 4u 2

}(u) is the Fourier transform of k(u). Thus we get

S log2 x 0<,,E (}((r V) log x) ((r V-) log x)) + O(og T).

Here we notice that

in (1, 1 )o<,r, ((r--

( 1 ) (r-r)={

U+ U, say.
logT

log

0<r, T
0(,r T ln((J log 2 n/log x--Jl (n+l)/log

U+ U, say,
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where we suppose that U,-0 if z/log x<_ 1. To estimate the last two terms
we apply the following lemma.

Lemma. Suppose that a((T with some positive constant A. Then
we have

S(7 + a) (( T log T.
0<7<T,7+a>0

To prove this, we use Selberg’s explicit formula for S(t) [13] andthe
author’s theorem in [4]. The details will appear in [6].

Using this we get

U<<A .1
O<7T 7--1/Iog x<_7’ <7-z+I/log

log x 0<rT

<< A2T log T.

U<<AT lg T
log x

1 )I+I S(,_____1)Ilog x 0<rr log x

<<2T log T.
Thus by p. 162 of [8], we get
T log(T/27Dfllogx f: F(a)k(-afl)(1- T 0 T +O(TA)-(1-- 2- cot \-//\

(I--cos (azlalog (T/2=))) da+ F(a).(1--COSa (azl log -))da)
log T

where we use Montgomery’s ([11]) and Goldston-Montgomery’s ([9]) results
on F(a) or 0<_a<_l, in particular, Lemma 8 of [9].

Combining all of our evaluations, we get

s=__T 0’’ (r/) 1 cosa (a) .da+ a

+ O(T(+ lglg T.)).lCgT
This implies our theorem as described in the introduction.. Concluding remarks.

I:r’’ 1--cos(a)da=log(log)+Co-Ci(Jlog).3-1.
T T

By Theorem 2 of Goldston [8], we have

I: .F(a)a, (1--cos (a log ))da _<2 I: F(ada<4"a
3-2. If we assume Mso Montgomery’s conjecture [11] on F(a), then we have
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1 cos log + 2 " +o(1).

Thus putting = 2
log (T/2)

we get for 0=o(log T),

2 .)_S(t))dtI (S (t + log (T/2)

{log (2a)+C0- Ci(2za)+ 1 -cos (2a)+ua-2aSi(2ua) + o(1)}.

In fact, for any a0 the right hand side is nothing but the GUE part
Berry’s formula (19) conjectured in [1] (cf. also [3], [7] and Odlyzko’s vari-
ous comments on this in [12]).

The author wishes to express his gratitude to Prof. Andrew Odlyzko
who has kindly sent [12] to the author.
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