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22. On the Distribution of the Zeros of the Riemann Zeta
Function in Short Intervals

By Akio FuJsn
Department of Mathematics, Rikkyo University

(Communicated by Shokichi IYANAGA, M. J. A.,, March 12, 1990)

§1. Introduction. Let {(s) be the Riemann zeta function. In [2] and
[5], the author has shown that for T>T, 0<4«1 and for each integer
k>1,

[ s@+a-swyat
_(2p!
T @Co*k!
where we put S(t)=(1/r)arg{(1/2+it) as usual. This formula has been
proved to be powerful in the theory of the Riemann zeta function (cf. [7],
[9] and [10], for example). Recently, some attentions have been paid to it
from the view point of the comparison with the distribution of the eigen-
values of the Gaussian Unitary Ensembles (cf. [1], [3], [7] and [12]).
In the present article, we shall assume the Riemann Hypothesis and
refine the above result for k=1 as follows. To state our result we put
T T \-! T \tetw-r 4
F@=F@D=(tlg )" 5 () 4 o
where >0, 7 and 7’ run over the imaginary parts (£0) of the zeros of {(s).
Theorem. Suppose that 0<4=0(). Then we have for T>T,,

j (S@E+4)—S@)ydt

= _T_{r o8 (1729 l:‘i;s‘_@ﬁ da+J‘:° F;?) (1 —cos (aA log—21;)>da} +o(T).

a* Wo

T'(2log (2+41og T))*+O(T(log(2+ 4 log T))*~- /D),

We shall prove this by applying Goldston [8] while we have applied Sel-
berg [13] to prove our previous mean value theorem described above.

Some applications of this theorem will be discussed in the forthcoming
paper [6].

§2. Proof of Theorem. We shall use first the following Goldston’s
explicit formula for S(¢) (cf. p. 157 of [8]). For t>1,t+7, x=(T/2x)? and
0<8<1,

_ 1 A(n) sin (¢t log n) logn
@)= ?n‘?x v logn (logx)

+1 mme-nioga+o( !
T T tlo

(tzlog x)

og’
=—AO+BO+0( ) +0(H1E ), say,
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where A(x) is the von-Mangoldt function,
u_—_-ﬂcot(n_u) and () =si J“”“_u___d’b_t—_
J@ 2 2 (v)=sinv o w+* sinhu
Now,

s=[" se+a-swoyra
= —ﬂ (AG+DH—A@®)dt—2 JT (SE+24)—S®)AE+ ) —A®)dt

. j: (B(t+4)—B®)Ydt+ o(-#)

log* «
=sl+sz+sa+o(L), say.
log* x
S = _ 1 A(m)A(n) ( log m )f( logn )
! 7 minzz 4/ mn logmlogn log x log x

X j: (sin ((t+ 4) log m) —sin (£ log m))(sin ((t+ 4) log ») —sin (£ log n))dt

=T 5 A1) f2( logn )(l—cos « logn))-l—O(x——————lOglng )
7zt n2z nlog:n log x log z

Sz:zLTS(t)(A(t+A)+A(t—4)—-2A(t))dt+0(4__1_0& JT )

loglog T logx
_4 A(n) ¥ ( logn
n 42z /0 logn log «

)(cos (4logn)—1)

X f * S(t) sin (¢ 1ogn)dt+o<AJ_<£T_ JE )
0 loglog T log x

__ 2 s L f( logn )(cos (41log n)—1)+0(x———10glog z),
nt 2%z nlog’n log x log «

where the last integral is evaluated in [4].
Thus we get

sl+Sz=% %]z%(cos(d 1ogp)_1)(f2( }ggz )_2f< }zii ))

+ L > %(cos (4 log pr)_l)(fz< log p )——Zf( log p" ))
nt r=bprse Y log » log »

+O(x loglog x )

logx
=S,+5,+0(a OEEL ), say,
log x
where p runs over the prime numbers.
& sin*((4/2) log p7) a 1 }
Ss<<T{r=2,p"len(ac,e‘/—1/_") p"rz + r=2,p'>e‘/m pr,’.‘z
=0(T4.

Here we notice that with the Euler constant C,,



No. 3] Zeros in Short Intervals 7

S _loglog u+ C°+§j <log (1—%) +%) +7r(uw),

pPSu
) < log u

N for u>u,.

Using this we get
S4='T—z{j cos(adlog (T /2r))— 1( ot( ) 1>2da
xt Uo o 28 28

_Iﬁ cos (adlog (T /2r))—1 da}
0 a

-——Z—;— :logznogx cos(aAlog;T/Zn:))—l ((g_;,)z cot? <%g_,) _om o COt<zﬁ ))da

_iz(cos(A1og2)—1)(f2(_1‘ﬁ)-—2f(1°g2)>r(2 0)+0( Z )+O(TAZ)

log z log x
=%{L cos (ad log(iT/zﬂ)) 1(2,8 00t<25) 1) da
B fﬂ cos (ad log (T /27))—1 } + 0( ) +0(T4).
0 a logz

We shall next evaluate S,.
S,=2 r BY(t)dt —2 jT B(t+4)B(t)dt+0(4 log* T).
Using the argument ;n pD. 158—162) of [8], we get
_2 j : B(t+HB@®)dt = — % b3 OT W(t+ 4—7) log ©)R((t—7") log x)dt

——2 5 |7 ht+d—1log D)h((Et—7") log @)dt+O(og' T)

P o<t <t J -

=2 5 iG—7—Dlog2)+00og’ T),
g Iogx 0<7,7'<T

where k(u):(%@z__’; cot (7z2u))2 for |u| g 1 , and = for [u|> = and
k(w) is the Fourier transform of %(u). Thus we get
Si=— 2 ¥ (1" log @) —k((r— 1" — 4) log @) + Olog* T).
r’log x o<rr<r
Here we notice that
Min (1, 1 ) r—7)
0T T ((r—=7r"—=Dlogx)?/ 44+ —1')*
. 1 \ =)
= + Mln(l,
{x(r—r'—oﬁ%;‘;ﬁzuow |(r—r'-05%§vlT<4 s x} (=7 —=Dlogx) ) 4+ —71')
=U, + U., say.
1 log®? T
U T .
Cogn log * 0<§S, 44+@GF—71")" log? z
v<s s a4s L 2 1

2 0<ry ' <T
0,1’ ST 1<n<<dlogx N~ mnflog x|y’ —4|<(n+1)/log x
lr=7"=41<1/log =

= U3+ U4, Say,
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where we suppose that U,=0 if dlogx<1. To estimate the last two terms
we apply the following lemma.

Lemma. Suppose that a T4 with some positive constant A. Then
we have

SG+a)gTlogT.

0 T,r+a>0
To prove this, we u;éSSélerg’s explicit formula for S(¢) [13] and -the
author’s theorem in [4]. The details will appear in [6].
Using this we get
U, & > }_‘_, 1

0<y<T r-4-1/log <y’ <y—4+1/log x

<ALT 110§T+42 5 S(r A+___)\+Az

0<y<T

5 30s k)

0<TET log x

0<TZ:‘;T S<T—A+ 10:90 ),

—_g—_" )
qu;TS(T log x ‘

L4 TlogT.
log* T 1
U AT ==+ 1 —
& log @ + 2

1<n<<d0gz N

Ny

1€n<<alog z N

LAT log T.
Thus by p. 162 of [8], we get

= %l : F(a)k<§%)(l cos (a,A log —2—E—>>da+ 0( : T > +O0(T4)

{30 g2 (52 oo
+I; (—cos (adolbog (T/2m))) d0b+£=° Fo(;) (1 cos (a,A log —2——>>da}

T
loglog T ))
o(T<42 loglog 1)),
+ + \/ logT
where we use Montgomery’s ([11]) and Goldstorn-Montgomery’s ([9]) results

on F(a) for 0<a<1, in particular, Lemma 8 of [9].
Combining all of our evaluations, we get

e T A0 [ P T

T 0 T
+O<T(Ag+ loglog T ))
log T
This implies our theorem as described in the introduction.
§3. Concluding remarks.
3-1. J‘AIOS T2e) 1 _—cos (a) da=10g (A lOg i) +Co"‘ C?:(A log __T__).
0 a 2r 2r
By Theorem 2 of Goldston [8], we have

[T 79 (1—cos (a10g - ))aa| <2 | £ da<a

3-2. If we assume also Montgomery’s conjecture [11] on F'(a), then we have
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r F(‘:) (l—cos (aA log 1))da
1 a 2
=r —12—<1——oos (aA log 1—>>da+ o(1)
1o 2
T T T T , T
—1— (Al __) T glog L 41 .8 (Al _> 1.
cos og o —|—2 og 5 og 2 1| 4 log o +0(1)
. 2ra
Th tt A== t for 0<a=o(logT),
us putting Tog (T/27) we get for 0<a=o(log T

T 2ra 2
Io (S(t+ log (T /27) )—S(t)) at
= _7;—{10g (2ra) + Cy— Ci(2rer) + 1 — cos (2nar) + n'et — 2w Si(2mer) + 0(1)}.
T

In fact, for any «>0 the right hand side is nothing but the GUE part of
Berry’s formula (19) conjectured in [1] (cf. also [8], [7] and Odlyzko’s vari-
ous comments on this in [12]).

The author wishes to express his gratitude to Prof. Andrew Odlyzko
who has kindly sent [12] to the author.
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