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On the Reduction of Binary Cubic Forms
with Positive Discriminants. I

By Masao ARAI
Gakushuin Girls’ High School

(Communicated by Shokiehi IYANA(A, M. ,1. A., Sept. 12, 1990)

In a former paper [1], we used the quadruple of integers, named Voronoi
quadruple (abridged V-quadruple), to. obtain an integral basis of an order of
a cubic field. The same quadruple has been already used by Mathews [2]
to develop a theory of reduction of binary cubic forms with negative dis-
criminants. Davenport [3] has given a reduction theory for the case of
positive discriminants using another method. In this paper we shall give
a reduction theory of binary cubic forms with positive discriminants using
the quadruple introduced in [1]. Our main results will be given in 1. In
a subsequent note II, applying this theory and that of Mathews’ [2] to the
theory of cubic fields, we shall give a method of the construction of a table
of non-conjugate cubic fields with discriminants less than a given positive
number in absolute value.

1. A binary cubic form
( 1 ) f(x, y)--axe+ bxy+cxy+dy, (a, b, c, d) e Z
and another cubic form
( 2 ) if(x, y)=a’x+b’xy+c’xy+d’y, (a’, b’, c’, d) e Z
are defined to. be equivalent if there exists a set of integers p, q, r, s which
satisfy

( 3 ) f’(x, y)=f(px+qy, rx+sy), ps-qr.= +_ 1.
We express the equivalence as ff’ .or (a, b, c, d) (a, b’, c’, if). In such a

write M--(rP qs)’ Me GL(2, Z), and it is easily verified thatcase, we call

(a’, b’, c’, d’)-- (a, b, c, d)M,
where

p2 3p2q 3pq q
q9 p(ps+ 2qr) q(2ps+ qr) qs

M--I;r r(2ps+qr) s(ps+2qr) qs
e GL(4, Z).

[r 3rs 3rs s

The mapping ," M-+M gives an injective homomorphism rom GL(2, Z) to
[X’ X
IX’Y’l [xYl

he diseriminan of the form (1) is the invarian

D be-ae-4bd+18abed-27ed.
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The Hessian of the form (1) is the quadratic covariant
( 4 ) h(x, y)=Ax +Bxy /Cy,
where

A b-3ac, B bc--9ad, and C= c-3bd.
We write H(a, b, c, d)=(A, B, C). A simple calculation shows that i the
equivalence (3) holds between the cubic forms (1) and (2), then

h’(x, y)=h(px+qy, rx+sy)
holds between the corresponding Hessians, where

h’(x, y)=Ax.+Bxy+Cy.
In this case, we have

(n’, B’, C’)= (A, B, C)M,
where

[p 2pq q ]M= pr ps+ qr qs e GL(3, Z).
r 2rs s

The mapping ,’ M-M gives a homomorphism with kernel ,-

from eL(2, Z) to eL(3, Z), as [X’Y’i =3 follows from y,
[ Y’I

MJ]. If D>0, the Hessian is positive definite, and wehave always

( 5 4AC--B2=3D)O, A>O, C>O.
Hermite has called the binary cubic form (1) reduced if its Hessian (4)

is reduced, that is, if (A, B, C) satisfies
(6) O<_B<_A<_C.

Two equivalent reduced cubic forms f and f’ do not necessarily coincide,
as shown by a counter-example"

f(x, y) x--6xy-2y, if(x, y) f(x+y, y) x +3xy 3xy-3y,
h(x, y) h’(x, y) 18x+ 18xy+36y, where f and f’ are reduced and f- f’,
but f :/: f’.

Now, we introduce the following definition"

Definition 1. If a binary cubic form (1) with discriminant D 0 and
its Hessian (4) satisfies

([I a}o,O--B--AC’
III A--B implies 3a--2b O,

IV A=C, A4=B implies

iv B=0 implies d <0,
then we call the cubic form (1) strictly reduced.

In 2 we shall prove’

Theorem 1. For any binary cubic form f(x, y) with positive discrimi-
nant, there exists a strictly reduced form f’(x, y) which is equivalent to f(x, y).

In our proof, we shall give a procedure of reduction.
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In 3, we shll prove furthermore"
Theorem 2. If two strictly reduced binary cubic forms are equivalent,

they coincide.
Throughout this. note, , V,, V0 will denote three sets defined s ollows."
V={(a, b, c, d) e Z4]ax+bxy+cxy+dy is irreducible over Q andD 0}
V {(a, b, c, d) e V[ax+ bxy+cxy +dy is reduced}
V0=((a, b, c, d) e Vlax+bxy+cxy-’dy is strictly reduced}
2. In 2, 3 of this paper will occur the following 8 special matrices

belonging to GL(2, Z)
-1I=(10 ) F=( 1 1) G=( 0 ) p=( ) Q=(- 01)-1

In the ollowing four lemms, we assume (a, b, c, d), (a’, b’, c’, d’) e V,
(a’, b’, c’, d)--(a, b, c, d)M, and (A’, B’, C’)--(A, B, C)M, where M=,(M),
M--,I(M), M e GL(2, Z), and (A, B, C)=H(a, b, c, d).

Lemma 1. In calculating (a’, b’, c’, d’) and (A’, B’, C’) for given (a, b,
c, d) with Hessian (A, B, C) for M-=---I, P, R, --R, S, T, we obtain"

M M-1 (a’, b’, c’, d’) (A’, B’, C’)

(1) --I --I
(2) P P
(3) R R
(4) --R -R
(5) S S
(6) T

(--a, --b, --c, --d) (A, B, C)
(a, 3a--b, 3a-2b+c, a-b+c-d) (A, 2A--B, A--B+C)
(d, c, b, a) (C, B, A)
(--d, --c, --b, --a) (C,B,A)
( a,--b, c,-d) (A,--B,C)
(a, 3na+ b, 3na+2nb + c, (A, 2nA+B,
na+nb+nc+ d) nA+nB+ C)

Lemma 2.

(1) VI (a,b,c,d)
(2) V1 (a, b, c, d), A=B
(3) V(a,b,c,d),A--C
(4) V, (a, b, c, d), A=C
(5) V (a, b, c, d), B= 0

In each of the cases (1)-(5) of Lemma 1, the following holds"
V (a’, b’, c’, d’)
V (a’, b’, c’, d’), A’=B’
V (a’, b’, c’, d’), A’= C’
V (a’, b’, c’, d’), A’= C’
V (a’, b’, c’, d’), B’= 0

Lemma 3. In each of the cases (1)-(5) of Lemma 1, the following ine-
quality holds:

(1) aa’O,
(2) (3a 2b)(3a’ 25’)0,
(3) (a-- d)(a’ d’) _O,
(4) (a + d)(a’ + d’) O,
(5) dd’ 0.

We omit the easy proofs, of Lemmas 1-3.
Lemma 4. f(x, y)--ax3+bx2y+cxy2+dy is reducible over Q, if one of

the following conditions (1), (2), (3) holds:
(1) A--B, 3a--2b--0,
(2) A--C, A=/=-B, a-d--O,
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(3) A=C, A=/=B, a+d=O.
Indeed, we have under each of these conditions"

o )(1) f(x, y)-- (2x+ y) x +-xy+dy

(2) f(x, y)--(x+y)(ax2--(a--b)xy+ay2),
(3) f(x, y) (x-- y)(ax + (a+ b)xy+aye).

Proof of Theorem 1. We prove the theorem by showing the procedure
of performing actually successive linear transformations of (a, b, c, d) in
z to obtain (a, b, c, d) in z0. Put (a, b, c, d)=(a, b, c, d). 1) Apply R if
neccesary, to get A_C (where, "apply R" means, "pply ,(R) to (a, b, c, d)
to obtain (a’, b’, c’, d’)=(a, b, c, d),(R), nd simultaneously, apply ,(R) to
(A, B, C) to obtain (A’, B’, C’)= (A, B, C),(R), where (A, B, C)--H(a, b, c, d)").
Rewrite now (a’, b’, c’, d’) by (a, b, c, d) to. go to the next step. (We always
do the sme to go on, without repeating this comment.) 2) Apply --I if
neccesary, to get a)0. 3) Apply T with appropriate n, to get --A_B_A.
4) If B0, then apply S to get O_B_A. 5) If AC, gobacktol) and
repeat the same procedure. Since we have A0, C0, and the value of
A decreases, each time as we proceed, we get O_B_AC and a0 after
finite number of these procedures. 6) If 0BAC, we are done. 7) If
0=B AC, applying S if neccesry, we obtain (a, b, c, d) in Y0. 8) If A B,
we apply P if neccesry and obtain (a, b, c, d) in 0 in view of Lemma 4 (1).
9) If O_B A--C, according to d 0 or d0, we apply R or --R if neccesary
and obtain (a, b, c, d) satisfying I-IV of Definition 1 in view of Lemm 4
(2) or (3). 10) if B0, we are done. 11) If B=0 applying S if neccesary,
we cn find (a, b, c, d) in Y0.

:. In the following three lemmas, we assume (a, b, c, d), (a’, b’, c’, d’)
lzl, (a’, b’, c’, d’)= (a, b, c, d)M and (A’, B’, C’)= (A, B, C)M, where M=(M),

M=,I(M), M-- e GL(2, Z) and (A, B, C)=H(a, b, c, ).

Lemma 5. In this situation, we have
(1) (A’,B’, C’)--(A,B, C), OB_A_C.
(2) [Ap +Bpr+Cr2=A,
(3) 2Apq+B(ps+qr)+2Crs-=B,
(4) [Aq +Bqs+Cs-- C.
(5) I(A B)pr O,
(6) (A C)r= O,
(7) [p+pr+r2= 1.

) ( 1),(s) (r
Proof. (1) is obvious from the definition of z. (2)-(4) follow in re-

writing (1). (5)-(7)" Ap2+Bpr+Cr2=A, B_O impliespr_0whichimplies
AprBpr. A_C implies Ar2_Cr2. Clearly p2pr-r2_l. ApBpr-
Cr "A(p +pr r2)

_
A Ap -t-Bpr Cr. By considering these inequalities,

we obtain (5)-(7). (8) is clear from (7).
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Lemma 6. In this situation, we have
(1) BAC implies M= +_I,
(2) B A--C implies M-- +_I, -_FR,
(3) B AC implies M-- .+_ I, +_ P,
(4) B=A--C implies M--/_:I, +F,-_F_G, +_P, +__Q, +_R.

Case (1) BAC" By Lemma 5 (5)-(7), (rP) -+_:().Sketch of proof.

ps-qr+_l implies s--.+_l. By Lemma 5(3), +__2Aq+Bps--B. BA implies
q--O, ps= 1. Thus, M-- +_I.

Case (2) BA--C" By Lemma 5(5), (8), (rP)=+_(),-__:(). (2-1)"

If (rP) -_+() then M=_+, as in case {1). {2-2)" If (rP)=+_(), then by

l,emm 5(8), Gr_+_2G=. G imp]ie =0, Gr=l. ’rh ----+__.

{3) B--AC" By Lemma 5<6), (8), (3), 2q+s--p, (sq)--(),Case

(4) B-A=C" By Lemma 5(4), q+qs+s-=l. Thus, (sq)=Case

-+/-()’ +(01)’-+-(--I)" By Lemma5(3),2pq+ps+qr+2rs----1. (4-1)" I

(rP)=/()’then-e(2q+s)=l- (sq)=/(10)- --+(--I)’ Thus M=+_I, +_P.

(4-2)" If ()=+__(), then-_:(q-t-2)=1, (q)=+__(), +--(--I)" Thus,

M=+R, +--G. (4-8)" If ()=+__(_), then +__(q-)=l, ()=+__(),

Lemma 7. ( 1 ) A-B-C implies c--3a+b, d---a and vice versa,
(2) A--B-C and (M F or M G) implies (a’, b’, c’, d’)=(a, b, c, d),
( 3 ) A B C and (M=P or M-- Q or M-- R) implies (a’, b’, c’, d’)

=(--d, --c, --b, --a) and 31’-2b’----(31--2b).
Sketch of proof. (1) As Bc-Cb=-3Ad, Bb--Ac=3Ca, A---B=C im-

plies c--b=3d, b--c=3a which implies c=--3a+b, d=--a. Conversely,
c=--3a+b, d=-a implies A--B=C=9a-3ab+b.

( 2 ) If M----F, then (a’, b’, c’, d’)=(-a+b-c+d, -3a+2b-c, --3a+b,
--a)--(a, b, c, d). If M-G, then (a’, b’, c’, d’)--(-d, c-3d, -b+2c-3d, a--

b+c--d)=(a, b, c, d).
(3) II M--P, then (a’, b’, c’, d’)--(a, 3a--b, 3a--2b+c, a--b+c--d)

=(-d, --c, --b, --a). If M=Q, then (a’, b’, c’, d)=(-a+b-c+d, b--2c
+3d, --c+3d, d)-----(--d, --c, --b, --a). 31’-2b’=-(3a-2b) is easily seen.

Proof of Theorem 2. We assume that (a, b, c, d), (a’, b’, c’, d’)e V0,
(a’, b’, c’, d)--(a, b, c, d)M, ,-(M)--M e GL(2, Z). Our aim is to obtain
(a, b’, c’, d)--(a, b, c, d). Considering the Hessians H(a, b, c, d)=(A, B, C),
H(a’, b’, c’, d’)-(A’, B’, C’) with (A’, B’, C’)=(A, B, C)M, we have (A’, B’, C’)
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--(A, B, C) by Lemma. 5 (1). To perform the proof, we break up the con-
dition OBA_Cinto four cases" (1) BAC, (2) B A--C, (3) B=AC,
(4) B=A=C.

In case (1), by Lemma 6 (1) and II (i.e. the second condition in Defini-
tion 1 1. In the follwing, we shall quote in this wa.y the conditions
given in Definition 1), we see M=I.

In case (2), by Lemma. 6 (2), we see M +_I, +_ R. We subdivide now
the cases. (2-1)" If M +__I, then M--I by II. (2-2-1) If M----- +__R, d 0,
then M=R by II. By Lemmas 1-3 (3) and Lemma 4 (2), we find a’-d’--
--(a--d).%0 which contradicts to IV. (2-2-2)" If M=+__R, dO, then
M=--R by II. By Lemmas 1-3 (4) and Lemma. 4 (3), we find
a’+d’=--d-aO, which contradicts to IV.

In case (3), by Lemma 6 (3) and II, we have M=I, P. If M--P, then
by Lemmas 1-3 (2) and Lemma 4 (1), we find 3a’--2b’=--(3a--2b)O,
which contradicts to III.

In case (4), by Lemma 6 (4) and II, we have M--I, F, G, P, Q, --R.
(4-1)- If M=F, G, then by Lemma 7 (2), we find (a’, b’, c’, d’)=(a, b, c, d).
(4-2)’ If M=P, Q, -R, then by Lemma 7 (3), we find 3a’--2b’=--(3a--2b)
0 which contradicts to III. This completes the proof of Theorem 2.
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